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To understand mathematics means to be able 
to do mathematics. And what does it mean 
doing mathematics? In the first place it 
means to be able to solve mathematical 
problems. 

—George Polya (1887-1985) 


We come nearest to the great when we are 
great in humility. 

— Rabindranath Tagore (1861-1941) 


Foreword 


This carefully written book presents an extremely motivating and original approach, 
by means of problem-solving, to calculus on the real bne, and as such, serves as a 
perfect introduction to real analysis. To achieve their goal, the authors have care- 
fully selected problems that cover an impressive range of topics, all at the core 
of the subject. Some problems are genuinely difficult, but solving them will be 
highly rewarding, since each problem opens a new vista in the understanding of 
mathematics. This book is also perfect for self-study, since solutions are provided. 

I like the care with which the authors intersperse their text with careful reviews 
of the background material needed in each chapter, thought-provoking quotations, 
and highly interesting and well-documented historical notes. In short, this book also 
makes very pleasant reading, and I am confident that each of its readers will enjoy 
reading it as much as I did. The charm and never-ending beauty of mathematics 
pervade all its pages. 

In addition, this little gem illustrates the idea that one cannot learn mathematics 
without solving difficult problems. It is a world apart from the “computer addiction” 
that we are unfortunately witnessing among the younger generations of would-be 
mathematicians, who use too much ready-made software instead or their brains, or 
who stand in awe in front of computer-generated images, as if they had become the 
essence of mathematics. As such, it carries a very useful message. 

One cannot help comparing this book to a “great ancestor,” the famed Problems 
and Theorems in Analysis, by Polya and Szego, a text that has strongly influenced 
generations of analysts. I am confident that this book will have a similar impact. 


Hong Kong, July 2008 


Philippe G. Ciarlet 


Preface 


If I have seen further it is by standing on the shoulders of giants. 
— Sir Isaac Newton (1642-1727), Letter to Robert Hooke, 1675 


Mathematical analysis is central to mathematics, whether pure or applied. This 
discipline arises in various mathematical models whose dependent variables vary 
continuously and are functions of one or several variables. Real analysis dates to the 
mid-nineteenth century, and its roots go back to the pioneering papers by Cauchy, 
Riemann, and Weierstrass. 

In 1821, Cauchy established new requirements of rigor in his celebrated Cours 
d’Analyse. The questions he raised are the following: 

- What is a derivative really? Answer: a limit. 

- What is an integral really? Answer: a limit. 

- What is an infinite series really? Answer: a limit. 

This leads to 

- What is a limit? Answer: a number. 

And, finally, the last question: 

- What is a number? 

Weierstrass and his collaborators (Heine, Cantor) answered this question around 
1870-1872. 

Our treatment in this volume is strongly related to the pioneering contributions 
in differential calculus by Newton, Leibniz, Descartes, and Euler in the seventeenth 
and eighteenth centuries, with mathematical rigor in the nineteenth century pro- 
moted by Cauchy, Weierstrass, and Peano. This presentation furthers modem directions 
in the integral calculus developed by Riemann and Darboux. 

Due to the huge impact of mathematical analysis, we have intended in this book 
to build a bridge between ordinary high-school or undergraduate exercises and more 
difficult and abstract concepts or problems related to this field. We present in this 
volume an unusual collection of creative problems in elementary mathematical anal- 
ysis. We intend to develop some basic principles and solution techniques and to offer 
a systematic illustration of how to organize the natural transition from problem- 
solving activity toward exploring, investigating, and discovering new results and 
properties. 
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The aim of this volume in elementary mathematical analysis is to introduce, 
through problems-solving, fundamental ideas and methods without losing sight of 
the context in which they first developed and the role they play in science and partic- 
ularly in physics and other applied sciences. This volume aims at rapidly developing 
differential and integral calculus for real-valued functions of one real variable, 
giving relevance to the discussion of some differential equations and maximum prin- 
ciples. 

The book is mainly geared toward students studying the basic principles of math- 
ematical analysis. However, given its selection of problems, organization, and level, 
it would be an ideal choice for tutorial or problem-solving seminars, particularly 
those geared toward the Putnam exam and other high-level mathematical contests. 
We also address this work to motivated high-school and undergraduate students. 
This volume is meant primarily for students in mathematics, physics, engineering, 
and computer science, but, not without authorial ambition, we believe it can be used 
by anyone who wants to learn elementary mathematical analysis by solving prob- 
lems. The book is also a must-have for instructors wishing to enrich their teach- 
ing with some carefully chosen problems and for individuals who are interested in 
solving difficult problems in mathematical analysis on the real axis. The volume is 
intended as a challenge to involve students as active participants in the course. To 
make our work self-contained, all chapters include basic definitions and properties. 
The problems are clustered by topic into eight chapters, each of them containing 
both sections of proposed problems with complete solutions and separate sections 
including auxiliary problems, their solutions being left to our readers. Throughout 
the book, students are encouraged to express their own ideas, solutions, generaliza- 
tions, conjectures, and conclusions. 

The volume contains a comprehensive collection of challenging problems, our 
goal being twofold: first, to encourage the readers to move away from routine 
exercises and memorized algorithms toward creative solutions and nonstandard 
problem-solving techniques; and second, to help our readers to develop a host of 
new mathematical tools and strategies that will be useful beyond the classroom and 
in a number of applied disciplines. We include representative problems proposed at 
various national or international competitions, problems selected from prestigious 
mathematical journals, but also some original problems published in leading publi- 
cations. That is why most of the problems contained in this book are neither standard 
nor easy. The readers will find both classical topics of mathematical analysis on the 
real axis and modern ones. Additionally, historical comments and developments are 
presented throughout the book in order to stimulate further inquiry. 

Traditionally, a rigorous first course or problem book in elementary mathematical 
analysis progresses in the following order: 

Sequences 

Functions ==> Continuity => Differentiability => Integration 

Limits 
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However, the historical development of these subjects occurred in reverse order: 


Cauchy (1821) 


= Weierstrass (1872) < 


Newton (1665) 
Leibniz (1675) 


Archimedes 
Kepler (1615) 
Fermat (1638) 


This book brings to life the connections among different areas of mathematical 
analysis and explains how various subject areas flow from one another. The vol- 
ume illustrates the richness of elementary mathematical analysis as one of the most 
classical fields in mathematics. The topic is revisited from the higher viewpoint of 
university mathematics, presenting a deeper understanding of familiar subjects and 
an introduction to new and exciting research fields, such as Ginzburg-Landau equa- 
tions, the maximum principle, singular differential and integral inequalities, and 
nonlinear differential equations. 

The volume is divided into four parts, ten chapters, and two appendices, as 
follows: 

Part I. Sequences, Series, and Limits 
Chapter 1. Sequences 
Chapter 2. Series 
Chapter 3. Limits of Functions 

Part II. Qualitative Properties of Continuous and Differentiable Functions 
Chapter 4. Continuity 
Chapter 5. Differentiability 

Part III. Applications to Convex Functions and Optimization 
Chapter 6. Convex Functions 
Chapter 7. Inequalities and Extremum Problems 
Part IV. Antiderivatives, Riemann Integrability, and Applications 
Chapter 8. Antiderivatives 
Chapter 9. Riemann Integrability 
Chapter 10. Applications of the Integral Calculus 
Appendix A. Basic Elements of Set Theory 
Appendix B. Topology of the Real Line 


Each chapter is divided into sections. Exercises, formulas, and figures are num- 
bered consecutively in each section, and we also indicate both the chapter and the 
section numbers. We have included at the beginning of chapters and sections quo- 
tations from the literature. They are intended to give the flavor of mathematics as 
a science with a long history. This book also contains a rich glossary and index, as 
well as a list of abbreviations and notation. 
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Key features of this volume: 

- contains a collection of challenging problems in elementary mathematical 
analysis; 

- includes incisive explanations of every important idea and develops illuminating 
applications of many theorems, along with detailed solutions, suitable cross- 
references, specific how-to hints, and suggestions; 

- is self-contained and assumes only a basic knowledge but opens the path to com- 
petitive research in the field; 

- uses competition-like problems as a platform for training typical inventive skills; 

- develops basic valuable techniques for solving problems in mathematical ana- 
lysis on the real axis; 

- 38 carefully drawn figures support the understanding of analytic concepts; 

- includes interesting and valuable historical account of ideas and methods in 
analysis; 

- contains excellent bibliography, glossary, and index. 

The book has elementary prerequisites, and it is designed to be used for lecture 
courses on methodology of mathematical research or discovery in mathematics. This 
work is a first step toward developing connections between analysis and other math- 
ematical disciplines, as well as physics and engineering. 

The background the student needs to read this book is quite modest. Anyone 
with elementary knowledge in calculus is well-prepared for almost everything to 
be found here. Taking into account the rich introductory blurbs provided with each 
chapter, no particular prerequisites are necessary, even if a dose of mathematical so- 
phistication is needed. The book develops many results that are rarely seen, and even 
experienced readers are likely to find material that is challenging and informative. 

Our vision throughout this volume is closely inspired by the following words of 
George Polya [90] (1945) on the role of problems and discovery in mathematics: 
Infallible rules of discovery leading to the solution of all possible mathematical 
problems would be more desirable than the philosopher’s stone, vainly sought by all 
alchemists. The first rule of discovery is to have brains and good luck. The second 
rule of discovery is to sit tight and wait till you get a bright idea. Those of us who 
ha ve little luck and less brain sometimes sit for decades. The fact seems to be, as 
Poincare observed, it is the man, not the method, that solves the problem. 

Despite our best intentions, errors are sure to have slipped by us. Please let us 
know of any you find. 


August 2008 


Teodora-Liliana Radulescu 
Vicenpu Radulescu 
Titu Andreescu 
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Abbreviations and Notation 


Abbreviations 

We have tried to avoid using nonstandard abbreviations as much as possible. Other 
abbreviations include: 


AMM American Mathematical Monthly 

GMA Mathematics Gazette, Series A 

MM Mathematics Magazine 

IMO International Mathematical Olympiad 

IMCUS International Mathematics Competition for University Students 

MSC MiMos Schweitzer Competitions 

Putnam The William Lowell Putnam Mathematical Competition 

SEEMOUS South Eastern European Mathematical Olympiad for University 


Students 


Notation 

We assume familiarity with standard elementary notation of set theory, logic, 
algebra, analysis, number theory, and combinatorics. The following is notation that 
deserves additional clarification. 

N the set of nonnegative integers (N = (0, 1.2.3... .}) 

N* the set of positive integers (N* = {1,2,3,...}) 

Z the set of integer real numbers (Z = {. . .,— 3,— 2, — 1,0, 1,2,3, . . .}) 

Z* the set of nonzero integer real numbers (Z* = Z \ {0}) 

Q the set of rational real numbers 

(Q = {^ ; me Z, n e N*, m and n are relatively prime}) 

R the set of real numbers 

R* the set of nonzero real numbers (R* = R \ {0}) 

R + the set of nonnegative real numbers (R + = [0, +«>)) 

R the completed real line (R = R U +°°}) 
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Abbreviations and Notation 


sup A 
i nf /4 


w 

Card(A) 

dist(x,A) 

IntA 

m 

r\B) 

f°S 

n\ 

( 2 «)!! 
(2n+ 1 )!! 
lnx 

x Sxo 
x\x 0 


lim infx„ 


the set of complex numbers 

lim„^oo(l + i)" = 2.71828... 

the least upper bound of the set A c M 

the greatest lower bound of the set A c ffi 

the positive part of the real number x (x+ = max{x, 0}) 

the negative part of the real number x (x_ = max{— x, 0}) 

the modulus (absolute value) of the real number x (|x| = x+ + x_) 

the fractional part of the real number* (x = [x] + {x}) 

cardinality of the finite set A 

the distance from* G M to the set A c R (dist (x,A) = inf{ \x — a\ ; a G A}) 

the set of interior points of A C R 

the image of the set A under a mapping / 

the inverse image of the set B under a mapping / 

the composition of functions / and g: (/ o g) (x) = f(g(x)) 

n factorial, equal to n(n— 1) ••• 1 (neN*) 

2«(2« — 2) (2n — 4) • • • 4 • 2 («gff) 

(2n +1) (2« — 1) (2n — 3) • • • 3 • 1 (n G N*) 

log e x (x > 0) 
x— >xo G M and x < xo 
x — >xq G M and x > xq 


lim sup x„ lim I supx^ 

” ~\k>n 


lim 


g, Xk ) 


l such that /W is 


/W (x) nth derivative of the function / at x 

C n (a, b) the set of n-times differentiable functions / : (a, b)- 
continuous on (a, b) 

C°°(a, b) the set of infinitely differentiable functions / : (a, b)— 

(cr(a,b) = nr =0 c n (fl,&)) 

Af the Laplace operator applied to the function / : D c M. N — 

dx] dxj dx 2 N ) 

Landau’s notation /(x) = o(g(xj) as x— >-xo if /(x)/g(x)— >0 as x— >xo 

/(x) = 0(g(x) ) as x— if /(x) /g(x) is bounded in a neighborhood of xo 
/ ~ 8 as x >-x 0 if f(x)/g(x)-> 1 as x^x 0 
Hardy’s notation f ~<~< g as x— >xo if /(x) /g(x')—>0 as x— >xo 

f ^ g as x — >xo if fix) / g{x) is bounded in a neighborhood of xq 


Chapter 1 

Sequences 


As far as the laws of mathematics refer to reality, they are not 
certain; and as far as they are certain, they do not refer to 
reality. 

—Albert Einstein (1879-1955) 


Abstract. In this chapter we study real sequences, a special class of functions 
whose domain is the set N of natural numbers and range a set of real numbers. 


1.1 Main Definitions and Basic Results 


Hypotheses non lingo. [“I frame no 
hypotheses.”] 

Sir Isaac Newton (1642-1727) 

Sequences describe wide classes of discrete processes arising in various applica- 
tions. The theory of sequences is also viewed as a preliminary step in the attempt to 
model continuous phenomena in nature. Since ancient times, mathematicians have 
realized that it is difficult to reconcile the discrete with the continuous. We under- 
stand counting 1, 2, 3, ... up to arbitrarily large numbers, but do we also under- 
stand moving from 0 to 1 through the continuum of points between them? Around 
450 BC, Zeno thought not, because continuous motion involves infinity in an 
essential way. As he put it in his paradox of dichotomy: 

There is no motion because that which is moved must arrive at the middle (of its 
course) before it arrives at the end. 

Aristotle, Physics, Book VI, Ch. 9 

A sequence of real numbers is a function / : N— (or / : N*— >K). We usually 
write a n (or b n , x n , etc.) instead of /(«). If {a n ) n > t is a sequence of real numbers 
and if /*i < «2 < ■ ■ ■ < < • • • is an increasing sequence of positive integers, then 

the sequence (a nk )k> l is called a subsequence of {a n ) n > \ . 

A sequence of real numbers (a n ) n > i is said to be nondecreasing (resp., increas- 
ing ) if a n < a n + 1 (resp., a n < a n + 1 ), for all n> 1. The sequence (af)„> t is called 
nonincreasing (resp., decreasing) if the above inequalities hold with “>” (resp., 
“>”) instead of “<” (resp., “<”). 


T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 
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1 Sequences 


y = l + E 
y = l—E 


0| i 2 3 

Fig. 1.1 Adapted from G.H. Hardy, Pure Mathematics, Cambridge University Press, 1952, 


We recall in what follows some basic definitions and properties related to 
sequences. One of the main notions we need in the sequel is that of convergence. 
Let («„)„>] be a sequence of real numbers. We say that (a n )n>i is a convergent 
sequence if there exists fgl (which is called the limit of (a n )n>t) such that for 
each neighborhood JY of l, we have a n 6 jY for all n>N, where A is a positive 
integer depending on JY . In other words, («„)„> t converges to l if and only if for 
each e > 0 there exists a natural number N = N(e) such that \a„ — 1\ < e, for all 
n > N. In this case we write lim = i or a n — >1 as n— The concentration of 
an’ s in the strip (£ — e , (. + e) for n > N is depicted in Figure 1.1. 

Example. Define a„ = (1 + 1 /«)", b„ = (1 + 1 /«)"+' , c„ = £*=o \/k\. Then 
{a n ) n >\ and (c n ) n >\ are increasing sequences, while (b n )„> i is a decreasing seq- 
uence. However, all these three sequences have the same limit, which is denoted by 
e (e = 2.71828 . . .). We will prove in the next chapter that e is an irrational number. 
Another important example is given by the following formula due to Stirling, which 
asserts that, asymptotically, n\ behaves like n n cT n \f2n~n. More precisely, 


n >0 ° n n c n \/2nn 

Stirling’s formula is important in calculating limits, because without this asymptotic 
property it is difficult to estimate the size of n\ for large n. In this capacity, it plays 
an important role in probability theory, when it is used in computing the probable 
outcome of an event after a very large number of trials. We refer to Chapter 9 for a 
complete proof of Stirling’s formula. 

We say that the sequence of real numbers (a n ) n > l has limit +°° (resp., — °°) if 
to each agl there corresponds some positive integer No such that n > No implies 
a„> a (resp., a n < a). We do not say that (a n ) n >\ converges in these cases. 

An element aelis called an accumulation point of the sequence (a n ) n >\ C R 
if there exists a subsequence (a nk )x > i such that a nk — as n*— »°°. 

Any convergent sequence is bounded. The converse is not true (find a counter- 
example!), but we still have a partial positive answer, which is contained in the 
following result, which is due to Bernard Bolzano (1781-1848) and 
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Karl Weierstrass (1815-1897). It seems that this theorem was revealed for the first 
time in Weierstrass’s lecture of 1874. 

Bolzano-Weierstrass Theorem. A bounded sequence of real numbers has a 
convergent subsequence. 

However, some additional assumptions can guarantee that a bounded sequence 
converges. An important criterion for convergence is stated in what follows. 

Monotone Convergence Theorem. Let (a„) n > i be a bounded sequence that is 
monotone. Then (a n )„>i is a convergent sequence. If increasing, then lim„— = 
sup„ a n , and if decreasing, then lim„— a„ = inf„ a n . 

In many arguments a central role is played by the following principle due to 
Cantor. 

Nested Intervals Theorem. Suppose that I„ = [ci n ,b n ] are closed intervals such 
that I n +\ C I n , for all n > 1. If \\m n ^,„{h n — a n ) = 0, then there is a unique real 
number xq that belongs to every I„. 

A sequence (a«) n > i of real numbers is called a Cauchy sequence [Augustin Louis 
Cauchy (1789-1857)] if for every e > 0 there is a natural number N e such that 
\a m — a n \ < e, for all m,n> N E . A useful result is that any Cauchy sequence is a 
bounded sequence. The following strong convergence criterion reduces the study of 
convergent sequences to that of Cauchy sequences. 

Cauchy’s Criterion. A sequence of real numbers is convergent if and only if it 
is a Cauchy sequence. 

Let (a n )„> i be an arbitrary sequence of real numbers. The limit inferior of 
(«n)n>i (denoted by liminf„— to a„) is the supremum of the set A ofrgl such 
that there are at most a finite numbers of n £ N* for which a n < x. The limit su- 
perior of (a n ) n > i (denoted by lim sup n _ >oa a n ) is the infimum of the set Y of y £ R 
such that there are finitely many positive integers n for which a n > y. Equivalent 
characterizations of these notions are the following: 

(i) £ = limsup„_ >00 a„ if £ M) if and only if whenever a < £ the set {n > N*; a n > 
a} is infinite, and whenever £ < j3 the set {n > N*; a„ > j3} is finite; 

(ii) £ = limsup,,—^ a„ if and only if £ = inf m >i sup n>m a n . 

Exercise. Formulate the above characterizations for lim inf 

The limit inferior and the limit superior of a sequence always exist, possibly in 
R. Moreover, the following relations hold: 

liminfa„ < lim sup a„ , 
liminf(a„ + b n ) > liminfa n + liminf b n , 
lim sup(a„ + b n ) < lim sup a n + lim sup b„ . 

The existence of the limit of a sequence is closely related to “liminf’ and 
“limsup.” More precisely, the sequence (a n ) n >\ has a limit if and only if 
liminf„_ ^a n = limsup n _ >co a„. 

A very useful result in applications concerns the following link between the ratio 
and the nth root of the terms of a sequence of positive numbers. 
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Theorem. Let (a„) n > i be a sequence of positive numbers. Then 

liminf Un+] < liminf < lim sup < lim sup 1 . 


The above result implies, in particular, that if lim„_ >«,(a„ + i/a„) = i, with 0 < 
f<°°, then lim „— = t. 

Example. The above theorem implies that lim„— >,„a n = 1, where a n = ffn. We 
can give an elementary proof to the fact that a„ > a n+ \, for all n > 3. Indeed, define 
b n = (a n /a n+ i)"( n+1 ), for all n > 2. Then b„ > b n -\ for n>2 is equivalent to n 2 = 
a 2n > a n+\ a n - ! = n 2 — 1. It remains to show that b n > 1 for all n > 3. This follows 
from the fact that {b „) n > 2 is increasing, combined with bj = 3 4 /4 3 = 81/64 > 1. 

A sequence that is not convergent is called a divergent sequence. An important 

example of a divergent sequence is given by a n = 1+1/2 + 1/34 \-l/n,n> 1. 

Indeed, since (a n ) n > 1 is increasing, it has a limit l € RU {+°°}. Assuming that t is 
finite, it follows that 


1 

2 


1 1 
4 + 6 + 


1 ( 1 1 1 

2 ( 1 + 2 + 3 “ 


l 

■+- as n- 


This means that 


1 1 1 
I + 3 + 5" 


which is impossible because 1/1 > 1/2, 1/3 > 1/4, 1/5 > 1/6, and so on. Con- 
sequently, a„— » + 00 as n— * The associated series 1 + 1/2+1/3+1/4-I is 

usually called the harmonic series. Furthermore, if p < 1 we have l/n p > 1 / n, for 
all n > 2. It follows that the sequence (a n )„> 1 defined by a„ = Ylk=\ 1 /k p diverges, 
too. The situation is different if p > 1. In this case, the sequence (a n )n> 1 defined as 
above is convergent. Indeed, 


«2«+l-l+ |^ + ^ + - 


1 

(2n> 


, r 1 1 1 

<1+ [2? + 4F + "' + (2^ 
= 1 + | + | < 1 + 2l “^i. 


[3? + 5P + "' + {2n+l)P 

if 1 1 11 

+ [2P + 4P + '" + (2n)P\ 


because a„ < a 2 n +i ■ Thus (1 — 2 l ~ p )a 2 n +\ < 1. Since p > 1, we have 1 — 2 l ~ p > 0. 
Hence a 2 n +\ < (1 — 2 l ~ p )~ l for all n > 1. So, the sequence (a n ) n > 1 (for p > 1) 
is increasing and bounded above by (1 — 2 1 ~ p )~ 1 , which means that it converges. 
The corresponding limit lim„— 1 /k p = £” =l 1 jn p is denoted by C, (p) (p > 1) 
and is called the Riemann zeta function [Georg Friedrich Bernhard Riemann 
(1826-1866)]. This function is related to a celebrated mathematical conjecture 
(Hilbert’s eighth problem). The Riemann hypothesis, formulated in 1859, is closely 
related to the frequency of prime numbers and is one of the seven grand challenges 
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of mathematics (“Millennium Problems,” as designated by the Clay Mathematics 
Institute; see http : //www. claymath. org/millennium/). 

The following result (whose “continuous” variant is l’Hopital’s rule for differen- 
tiable functions) provides us a method to compute limits of the indeterminate form 
0/0 or oo/oo. This property is due to Otto Stolz (1859-1906) and Ernesto Cesaro 
(1859-1906). 

Stolz-Cesaro Lemma. Let (a n ) n >\ and {b n )„> i be two sequences of real num- 
bers. 

(i) Assume that a„—>0 and b„— >0 as Suppose, moreover, that (b n )„> i is 

decreasing for all sufficiently large n and there exists 


hm 


fln+l ~ On 

b n + 1 - b n 


=:(€t. 


Then there exists lim„_ ^a n /b n and, moreover, lim n -^^a n /b„ = l. 

(ii) Assume thatb n —>+ °° asn—x*> and that (b n ) n >\ is increasing for all sufficiently 
large n. Suppose that there exists 


lim 


a„+i ~ a n 


=:t£l 


Then there exists lim„-»«,a„/fc„ and, moreover, \\m n —i X a n /b n = i. 
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Nature not only suggests to us 
problems, she suggests their solution. 

Henri Poincare (1854-1912) 


We first prove with elementary arguments the following basic result. 

Arithmetic-Geometric Means (AM-GM) Inequality. For any positive num- 
bers a\, 02 , . . . ,fl n we have 


01+02-1 b O n 

n 


> f/o\a 2 ■■■a n . 


Replacing aj t with a*. i ■ ■ - a n (for 1 < k < n), we have a \ c>2 ■■■a n = 1, so it 

is enough to prove that ai + «2 H H a n >n. We argue by induction. For n = 1 

the property is obvious. Passing from n to n+ 1, we can assume that a; < 1 < ev- 
idence (1 — ai)(o2— 1) > 1, that is, a\ +02 > 1 -bai« 2 - Next, we sethi = <2102 and, 
for any k = 2 ,...,n,we set b^ = ajt+i- Hence b\b2 ■ ■ ■ b„= 1. So, by the induction 
hypothesis, 

a\02 + aj,-\ b a n > n. 
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It follows that 


a i + a 2 H b a n +i > «i«2 + 1 + <3(3 H b fl n +i > « + 1 • 


The AM-GM inequality also implies a relationship between the harmonic mean 
and the geometric mean: for any positive numbers a \ , a 2 , ■ ■ ■ , a n we have 


+—+± 


< \Ja\a2 ■■■a n 


The following easy exercise shows the importance of elementary monotony argu- 
ments for deducing the value of the limit of a convergent sequence. 

1.2.1. LetAi,A 2 , . . . ,Ak be nonnegative numbers. Compute 

Jim (A" + A 2 H b A*) 1/,n . 


Solution. Without loss of generality, we may assume that Ai = max {/1 1 , . . . .A*}. 
Therefore A" < A" H b AJ- < kA " . It follows that 

Ai = hm(A") 1 /" < hm(A"H bA^) 1 /" < lim(Mj) 1 /" =Ai, 

which shows that the limit sought is A\ := min{A y ; I < j < k}. □ 

Comments. We easily observe that the above result does not remain true if we 
do not assume that the numbers A\, . . . ,A* are nonnegative. Moreover, in such a 

case it is possible that the sequence defined by B n := (A" -| b A£) 1 ' ” is not even 

convergent (give an example!). 

We have already provided some basic examples of convergent and divergent 
sequences. The next exercise shows how, by means of monotony principles, we 
can construct further examples of such sequences. 

1 .2.2. Prove that lim„— \fn\ = + °° and lim„_ \fn~\ /n = e~ 1 . 

Solution. We first observe that (2 n ) ! > Ilt= n k > «" +1 • Hence 

V(2 n)\ > > yfn and 2n+ y/{2n+l)\ > > yfn. 

For the last part we take into account that for any sequence (a„) n > 1 of positive 
numbers we have 

liminf g " +1 < liminf -^lT n < lim sup yfcin < lim sup "" 1 . 

Taking a n = n\/n n and using \\m n —, x (l +U -1 )' 7 " = e, we conclude that 
lim„— v^! /« = e 1 . An alternative argument is based on the Stolz-Cesaro lemma 
applied to a n = log («!/«") and b n = n and using again lim„_ (l + n -1 ) 1//n = e. 

□ 
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A nonobvious generalization of the above property is stated below. Our proof 
applies subtle properties of real-valued functions (see Chapter 5) but we strongly 
suggest that the reader refine the monotony arguments developed above. 
Independent Study. Prove that for real number p > 0 we have 


hm 


(l 1? • 2 2P • • ■ n nP ) 1/n?+1 
fll/(p+l) 


= e -i/(f+l) 2 . 


Particular case: 


lim 


(l 1 -2 2 ---n n ) 1/n2 
^72 


= p-!/4 


Hint. Use the mean value theorem. For instance, in the particular case p = 2, 
apply the Lagrange mean value theorem to the function f(x) = (jc 3 Inx) /3 — jc 3 /9 on 
the interval [k, k+ 1], 1 < k < n. 

We have seen above that \frp - > °° as n—> °°. A natural question is to study the 
asymptotic behavior of the difference of two consecutive terms of this sequence. 
The next problem was published in 1901 and is due to the Romanian mathemati- 
cian Traian Lalescu (1882-1929), who wrote one of the first treatises on integral 
equations. 

1.2.3. Find the limit of the sequence (a n ) n > 2 defined by a n = n+ \J (n+ 1 ) ! — \fn~\ . 

Solution. We can write a„ = \fn~\ (&„—!), where b„ = " + \f (n +1)1/ \fn\. Hence 


a„ 



n 



( 1 . 1 ) 


But lim„_ \frd. jn = e 1 , so b n -^> 1 as n— > On the other hand, 


lim b n n = lim 


(»+!)! 

n\ 


1 

"+^+ 1)1 


( 1 . 2 ) 


So, by (1.1) and (1.2), we obtain that a n — >e 1 as n — >°°. □ 

Remark. In the above solution we have used the property that if b n — >1 as n— 
then (b n — 1)/ In h„— > 1 as n— > This follows directly either by applying the Stolz- 

Cesaro lemma or after observing that 


lim 


b n — 1 
In b n 


hm 


1 

ln[l + (b„ — l)] 1 /^" -1 ! 


lne 


Independent Study. Let p be a nonnegative real number. Study the convergence 
of the sequence (x„)„>i defined by 


, = [l 1 '*’ • 2 2? • • • (n+ l)(* +1 ^j 


l/(n+lF +1 


- I 1 -2- 




1 /nP +1 
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We already know that the sequence (s«) n >i defined by s n 1 + 1/2 H Hi /n 

diverges to + °°. In what follows we establish the asymptotic behavior for s„/n as 
n— As a consequence, the result below implies that lim„— >„«( 1 — f/n) = 

1.2.4. Consider the sequence {s n ) n > i dehnedby s n = 1 + 1/2-1 b 1 /«. Prove 

that 

(a) n(n + 1 ) 1 ' n < n + s n , for all integers n > 1 ; 

(b) (n — l)n _1 /(" _1 ) < n — s n , for all integers n > 2. 

Solution, (a) Using the AM-GM inequality we obtain 


n + s n (1 + 1) + (l + j) d b (l + || 


> | (1 + 1) ‘ ( 1 + 2 


l + ±' 


l/n 


= («+!) 


i /« 


(b) By the definition of (,S’„)„>| we have 


n — s n 
n—1 


1- 


1-i 


n— 1 


‘4 


i-i 


!/(«-!) 


= „-!/(»- 1). 


□ 


The following exercise involves a second-order linear recurrence. 

1.2.5. Let a G (0,2). Consider the sequence defined by 

x„+i = + (1 — for all n> 1. 

Find the limit of the sequence in terms of a, xo, and x\ . 

Solution. We have x„ — x„-\ = (a — l)(x n — x„_i). It follows that x„ — x„~i = 
( a — l)” _1 (xi —xq). Therefore 


Xn~X 0 = = (^l-^o) X( a_ !)* '■ 

k=l k= 1 


Now, using the assumption a £ (0,2), we deduce that 

2 - a 

Next, we discuss a first-order quadratic recurrence in order to establish a neces- 
sary and sufficient condition for convergence in terms of the involved real parameter. 

1.2.6. Let a be a positive number. Define the sequence (x„)„>o by 

x n+ i = a + xr n , for all n > 0, xq = 0. 
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Find a necessary and sufficient condition such that the sequence is convergent. 
Solution. If lim„— >^x n = t then £ = a + £ 2 , that is. 


So, necessarily, a < 1/4. 

Conversely, assume that 0 < a < 1/4. From x n +\ — x n = x 2 n — x 2 _ , it follows that 
the sequence (x„) is increasing. Moreover, 

,111 

x n+l =a+K< - + - = 

provided that x n < 1/2. This shows that the sequence is bounded, so it converges. 

□ 

The above result is extended below to larger classes of quadratic nonlinearities. 
The close relationship between boundedness, monotony, and convergence is pointed 
out and a complete discussion is developed in the following exercise. 

1.2.7. Let f(x) = 1/4 + x — x 2 . For any x G K, define the sequence (x„)„>o by 
xq = x and x„ + i = f(x n ). If this sequence is convergent, letx be its limit. 

(a) Show that if x= 0, then the sequence is bounded and increasing, and compute 
its limit x^ = t. 

(b) Find all possible values of £ and the corresponding real numbers x such that 
X~m4. 

Solution, (a) We have 


/(*) = \~ 



so x n < 1/2, for all n > 1. This inequality also shows that (x„)„>o is increasing. 
Passing to the limit, we obtain 



Since all the terms of the sequence are positive, we deduce that £= 1/2. 
(b) By the definition of / it follows that 


f{x) < x, for all v < — 


and 


for all x > ^ . 


So, the sequence diverges both if x < — 1/2 and for x > 3 /2. 


12 


1 Sequences 


We now prove that if x g (—1/2,3 /2), then the sequence converges and its limit 
equals 1/2. Indeed, in this case we have 

< 1 *-^ 

It follows that 

1 1 I 1 1" 

x n+ \ — — < x — - — >0 asn— □ 


The next exercise gives an example of a convergent sequence defined by means 
of an integer-valued function. We invite the reader to establish more properties of 
the function (•} : [0,°°)— >N. 

1 .2. 8. For any integer n> l, let ( n } be the closest integer to yfn. Compute 


ton E 

" °°j= l 


2<f) + J-O) 
2J 


Solution. Since ( k - 1 /2) 2 = k 2 -k+\/4 and {k+\ /2) 2 = k 2 +k+\/4, it fol- 
lows that (n) = k if and only \f k 2 — k J r \ < n < k 2 + k. Hence 


ton E 

n — " 






= ^ ( 2 4 + 2 “*) (2~^ +k — 2~^~ k ) = ^ — 2 _ *(* +2 )) 
*=t Jt=l 


= ^ 2 *(*' 2 ) - E, 2~ k ( k ~ 2 ^ =3. □ 
k=\ k = 3 


We give below a characterization of the sequences having a certain growth prop- 
erty. As in many cases, monotony arguments play a central role. 

1 .2.9. (i) Let (a„)„> i be a sequence of real numbers such that a\ = 1 and a n+ \ > 
3a,,/ 2 for all n > 1. Prove that the sequence (h„)„> i defined by 

" (3/2)-i 


either has a finite limit or tends to infinity. 

(if) Prove that for all a > 1 there exists a sequence («„)„> i with the same properties 


such that 


lim 


(3/2)"- 


International Mathematical Competition for University Students, 2003 


Solution, (i) Our hypothesis a„+i > 3a„/2 is equivalent to b n+ \ > b„, and the 
conclusion follows immediately. 
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(ii) For any a > 1 there exists a sequence 1 = b\ < £>2 < • • • that converges to a. 
Choosing a n = (3/2 ) n ~ l b„, we obtain the required sequence (a n ) n >\ . □ 

Qualitative properties of a sequence of positive integers are established in the 
next example. 

1.2.10. Consider the sequence ( a n)n> 1 defined by a„=n 2 + 2. 

(i) Find a subsequence (a nic ) k>l suchthatifi< j then a„ t is a divisor of a nj . 

(ii) Find a subsequence such that any two terms are relatively prime. 

Solution, (i) For any integer k > 1, take n k = 2( 3 * +1 )/ 2 . Then a„ k = 2 (2 3 "+1) 
and the conclusion follows. 

(ii) Consider the subsequence (b n ) n >\ defined by b\ = 3, b 2 = b\ + 2, and, for any 
integer n > 3, b„ = (b\ ■■■b n -\) 1 + 2. □ 

The Stolz-Cesaro lemma is a powerful instrument for computing limits of seq- 
uences (always keep in mind that it gives only a sufficient condition for the exis- 
tence of the limit!). A simple illustration is given in what follows. 

1.2.11. The sequence of real numbers (x„) n >i satisfies ]im„^oo (x 2n + JC2«+ 1 ) = 
315 and]im n —+' X ,(x 2 n+X 2 n-t) = 2003. Evaluate Iim n —>.^(x 2 n/x 2 n +i). 

Harvard-MIT Mathematics Tournament, 2003 

Solution. Set a„ = x 2n and b n = X 2 n + 1 and observe that 

a n + 1 - an = (x 2 n+2+X2n+l) ~ (x 2 n+l + X 2 „) + 2003-315 = 

bn+l-bn (x2n+3+X2n+ 2 )-(x2n+2+X2n+l) 315-2003 

as n — > °q. Thus, by the Stolz-Cesaro lemma, the required limit equals — 1 . □ 

Remark. We observe that the value of lim„— ^^{x2 n / x 2n +\) does not depend on 
the values of lim„— ^{x 2 n +* 2 «+i) and lim„— ^^{x 2n +x 2n -i) but only on the con- 
vergence of these two sequences. 

We refine below the asymptotic behavior of a sequence converging to zero. The 
proof relies again on the Stolz-Cesaro lemma, and the method can be extended to 
large classes of recurrent sequences. 

1.2.12. Let (a n ) n >i be a sequence of real numbers such that lim„-»„a„Xj = i 
a\=\. Prove thatlim n — ^Cin) l ^a n = 1. 

I. J. Schoenberg, Amer. Math. Monthly, Problem 6376 


Solution. Set s„ = X£=i a \- Then the condition 
a n — >0 as n— Flence we also have that a n s n -\— > 

a n s n —>\ imphes that s„- 
1 as n— Therefore 

-><» and 

si — = a 2 (s 2 + s„s „- 1 +sl_ l 

)— >3 as n— >°°. 

(1.3) 

Thus, by the Stolz-Cesaro lemma, sl/n—> 3 as n— ►< 

», or equivalently, lim„— j 

.oeU _2//3 


s 2 = 3 2 / 3 . So, by (1.3), we deduce that lim„— >^(3n) l ^a n =1. □ 
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We study in what follows a sequence whose terms are related to the coefficients 
of certain polynomials. 

1.2.13. Fix a real number x ^ — 1 ± s/2. Consider the sequence (s„)„> i defined 
by s n = ILo ° kxk suc b that lim„— s n = 1/(1 — 2x — x 2 ) . Prove that for any integer 
n> 0, there exists an integer m such that + a^ +1 = a m . 

Solution. We have 


1 

\-2x-x 1 


1 

2^5 


\/2+j | y/2-1 

l-(l + s/2)x + 1-(1- s/2)x 


and 


Therefore 


mm = lira Y (1 ± \/2) k x*. 

l + (l±V2)x to 


an = ^[(^+ 1 ) n+1 -( 1 -^ n+1 ] 


A straightforward computation shows that + a^ +1 = ci 2 n + 2 - □ 


The following (not easy!) problem circulated in the folklore of contestants in 
Romanian mathematical competitions in the 1980s. It gives us an interesting prop- 
erty related to bounded sequences of real numbers. Does the property given below 
remain true if b n are not real numbers? 

1.2.14. Suppose that (a n ) n > t is a sequence of real numbers such that 
lim„— >c»an = 1 and {b n ) n >\ is a bounded sequence of real numbers. Ifkis a positive 
integer such that lim „_>,*(£„ — a„b n+l t) = £, prove that £ = 0. 

Solution. (Calin Popescu). Let b = liminf„_>.c *>b n and B = limsup„^ 00 ?>„. Since 
{b n ) n > l is bounded, both b and B are finite. Now there are two subsequences (b Pr ) 
and ( b qr ) of (b n ) n >\ such that b Pr — > b and b qr — * B as r — ► °°. Since a n — * 1 and 
b n — a n b n+ k — > £ as n — > it follows that the subsequences {b Pr+ k) and {b qr+ /) of 
(b n ) n > l tend to b — £ and B — £, respectively, as r — ► °°. Consequently, b — i>b and 
B — £<B, hence l = 0. □ 


Elementary trigonometry formulas enable us to show in what follows that a very 
simple sequence diverges. A deeper property of this sequence will be proved in 
Problem 1.4.26. 

1.2.15. Seta„ = sinn, for any n > 1. Prove that the sequence (a n )n>l is divergent. 
Solution. Arguing by contradiction, we assume that the sequence (a n ) n > i is con- 
vergent. Let a = lim n _ sinn. Using the identity 


sin(rt+ 1) = sinncosl + cosHsinl 
we deduce that the sequence (cosh) converges and, moreover, 


a = a cos 1 + fosinl , 
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where b = lim„— >«,cosn. Using now 


cos(n + 1) = cos n cos 1 — sinnsin 1 


we deduce that 


b = b cos 1 — asinl . 


These two relations imply a = b = 0, a contradiction, since a 2 + b 2 = 1 . □ 

Under what assumption on the function / one can deduce that a sequence (a„)„> \ 
converges, provided the sequence (/(«„))„> i is convergent? The next exercise offers 
a sufficient condition such that this happens. 

1 .2. 1 6. Let (a„)„>i be a sequence of real numbers such that a n > 1 for all n and 
the sequence (a n + a~ 1 ) n>1 converges. Prove that the sequence (a n ) n > i is conver- 
gent. 

Solution. Let a = liminf «— and A = limsup n — a n . Then both a and A exist 
and are finite. Indeed, if A = +°o then we obtain a contradiction from a n +a~ l > a„ 
and our hypothesis that the sequence (a n + a n 1 ) n >i ' s hounded (since it is conver- 
gent). 

Arguing by contradiction, assume that A > a. Choose subsequences {a nk )k>i and 
(a.m k )k>\ such that a„ k — »A as k^>°° and a mk -^>a as k— >°°. Therefore a„ k + \/a„ k — >A + 
1 /A as k— and a mk + 1 /a mk — >a + 1/a as k — >°°. But the sequence (a„ + a„ l ) n>l 
is convergent to some limit £. It follows that 


£ = A + — = a + - . 
A a 


Thus, (A — a)((Aa— 1 ) = 0. Hence either A = a or Aa = 1 and both are impossible 
since A > a > 1 . □ 

1 .2. 1 7. Given a sequence (a„) n > i such that a„ — a n ~ 2 — >0 as «— >°°, show that 



= 0 . 


Solution. For e > 0, let «o be sufficiently large that \a n — a„_ 2 ) < e for all n > riQ. 
We have 


a n -a n - 1 = (a n - a„_ 2 ) - (a„_ 1 - a„_ 3 ) + (a„_ 2 - a„_ 4 ) 
|- {(a„ 0+2 — a„ 0 ) — (a„ 0+ i — a„ 0 _ 1 )} . 


Thus 


|a„-a„_t| < (n-n 0 )£+|a„ 0+ i-a„ 0 _i| 


and so (a„ — a„_i) /« tends to zero as n — □ 


1.2.18. Let 



Show that S„= 1/4. 
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Solution. We first observe that for all x > — 1 , 


— — < Vl+Jc-1 < 

2 + x 2 


Hence, setting x = k/n 2 , we obtain 
k 


2 n 2 + k 


k k 


Therefore 


We have 


£l 2 n 2 + k 


2n 2 + A: 


n(n+l) 1 

— —5 > - as n - 

4« 2 4 


On the other hand, 


} = *|bw+ 5- 


But 


£ 2 


jCi 2n 2 (2n 2 + k) £,4n* 


" A: 2 _n(n+l)(2n+l) 

< L a„4 


24 n 4 


We deduce that 


and 


lim/jLy *-Y *_A 

h 2n+k \ 


= 0 


,. A k 1 
^~£ x 2n 2 + k 4’ 

hence the desired conclusion. □ 

1.2.19. Let ( x n ) n >i be a sequence and set y n =x n -i+2x n for all n> 2. Suppose 
that the sequence (y n )n >2 converges. Show that the sequence (x„)„>j converges. 

Solution. Let y = lim„— >^y n and set x. = y/3. We show that x = lim„— For 
e > 0 there is a positive integer no such that for all n > no, \y n — y| < e/2. Hence 

e/2 > | y n -yj = \xn - 1 + 2x n - 3x| = \2{x n -x) + (x n -i -x) \ 

> 2\x n —x\ — \x„-i — Jt|. 

Thus, \x„ — x\ < e/2+ (l/2)\x n -\—x\, which can be iterated to give 

\x n+m -x\ < j ( X 2_! ) + 2 _ 1 ) | JC„_ i —x\ < 2 + 2~ { - m+ ^\x n -l-x\. 
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By taking m large enough, 2 ( m+1 )|jc«_i —x\ < e/2. Thus for all sufficiently large 
k,\xk~x\<e. □ 

1.2.20. (i) Let (a n ) n >\ be a bounded sequence of real numbers such that a n ^ 0 
for all n > 1. Show that there is a subsequence (b n ) n > \ of (««)„> i such that the 
sequence {b n+ \ /b n ) n >\ converges. 

(ii) Let («„)„> t be a sequence of real numbers such that for every subsequence 
(b n )n> l of («„)„> i, lim„— \b n +i/b n \ < 1. Prove that (a„)„>i has at most two 
limit points. Moreover, if these limit points are not equal and if one of them is 
t, then the other is —t. 

Solution, (i) We distinguish two cases. 

Case 1 : there exists e > 0 such that for infinitely many k, \a/ i \ > e. Let {b n )„>\ be 
the subsequence of (a„)„> i consisting of those with a<, > e. Then \b n+ \ jb n \ < 
(supj. \a k \)/e for all n. 

Case 2: for every e > 0 there is an integer N e such that for all k > N e , a*. < e. 
Then there is a subsequence {b n ) n > i of (a n )n>t such that \b n+ \ < \b„\. 

In both cases, the sequence of ratios ( b n +i/b n ) n >i is bounded, and thus by the 
Bolzano- Weierstrass theorem there exists a convergent subsequence. 

(ii) By hypothesis it follows that the sequence {a n ) n > i is bounded. Now suppose 
that (a„)„>i has at least two distinct limit points s and t, where s ^ —t. Then 
there are subsequences {b p ) p > i and (c q ) q > i of (a n ) n > i converging to ,v and t 
respectively. Let ( dj)j>\ be the following subsequence of (a„)„>i : 


dj = 


if j is odd (that is, d\ = b \ , = b 2 , ■ ■ •) , 

if j is even (that is, d 2 = c\, d^ = C 2 , ■■■)■ 


Then lim 7 -— | dj+ 1 / dj \ does not exist. This contradiction concludes the proof. Q 

1.2.21. Let (a n ) n > \ be a sequence of real numbers such that lim„— > 00 (2a n+ i — 
a n ) = l . Prove that lim„— a n = l . 

Solution. We first show that the sequence («„)„> i is bounded. Since the sequence 
(2a n+ i — «„)„> i is bounded (as a convergent sequence), there exists M> 0 such that 
\a\ | < M and for all n > 1, |2a„ + i — a n \ < M. We prove by induction that \a n \ <M 
for all n. Indeed, suppose that \a n \ < M. Then 

l«n+t|= h" + (2Q ; +1 — —I < ^ (\a n \ + \2a„+i-a n \)<M. 


This concludes the induction and shows that {a„) n > i is bounded. 
Taking limsup in 


a n + {2a n+ i- a„) 
a n+i = x 


we obtain 


limsupa„ < 


hm sup n a n -\- £ 

2 
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This yields limsup„_ >00 a n < l. Similarly, we deduce that liminf„— ^a n > i. We 
conclude that lim„— ^ a„ = L □ 

1.2.22. Prove that a countably infinite set of positive real numbers with a finite 
nonzero limit point can be arranged in a sequence (a„)„>i such that (ci]/ n ) n >t is 
convergent. 

P. Omo, Math. Magazine, Problem 1021 

Solution. Let i denote the real numbers of concern and let a be a nonzero 
finite limit point. Choose A such that 1 /A<a<A and let a\ denote the x n of small- 
est subscript that lies in the interval (1/A,A). Assuming a\, ci 2 - ..., an to have 
been chosen, let a k be the x n of smallest subscript different from the n — 1 already 
chosen lying in the interval (A~^",A'^"). Since a is a limit point, such an x n can 
be found, and since A'/"— and A - '/"— >0, we deduce that every x n eventually is 
included in an interval of the form (A~^",A'^") and will therefore eventually be- 
come part of the sequence (a n )n> l- For each n we have 1 /A'/" < a n < A and 
therefore (l/A) 1 /^ < aj n <A 1 ^. But lim „_ >00 A 1 / v/ " = lim„— *«,(1 /A) 1 ^ = 1 
and therefore lim„_ aj n = 1 . □ 
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Mathematics is trivial, but I can’t do 
my work without it. 

Richard Feynman (1918-1988) 

Recurrent sequences are widely encountered in nature, and they should be seen as a 
major step toward the discretization of various continuous models. One of the most 
famous recurrent sequences goes back to Leonardo Fibonacci (1170-1250). About 
1202, Fibonacci formulated his famous rabbit problem, which led to the Fibonacci 
sequence 1,1,2,3,5,8,13,.... The terms of this sequence have beautiful properties, 
mainly related to the golden ratio. At the same time, it appears in several applica- 
tions in biology, including leaves and petal arrangements, branching plants, rabbit 
colonies, and bees’ ancestors (see Figure 1 .2). It seems that the Fibonacci recurrence 
F n = F„_ x + F„_ 2 was first written down by Albert Girard around 1634 and solved by 
de Moivre in 1730. Bombelli studied the equation y n = 2+ l/y n ~i in 1572, which 
is similar to the equation z n = 1+1 /z n -\ satisfied by ratios of Fibonacci numbers, 
in order to approximate \/2. Fibonacci also gave a rough definition for the concept 
of continued fractions that is intimately associated with difference equations, which 
are now intensively applied in the modeling of continuous phenomena. A more pre- 
cise definition was formulated by Cataldi around 1613. The method of recursion 
was significantly advanced with the invention of mathematical induction by Mau- 
rolico in the sixteenth century and with its development by Fermat and Pascal in 
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Number of 
ancestors 



Fig. 1.2 Bees have Fibonacci-number ancestors. 


the seventeenth century. Sir Thomas Harriet (1560-1621) invented the calculus of 
finite differences, and Henry Briggs (1556-1630) applied it to the calculation of 
logarithms. It was rediscovered by Leibniz around 1672. Sir Isaac Newton, Leon- 
hard Euler (1707-1783), Joseph-Louis Lagrange (1736-1813), Carl Friedrich Gauss 
(1777-1855), and many others used this calculus to study interpolation theory. The 
theory of finite differences was developed largely by James Stirling (1692-1770) 
in the early eighteenth century. Recurrence relations were extended to the study 
of several sequences. A celebrated example is related to the cooperative recurrences 
x n = (x„_i +y„_i)/2 and y„ = ^/x n - \ y„_ 1 , which were associated by Lagrange with 
the evaluation of elliptic integrals. 

In this section we are interested in the study of recurrent sequences that are not 
necessarily linear. 

The first example gives an interesting connection with Euler’s indicator function. 

1.3.1. Consider the sequence (a„)„> i defined by a\ = 1 , a 2 = 2, aj, = 24, and 


a, 


6 c ^_ |«„_3 — 8 «„- ja ^_ 2 
«n-2«n-3 


for all n > 4. 


Show that for all n, a n is an integer that is multiple of n. 

Solution. We have 

= 6^Ll-8^=^. 

a „- 1 a, t -2 a n -3 

Set b n = a n /a n \. Thus &2 = 2 and (73 = 12. It follows that b n = 2" _ 1 (2 " _1 — 1) and 
a n = 2"( n_ 1 )/ 2 J7Ar 1 1 (2‘ — 1). To prove that a„ is a multiple of n, let n = 2 k m, where 
m is odd. Then k<n<n(n— l)/2 and there exists i < m — 1 such that m is a divisor 
of 2‘ — 1 [for i = <p(m), where (p denotes Euler’s function]. Consequently, a„ is a 
multiple of n. □ 

In certain cases a sequence defined by a nonlinear recurrence relation may be 
described in a linear way. We give below an example. 
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1.3.2. Define the sequence (a„) n >\ by a\ = a 2 - I and a„ = a^_ Y + 2/a n -2, 
for any n> 3. Prove that for all n, a n is an integer. 

Solution. The recurrence relation is of second order, so we try to find a n of 
the form a„ = CXq " + j3 q 2 . From a\ = a2 = 1 we obtain a = q 2 — 1 jq\ (q 2 — q\), 
ji = 1 -qi/q%{q 2 — q{). Substituting in the recurrence relation, we obtain 

(a«i + M) («?r 2 + NT 2 ) = a 2 qT~ 2 + P 2 qj n ~ 2 + 2a^cf^q n 2 l + 2 . 


Hence 


afiql 2 q n 2 2 (qi-q 2 ) 2 =2, for all n. 


Therefore 


(q2-l){l-qi)q"~ 3 qT 3 = 2 > for all n. 


so qiq 2 = 1 and q\ + q 2 = 4. It follows that q\ and q 2 are the roots of the second- 
order equation q 2 — 4q + 1 = 0. This is the characteristic (secular) equation of the 
sequence defined by 


a n = 4a n -i — a n - 2 , a\=a 2 =\. 

Thus we obtain that if a n -\ € N and a „_ 2 6 N then a n e N. □ 

Recurrent sequences may be also applied to finding coefficients in various expan- 
sions, as illustrated in the following exercise. 

1.3.3. Consider the expression 

(((*— 2) 2 — 2) 2 — 2^ 2^ (n squares). 


Find the coefficient ofx 2 . 

Solution. Let a„ be the coefficient of x 2 , and b„ the coefficient of x. We observe 
that for any n, the term not containing x in the above development is 4. It follows 
that 

a n = 4 a n - 1 + b 2 _ , and b n = 4 b n - 1 , 

where a\ = 1 and b\ = —4. We first obtain that b n = —4". Substituting in the rec- 
urrence relation corresponding to a n , we obtain a„ = 4a„-i+4 2n ~ 2 , which implies 
a n = 4 "~' ( 4 " — 1 ) / 3 . □ 

An interesting additive decomposition of positive integers in terms of Fibonacci 
numbers is presented in what follows. 

1.3.4. Prove that any positive integer N may be written as the sum of distinct and 
nonconsecutive terms of the Fibonacci sequence. 

Solution. Let (F n ) n > i be the Fibonacci sequence. Then F\ = F 2 = 1 and F n+2 = 
F n+ i + F n , for all n > 1. Let us assume that F„ < N < F n+ \ . So, 0 < N — F n < 
F„_i . It follows that there exists s < n — 1 such that F s <N — F n < F s+ \ . Hence 
0 <N — F„—F s < F s - 1 and ,y — 1 < n — 2. We thus obtain that N may be written 
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as N = F n +F s + F p -\ \-F r , where the consecutive subscripts n,s,p,...,r are 

nonconsecutive numbers. □ 

We need in what follows elementary differentiability properties of polynomials. 
1.3.5. For any real number a and for any positive integer n define the sequence 
{Xk)k> 0 by x o = 0, *1 = 1, and 

cx k+ 1 - (n - k)x k 

x k+ n = — , for all k>0. 

k+ 1 

Fix n and let c be the largest real number such that x n+ \ = 0. Find x k in terms of n 
and k, \ <k<n. 

Solution. We first observe that x n+ \ is a polynomial of degree n in c. Thus, it is 
enough to find n values of c such that x n+ \ = 0. We will prove that these values are 
c= n— 1 — 2r, for r = 0, 1, . . . — 1. In this case, x k is the coefficient of t k ~ l in the 
polynomial /(f) = ( 1 — t) r ( 1 + t) n ~ 1-r . This property follows after observing that / 
satisfies the identity 

/(f) n-l-r r 

7W 

that is, 

(1 - f 2 )/(f) = - 1 - r)(l - f) - r(l + #)] = f(t ) [(» - 1 - 2r) - (n - l)f]. 

Identifying the coefficients of t k in both sides, we obtain 


(k + 1 )x k .. 2 ~(k~ \)x k = {n- 1 - 2r)x k+ i -(n- \)x k . 

In particular, the largest c is n — 1 , and x k = C k Z } , for k = 1 , 2, . . . , n. □ 

The next problem is devoted to the study of the normalized logistic equation, 
which is a successful model of many phenomena arising in genetics and mathemati- 
cal biology. In its simplest form, the logistic equation is a formula for approximating 
the evolution of an animal population over time. The unknown a„ in the following 
recurrent sequence represents the number of animals after the nth year. It is easy 
to observe that the sequence {a n ) n > i converges to zero. The interesting part of the 
problem is to deduce the first-and second-order decay terms of this sequence. 

1.3.6. Consider the sequence (a n ) n >i satisfyingai £ (0,1) anda„+i =a n (l—a„), 
for all n > 1. Show that X\m n -^„na n = 1 andlim„— > M n(l — na n ) /Inn = 1. 

Solution. We first prove that a„ < l/(n+ 1), for all n > 2. For this purpose we use 
the fact that the mapping f(x) = x{\ — x) is increasing on (0, 1/2] and decreasing on 
[1/2, 1). Thus, a 2 =ai(l — «t) < 1/4 < 1/3. Let us now assume that a n < l/(n+ 1). 
Hence 


a n+1 = a„(l - a n ) < 


1 

nTT 



n 

(n+l ) 2 < n 


1 
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We observe that the sequence (a„) n > i is decreasing, because a n+ \ — a n =~a^ < 0. 
Moreover, («„)„> i is bounded and lim = 0. Let c n = l/a n . We compute 
lim„— c„/n = lim„_ >co 1 / ( na n ). We have 


lim 


C n + 1 - C n 
(n+l)-n 


= lim 


a„ - a„+i 


= lim 


-f | = lim- = 1. 

a n a„{l — a n ) « n 


So, by the Stolz-Cesaro lemma, lim„— c n /n = 1. Therefore lim„— »„na„ = 1. 

We provide the following alternative proof to this result. Let us first observe that 

(«+ l)a n +i = na n + a n — (n + l)a„ = na„ + a n ( 1 — (n + l)a„). (1.4) 


To see that (na n ) n >i is increasing, we need to show that 1 — (n + 1 )a„ > 0. From the 
graph of y = x(l — x ) we note that a .2 <1/4 anda„ <a< 1/2 imply a n+ i < a(l — a). 
So, by induction, 

(n+l)a„<(n+l)-fl--) =l-i<l. 

n V n ) n z 


Furthermore, na n < (n+ l)a„ < 1, and so (na n )„> t is bounded above by 1. Thus 
na„ converges to a limit i with 0 < na„ < £ < 1 . Now summing (1.4) from 2 to n, 
we obtain 

1 > (n+ l)a„+i =2a2 + a 2 (l-3a2) + a3(l-4a 3 )-{ \-a n {\-(n+\)a„) . (1.5) 


If l ^ l then (1 — (n+ 1 )a n ) > (1 ~ £') /2 for all large n, and thus relation (1.5) 
shows that the series X“ =1 a n is convergent. However, na„ > ct\ and so X/"=i a n > 
a\ X/L| 1 /«. But Sr=i 1 / n i s divergent. This contradiction shows that i = 1 . 

For the second part, set b n =l/a n . Then 

bn+l = b^~[ =bn+l + b~T- (L6) 


Using this recurrence relation, a standard induction argument implies that b n > n, 
for all n > 0. Thus, by (1.6), 


b n < b n - 1 + 1 H < b n - 2 + 2 H H — < • • • 

n—l n— 1 n—2 


<b\+n+^ - < n + lnn + C, 

k= \ k 


(1.7) 


where C is a real constant [we have used here the fact that 1 + 1/2H h 1 /« — Inn 

tends to a finite limit]. This in turns proves the existence of a constant Co such that 
for all integer n > 1, 


b n > b n — i + 1 + 


n — 1 + Inn + C " 

1 


£i,| +”+ t li t + ii, ( t + i )+ c -" +ln ” +Co ' 


(1.8) 
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It follows from (1.7) and (1.8) that 

n(l — na n ) n{b n — n) n(lnn + C ) 


Inn 


b n \nn (n + lnn + Co)lnn 


= 1 + o(l) as n- 


and 


n(l — na„) n(b„-n) n(lnn + C 0 ) 1( ... 

- > t — rr — = 1 + 0(1) asn— >°°. 


Inn 


h„lnn (n + lnn + C)lnn 


This concludes the proof. □ 

Independent Study. Find a sequence (jc„)„>i such that 


lim x„ ( 1 — 


n(l — na n ) 
Inn 


= 1. 


The following problem is difficult, and it offers a curious comparison property 
with respect to the Fibonacci sequence. 

1.3.7. Fixx i e [0, 1) and define the sequence (x n ) n >i byx n+ \ = 0 ifx n = 0 and 
x n+ \ = ^ — [1 /x n ] . Prove that for all integers n > 1 , 


*=i *=i ^*+1 


where (F„)„>i is the Fibonacci sequence. 

USA, Proposed to the 33rd International Mathematical Olympiad, 1992 

Solution. Consider the function f(x) = (x+ 1 ) ~ 1 , and for any positive integer n, 

define the mapping g n (x) = x+ f(x) +f 2 (x) H h /" (x) , where /” is the nth iterate 

of /, that is, /" = fo ■ ■ ■ of (n times). We easily check the following properties: 

(i) for all 0 < x < y < 1 we have 0 < f(x) — f(y) <y — x; 

(ii) g n is increasing in [0, 1]; 

(iii) Fi/F 2 = 1, f{F n /F n+ 1 ) = F n+ i/F n+2 and g„_i(l) = I? = i F k/F k+ 1 , for all pos- 
itive integers n. 

We just remark that for proving (i) we use 

8n(x) - gn(y) = (x-y) + \f[x) - f(y)] + • • • + if n {x) - f(y)] 

combined with the fact that any difference is less in modulus than and of opposite 
sign with respect to the previous one [see (i)]. 

If for some 2 < k < n we have xj. = 0, then by definition, x n = 0, and we conclude 
the proof by induction with respect to the first n — 1 terms of the sequence. If this 
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does not occur, then for all 2 < k < n, we may write x^-i = (flit+jKfc) -1 , where 
<3* > 0 is the integer part of x^\. Hence 


Y x k = x n + - 

k=\ C 


1 


<*n - 1 + 2 


- + ••• + - 


" ‘ fl n— i^an+xn 


We prove by induction with respect to k that for any fixed x„ £ [0, 1), the right- 
hand side of the above equality is maximum if and only if = 1, for all k. We 
first observe that a .2 must be 1, since aj appears only in the last expression. Next, 
let us assume that k > 2 and that for any values of x„, a n , a n -\, . . . ,a&+i, the above 
expression attains its maximum for a^-i = &k-2 = ■■■ =a%—t. Observe that only 
the last k — 1 terms on the right-hand side contain a^, and moreover, their sum is 


/ 


8 k- 2 


\ 


By (ii), the function g ^-2 is increasing, so its maximum is achieved for = 1 . Using 
now (ii) and (iii), we obtain 



= g n -l(x) < g„_l(l) = Y -jT~ ■ 
k= 1 F k+l 


This concludes our proof. □ 

A simple linear recurrence generates a sequence of perfect squares, as shown 
below. 

1.3.8. A sequence of integers (a n ) n >i is givenby the conditionsa \ = 1,«2= 12, 
a-*, = 20, anda n +3 = 2a n +2 + 2a„+i —a n foreveryn > 1 .Prove that for every positive 
integer n, the number 1 + 4a„a„ + i is a perfect square. 

Problem Ml 174*, Kvant 

Solution. Define the sequence ( b n ) n >\ by b n = a n+ 2 — a n + 1 — a n , for any n > 1. 
Observe that (b n ) n > i fulfills the same recurrence relation as the sequence (a n ) n >\. 
The idea is to prove that for all n, we have 1 + 4a„a n+ i = b 2 n . We argue by induc- 
tion and we first observe that this equality holds for n = 1. Next, assuming that 
1 +4a„_ia„ = b 2 n _ , , we prove that 1 +Aa n a n+ \ = b 2 . Indeed, since 

b n = (2a„+i + 2 a„ - a„_i) - a„+i -a„ = a n+] +a n - a„_i 
= (a n+ 1 - a n - a„_i) + 2 a„ = b n - 1 + 2 a n , 


1.3 Recurrent Sequences 


25 


we obtain 


1 + 4a n -\a n = b 2 _ | = (b„ — 2 a „) 2 = b 2 — 4a n b„ + 4 a 2 


= b 2 - 4a„(a n+ i +a„- a„_i) + 4 a 2 
= b 2 — 4a n a n+ \ — 4a 2 + 4a n a n -\ + 4 a 2 
= b 2 — 4a n a n+ \ + 4a n a n - \ . 


Subtracting 4fl„a„_i, we obtain 1 +4a n a n+ \ = b 2 , which completes the proof. 


□ 


We always have to pay attention whether the models we study indeed occur in 
reality. We show in what follows that there is a unique sequence of positive integers 
with a prescribed property. 

1.3.9. Prove that there exists a unique sequence (x n ) n >o of positive integers such 
thatxi = 1 ,X 2 = 1, andx„ + i + 1 = x n x n+ 2 for all n > 1. 

Solution. A direct computation shows that X 3 = 2 and X 4 = 9. Next, for any n > 4 
we have 



x n - 1 ( x\_ j + 3x%_ j + 3x 2 _ l +x n - 3 ) 

X„-lX„-3- 1 


Hence 


(*n + 1)(X„-1X„_ 3 - 1) =X n -i(x S n _ l + 3x^_i + 3x^_i +X n - 3 ). 


We assume, by induction, that x \ , . . . ,x n are integers. Observing that x n -ix n - 3 — 1 
and x n -\ are relatively prime, it follows that x„_ i is a divisor of x^ + 1. Therefore 
x B+ i is an integer. □ 

Stirling’s formula is a powerful tool for proving asymptotic estimates. We give 
below an example that involves an elementary recurrence. 

1.3.10. The sequence (a n ) n > 1 is defined bya\ = 1 and a n+ \ = n/a„, for all inte- 
gers n > 1 . Evaluate 



W. W. Chao, Amer. Math. Monthly, Problem E 3356 


Solution. We show that the limit is y/2/n + \fnjl. We first observe that 
a n a n - 1-1 = n anda„_ia„ = n— 1, for all n> 2. Subtracting these yields a n+ \ —a n - \ = 
a~ l . Hence 1 4 b cQ 1 = a n + a n+ \ — ai — 02 - It follows that 



(1.9) 
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Since a n+ 1 = n/a„ = a„-\nf (n — 1), we can iterate to obtain 
2 2n (n\) 2 . {2n+ 1)! 

and 0! * +2= 2 spr- 

By Stirling’s formula, we have fl 2 n+t ~ \fttj2 • \/2n and a 2 n +2 ~ \j2/n ■ y/2n. 
Hence the two contributions of the right-hand side of (1.9) approach \f2/n and 

y/njl □ 

Elementary inequalities imply that the following recurrent sequence diverges 
like 2 y/n. As a consequence, a quite precise estimate for a high-order term is 
obtained. 

1.3.11. Let (<2„)„>o be the sequence defined by 

a n =a n - iH — , for all n> 1, ao = 5. 

a n - 1 

Prove that 45 < a moo <45.1. 

Solution. We first observe that for all n > 1, 

fl? = 1 "b 2 H j — + £Z?_j ~b 2. 

a n - 1 

It follows that a? > fitg + 2n and, in particular, aj 000 > 2025 = 45 2 . 

For the reverse inequality, we write 

fit? < i + 2 H = aZ_ i + 2 H 

a„a n - i a n — 

= i + 2 + a n - 1 j ] < + 2 + a„ j 

\ a n - 1 On/ \ 0 / 1-1 a n 

By addition we obtain, for all n > 1 , 

2 2 r, / 1 1 

fiL < n n + 2n + a n \ 

V«o On 

Therefore 

of ooo < 25 + 2000+ - 1, 

and a straightforward computation shows that a \ ooo <45.1. □ 

Bounded sequences are not necessarily convergent. We give below a sufficient 
condition that this happens. Monotonicity arguments again play a central role. 

1.3.12. Let (a n ) n >o be a bounded sequence of real numbers satisfying 

a n + 2 < ^ (a„ + a„+i ) , for all n > 0. 
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(a) Prove that the sequence (A„)„>o defined byA„ = max{a„,a„ + i} is convergent. 

(b) Deduce that the sequence (a n ) n > o is convergent. 

Solution, (a) We first observe that 

2max{a„,a n+1 j 
a n +2 < 2 = A "' 

Since a n+ \ < max{a„,a„ + i} = A n , it follows that max{a„ + i,a„ + 2 } = A n+ \ < A n , 
which shows that (A n ) n >o is nonincreasing. Since («„)„> o is bounded, it follows 
that the sequence (A„)„> q is also bounded, so it converges. 

(b) By the boundedness of (a„)„> o, it follows that there exists a convergent sub- 
sequence ( a „ p ). Moreover, since (A„)„> o is nonincreasing, we can assume that 
a ni > a« 2 > ■ ■ ■ > a n p > ■ • ■ • Set £ = \\m p — ta! ,a np . Obviously, a„ p > l. 

Set i\ = lim„— ^A n . We prove that £ > t \ . Indeed, arguing by contradiction, it 
follows that for any e > 0, there exists a positive integer N'(e) such that 

a Hp - 1 <l\ + e, a Hp <i\-£ for all n p > N'(e). 

On the other hand, a„ p +\ < l/2(a„ p + a np -i) < £\ andA„ p = max{a„ p ,a„ p+ i} < £\, 
which is impossible because the sequence (A„)„>o is nonincreasing and converges 
to i\. By l = lim p _ >co a np we obtain that for all e > 0, there exists a positive integer 
N\ = Ni (e) e N such that a Hp —£< £, for all n p > N\ (e). From l \ < l we obtain Ab 
such that for all m > N 2 there exist n p and n p+ \ satisfying a Hp+l <a m < a„ p . 

Set N = maxjiVi , A^}- Hence 

o-n — t < a np — £ < £, for all n > N, 


that is, l = lim„— ^a n . 

An easier alternative argument is the following. Fix e > 0. There is a positive 
integer Ni such that for n>N\ we have £ < A„ < £ + e. Hence a„ <A n < £ + e. 
Suppose a n < £ — 3e. Then a n+ 1 = A„ < i + e. Thus the recurrence gives 


<2/1+2 < 


a n + a n - 1 


Hence A n+ 2 < £, a contradiction. Thus for n>N\ we have £ — 3 e<a n <£+e. Since 
£ > 0 was arbitrary, it follows that lim„-* M a n = £. □ 

Recurrent sequences may be useful for solving functional equations, as illustrated 
in the following exercise. 

1.3.13. Prove that there exists a unique function f : [0,°°)— >[0,°°) such that 
(/ 0 /) M = 6x - f(x) and fix) > 0, for all x > 0. 

Solution. Fix x > 0 and define the sequence (x„)„>o by xq = x and x„ = f(x n - 1 ), 
for all integers n > 1 . By hypothesis, we have x„>0 and 


x n +2 + Xn+1 ~ 6 x n = (f°f) (x n ) + /(*„) - 6x„ = 0, for all n >0. 
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The roots of the associated characteristic equation r 2 + r— 6 = 0 are n = 2 and 
t "2 = — 3. Thus, there exist real numbers a and b such that for all n> 0, 

x n = a-2 n + b-(-3) n . (1.10) 

We intend to prove that b = 0. We argue by contradiction and assume that b 7^ 0. 
In this case, by (1.10), it follows that for any n sufficiently large (we choose n even 
if b < 0, resp. odd if b > 0) we have x n < 0, contradiction. So, b = 0 and hence 
x\ = f(x) = 2x0 = 2x. Therefore the unique function satisfying our hypotheses is 
f{x) = 2x. 

We recall that if (a n )n>\ and (/?„)„> 1 are sequences of positive real numbers, then 
we use the notation 

a n ~ b n as n— 

if lim„— a n /b n = 1 . □ 

1.3.14. Let (a„)„>i be a sequence of real numbers such that e a " + na„ = 2 for all 
positive integers n. 

Compute lim„_,oo «( 1 — na„) . 

Teodora-Liliana Radulescu, Mathematical Reflections, No. 2 (2006) 

Solution. For any integer n > 1 , define /„ (x) = e* + nx — 2 . Then /„ increases on 
K, as a sum of increasing functions. So, by /«(0) = — 1 < 0 and /„( In 2) = nln2 > 0, 
we conclude that for all integers n > 1, there exists a unique a n £ (0,ln2) such that 
f n (a n ) = 0. Next, we observe that 

/„ + i (a n ) = e a "+na n — 2 + a„ = f n (a n ) +a n = a n > 0. 

Since f n +\ (a n+ \ ) = 0 and f n increases for any n > 1, we deduce that a n > a n+ \, for 
all n > 1 . So, there exists l : = lim„_ a n £ [0 , In 2) . If i > 0 then the recurrence rela- 
tion e a " + na n = 2 yields the contradiction +°° = 2. Thus, 1 = 0 and lim„— >00 na„ = 1 , 
that is, a„ ~ n~ l as n — >°°. Using again the recurrence relation, we obtain 
1 — na„ = e a " — 1 ~ e 1 /” — 1 as 

Since e x — 1 = x+ o(x) as x— >0 we deduce that 

1 — na„ ~ — as 
n 

It follows that lim„^„o n{ \ — na „ ) = 1 . □ 

With similar arguments as above (which are based on the asymptotic expansion 
of e x aroundx = 0) we can prove that lim„_ >^n[n(\ — na„) — 1] = 1/2 (exercise!). 

In some cases, connections with trigonometry may be useful for computing lim- 
its. How can one solve the following problem without using trigonometric formulas? 

1.3.15. Let — 1 < ao < 1 , and define recursively a„ = [(1 + a n -i)/2] 1 ^ 2 , for all 
n > 0. Find the limits, a sn—>°°, of b n = 4"(1 — a„) a ndc n = a\ci 2 - ■ ■ o n . 


M. Golomb, Amer. Math. Monthly, Problem E 2835 
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Solution. Let tp € (0,7 r) be such that cos (p = uq. Using the formula cos 2 x = 
(1 + cos2x)/2 we find that a„ = cos(<p/2”). Thus, since sin 2 x = (1 — cos2x)/2 and 
lim*— >o sinx/x 1, we obtain 

b n = 4" (\ — cos — ) = 2 2n+1 sin 2 -^—r — > — as 

V 2"/ 2 n+1 2 

Next, we observe that 

m mm mm 

sin — c n = cos — cos ■ ■ ■ cos — sin — . 

2" 2 2 2 2" 2" 


Hence 


c, 


sin <p sin <p 

sin(<p/2") tp 


□ 


Convergent linear combinations of the terms of a given sequence do not imply 
that the sequence is convergent, too! We give below a complete response to a prob- 
lem of this type. 

1.3.16. Let (a n ) n > \ be a sequence of real numbers and — 1 < a < 1 such that 
the sequence (a n+ 1 + aa„)„>t is convergent. Prove that the sequence {a n )„> i con- 
verges, too. 

Solution. Set b„ = a n+ \ + a a„ and £ := lim„_ ^b„. We will prove that a n -^lf 
(1 + a) as n— >°°. We first observe that if we seta' n =a n — £/(\+ a) and b' n =b n — £, 
then the same recurrence relation is fulfilled (that is, b' n = a' n+l + a a' n ), but b' n -^> 0 
as n— >°°. This shows that we can assume, without loss of generality, that l — 0. It 
remains to prove that a n — >0 as n — >°°. Since the assertion is obvious for a = 0, we 
assume in what follows that a^O. Set a n = (— a) n x n . Then b n = {—a) n+l x n+ \ + 
a(—a) n x n and hence, for all n > 1, 

b„. 

It follows that for all n > 1, 


Since x„ = (— 1/ a) n a n , we obtain, for all n > 1 , 

a n =(-a) n x l -(-ay n ^ 

k= 1 



b k . 


But (— a)"x i— +0 as So, it remains to prove that (— l/a) 4 ^— ; >0 

as n — We first observe that by the Stolz-Cesaro lemma, 


fim 


id(-i /«)* 


(-1 /a) n b, 

(-1/a) 


lim b„ = 0. 


30 


1 Sequences 


Hence 


n - 1 

I 

k= 1 



k 

b k = o 





as n — . 


Therefore 


This concludes the proof. □ 

Remarks. 1 . The above statement is sharp, in the sense that the property does 
not remain true if a $ ( — 1 , 1 ) . Give counterexamples ! 

2. A “continuous” variant of the above “discrete” property is the following. 

Assume that f is a real-valued continuously differentiable function on some int- 
erval such that f'(x) + ocf(x) tends to zero as x tends to infinity, for some 
a >0. Prove that f(x) tends to zero as x tends to infinity. 

A complete proof of this result will be given in Chapter 10. 


1.4 Qualitative Results 


A mathematician who is not also a 
poet will never be a complete 
mathematician. 

Karl Weierstrass (1815-1897) 

The following inequalities due to Niels Henrik Abel (1802-1829) are useful in 
many applications (see, e.g., Carleman’s inequality in the next section). We illus- 
trate here this result to deduce an interesting inequality involving positive numbers. 
We point out that a very important international prize was created by the Norwegian 
Academy of Science and Letters in order to celebrate the Abel centenary in 2002. 
This is a kind of Nobel Prize awarded to mathematicians, and the first laureates 
of the Abel Prize were Jean-Pierre Serre (2003), Sir Michael Francis Atiyah and 
Isadore M. Singer (2004), Peter D. Lax (2005), Lennart Carleson (2006), Srinivasa 
S.R. Varadhan (2007), and John Griggs Thompson and Jacques Tits (2008). 

1.4.1. (Abel’s inequalities), (a) Let « i ..... a„ be real numbers. Set m = min 

(ai , a\ + a 2 , ■ ■ ■ , «i + CL2 -\ 1 -a„),M= max(ai , a\ + a2, ■ ■ ■ , a\ + a 2 H b a n ) . 

Prove that if b\ > b 2 > ■ ■ ■ > b n > 0, then 

Mb\ >a\b\-\- H b a n b n > mb\ . 

(b) Assume that x\ > xi > • ■ ■ > x„ > 0, yi > y2 > ■ ■ • > y n > 0, and x\ > y i, 
*i +X2 > yi +y2, -,xi +x 2 -\ bx„ > yi + y 2 H by n - 
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Prove that 

x^ -I - ^2 -b • • • ~b xj^ ^ y\ -b y^ “t - ■ ■ ■ -b y* for all zz, k ^ 1 . 

Solution, (a) Define si = a \ , S2 = a\ + 02, • • • ! s n = a\ + 02 H bc/«. Then 

E := a\b\ + <22^2 H b a n b n 

= S\b\ + (i 2 - S\)b 2 H b (s «— 1 - Sn- 2 )i>n-l + (■?« — S n -l)b n 

= s\(b\ ^2) "b ^2(^2 bj) H b s n -\ (bn-1 -b n ) +b n s n . 

But M>Si>m and b\ —b2> 0 , &2 — bj > 0 ,. . . , b n - 1 —b n > 0 . Therefore 

Mfii =M(fci -^2 + fe 2 -^3 + --- + fen-i-^«)+M^ >£ 

> m(fci — b 2 + b 2 — b-i H b fc„-i — b n ) + mb„ = mb\ . 

Consequently, if a\ > 0 , ai + 02 > 0 ,. • • 1 «i + ®2 H b a„ > 0 and b\ > Z>2 > • • • > 

b n > 0 , then a\b\ + <22^2 H b a n b n > 0 . 

(b) Since xi>X 2>0 and y\ >yi > 0 , we have 

&i : = xj l +d[ 2 yi + >'*+Jciyt 2 +yj 1 

> 24 _1 +j 4 _ 2 3 ; 2 + *'**+-« 234 _2 + 34 _1 = : b 2 - 

Analogously we obtain bi>b2> ->b n > 0 . 

Define zzi = x\ — yi, 02 = *2 — y2>- ■ • , a n = x n — y n . We have a\ > 0 , a\ + a2 > 

0 ,. . . , t?i + 02 H b a n > 0 . So, by (a), it follows that aifii + <22^2 H b a n b n > 0 , 

that is, 

*1 -)>i+*2 ->4+ ■ ■ ■ +4-)£ > 0. 

Hence 

V1 + V2H bv^yi + y^H by*. □ 

Alternative proof of (b). Our reasoning relies on the following auxiliary result. 

Lemma. Ify\ > y2 and x\ —y\ > X2 — y2, then x\—y\>x\ — y\. 

Indeed, 

A -A =(B + (*1 -yi)) fc ~A = X C kA~\ x t -Ji)‘ 

i=t 

> X c b 2~‘ ( x 2 - 3 # = A - A > 

i= 1 

which concludes the proof of the lemma. 
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Using now the lemma and our hypotheses, we obtain 


A -A>yn-b«-*i±yi) k , 

A - A > (yn - Xi + yi) k - (y„ - X! - x 2 + yi + y 2 ) k , 



( n—2 n- 2 \ k 

( n-l n - 1 \* 

A-t-An-t 




After summing these relations, we obtain 

I (A - y?) >y k n - (yn - 1 *>• + X y^j >/ n -A- 

It follows that X”=t A — Z"= i A- 

The following problem shows that a subadditivity condition guarantees the exis- 
tence of the limit for a certain sequence. This property does not remain true if the 
subadditivity assumption is partially fulfilled. 

1.4.2. (i) Assume that the sequence (x„)„>i satisfies 

x m +n < x m + x n for all m, n > 1 . 

Show that the sequence (x„/n) n > i has a limit and, moreover, 

lim — = inf — . 
n «>t n 

(ii) Let k be an arbitrary positive integer. Assume that (x n ) n > \ is a sequence of 
nonnegative real numbers satisfying 

x m+n < x m +x n for all m,n> 1 with \m — n\ < k. 

Prove that lim„— +ooX„/« does not necessarily exist. 

Solution, (i) Set a = inf„>i x„/n. It is enough to show that lim sup n _ >m x n /n < a. 
Arguing by contradiction, there exists 8 € K such that 

a < 8 < limsup — . 

n — n 

Let k € N be such that x k /k < 8. For any n > k we may write n = n(k) ■ k + r(k), 
where n(k) e N and 0 < r(k) < k. It follows that 

Xn < n(k)x k + x r{k) _ Xk x r{k) Xk ft 

n ~ n(k)k+ r(k) k+ W n(k)k+r(k) ~ k+ £« + n ’ 

where j3 = sup 0<m<k x m . Since \\m n —,^n(k) = °°, it follows that 
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x n , *-k c 

limsup — < — < O, 
n — n k 


contradiction. Hence litn sup n ^ M x„/n < a. 


(ii) We construct the following example of a sequence (x n )n>t such that 
lim„— does not exist. Set T := (2 m ; m e N}. For each fixed integer 
k > 0 define the sequence (x n ) n >\ by 


x n 


n if dist(n,r) < k, 
0 otherwise. 


It is clear that liminf n — ^x„/n = 0 and limsup ■ 1, so lim„— ^x n /n does 
not exist. It suffices to prove that this sequence has the required properties. Indeed, 
if not, there exist integers m,n> 1 such that 

\m — n\<k and x m + n > x m + x„. (1,11) 

This means that either x„ = 0orx m = 0, say x n = 0. Thus, for some positive integer q, 

2 q ~ l + k<n<2 q ~k, 


which implies 


2 q + k<n+(n-k)<n + m<n+(n + k)<2 q+1 -k. 

This forces x n+m = 0. Thus, we contradict our assumption (1.11). □ 

The next three exercises give applications of sequences in number theory. 

1.4.3. The Unite sequence ao, at, ... ■ a„_i has the following property: for any 
i G (0, 1}, a, denotes the number of occurrences of i in the terms of 
the sequence. [For instance, if n = 4, then an example is uq = 1 , a\ = 2, <Z2 = 
1, «3 = 0.J Prove that if n>l, then the sequence is uniquely defined byn — 
4, 2, 1, 0,..., 0, 1, 0, 0, 0. 

Solution. We first prove that ao + a i H b a n - 1 = n. Indeed, by the definition 

of a, (0 < i < n — 1), it follows that ao H b a„ \ equals the number of terms of 

the sequence, that is, n. 

Since ao denotes the number of terms equal to 0, we deduce that n — ao signifies 
the number of terms different from 0, while n — ao — 1 represents the number of 
nonzero terms other than ao (it is obvious that ao / 0, since if not, then ao>l, 

contradiction). By ao + a\ H b a n - \ = n, it follows that the sum of all n — ao — 1 

nonzero terms other than ao is equal to n — ao . Thus, n — ao — 2 of them equal 1 and 
exactly one is equal to 2. 

If ao = 1, then a\ =n — ao~ 2+1 = n — 2, «2 = 1. ««-2 = 1, so ao + fl t + a 2 + 
a n —2 = n+ 1 > n, contradiction. Hence ao ^ 1. Analogously, ao^2,soao>3. 

Set ao = k. It follows that a\ = n — k— 2, a 2 = 1, a n -k -2 = 1- Therefore 
n — k — 2 = a\ = a 2 + ««-i -2 = 1 + 1, so k = n — 4 = ao. Thus, a\ = 2, 02 = 1, 
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a n - 4 = l,ao> 3. We deduce that n > 7. It follows that the unique sequence satisfy- 
ing our hypotheses is n — 4, 2, 1, 0, . . . , 0, 1, 0, 0, 0. □ 

1.4.4. Consider an infinite arithmetic progression of natural numbers. 

(a) Prove that if this progression contains cubes of integers then it contains infinitely 
many such terms. 

(b) Give an example of an infinite arithmetic progression of positive integers such 
that no term is the cube of an integer. 

Solution, (a) Let (fl n )n>i be an infinite arithmetic progression of natural numbers 
whose common difference is d. The idea is to show that if a/, = q] is a cube, then 
(q\ + md'y’ , with m > 1, are all cubes in the arithmetic progression. Indeed, assume 
that a k = q\, with q\ G N. We find qi G N such that there exists m\ G N satisfying 

a k + m\d = q\ 4=> q] + m\d = q\ 4=> m x d = (q 2 - qi) {q\ + qiqi + ql ) . 

Set q 2 = qi+d. We observe that in this case mi G N, that is, a k+mi = (q\ +<7) 3 . With 
the same argument for a k + mi we find a term fl£ +m2 , with m 2 > mi , that is also a cube, 
and so on. This shows that in fact, there are infinitely many terms with this property. 

(b) Let a be an odd positive integer. We show that the arithmetic progression defined 
by a\ =2 a and d = 4a 2 does not contain cubes of integers. Indeed, if 2 a + 
4 a 2 k = q 3 , then 2a + 4a 2 k = 8^. Hence a + 2a 2 k = 4 q\, impossible because the 
left-hand side is odd. □ 

An easier example consists in choosing an arithmetic progression with all mem- 
bers congruent to 2 (mod 7). 

1.4.5. Let pk be the kth prime number. Define the sequence (u„) n > 1 by u„ = 

p \ H b p n - Prove that between u„ and u n + 1 there is at least one perfect square. 

Solution. We prove that if m 2 < u n then (m+ l) 2 — m 2 < w„ + i — u n = p n +\ . 
Indeed, observing that 


2 \/vbi + 1 > 2m+ 1 = (m+ l) 2 — m 2 , 


we have only to show that p n+ 1 > 2^/u^+ 1. This inequality may be rewritten as 



The above inequality is true for n = 4 and then it is justified by induction, using 
Pn+2 > Pn+ 1 + 1- Let us now assume that there exists n G N such that between u n 
and u n+ 1 there is no perfect square. This means that there exists m G N such that 
m 2 < u„ and (m+ l) 2 > u n+ \. It follows that (m+ l) 2 — m 2 > u n+ \ — u n , which 
contradicts the above relation. □ 

An interesting representation formula is proved in the next problem: any real 
number is a linear combination with integer coefficients of the terms of a given 
sequence converging to zero! It is also argued that this last assumption is sharp. 
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1.4.6. Let (a n ) n >\ be a sequence of real numbers converging to 0 and contain- 
ing infinitely many nonzero terms. Prove that for any real number x there exists a 
sequence of integers (X n (x)) n >i such thatx = lim„— ^k( x ) a k- 

Is the assumption ]im„— +oo a„ = 0 necessary? 

Solution. We can assume that a n ^ 0, for all n. Fix arbitrarily a positive number 
x. We choose A„(x) such that A„(x)a„ > 0, for all n G N. 

We first observe that there exist n\ G N and A„, (x) G Z such that A ni (x)a ni < x and 
\x — A„j (x)a ni < \a ni . We point out that the existence of n\ and A„, (x) follows from 
lim„— = 0. For the same reasons, there exist «2 G N, «2 > n\, and A„ 2 (x) G Z 
such that X„ 2 (x)a n2 < x— A ni (x)a ni and |x— A„, (x)a„, — X„ 2 (x)a„ 2 < \a„ 2 \. Thus, 
we obtain an increasing sequence of positive integers («<,) and a sequence of integers 
(A n k (x))n k such that 

A n k+1 ( x)a nt+1 < x - A ni {x)a ni A„ t ( x)a„ k 

and 

|x Ajjj (x)fl ni ^ +1 W«n i+1 | < K t+ i|- 

If n $ {n\ ,n. 2 , . . ■ -Uk , . . .} then we take A„(x) = 0. Since hm k -^^a nk = 0, we obtain 
x = lim„^X£=i A k (x)a k . 

If x = 0, then we take A n (0) = 0, and if x < 0, then we choose A„(x) = — A„ ( — x) , 
for all n. 

If the sequence ( a n ) does not converge to 0, then the result is not true. Indeed, 
it suffices to take a n = 1, for all n > 1. If A„ G Z and if the sequence defined by 
Uk=\ Xk{x)u-k is convergent, then its limit cannot belong ro M \ Z. □ 

The following is an interesting application of sequences in a problem of interest 
for many people. The statement is in connection with (easy!) IMO-type problems. 

1.4.7. A chess player plays at least one game every day and at most 12 games 
every week. Prove that there exists a sequence of consecutive days in which he 
plays exactly 20 games. 

Solution. Let a n be the number of games played in the first n days. By hyp- 
othesis, 21 < <221 < 36. Among the numbers ai .< 22 , ... ,<221 there exist a,- and aj 
(1 < i < j < 21) giving the same remainder on division by 20. Hence 

1 < a.j — a.i < 35, 

and 20 divides aj — cij. It follows that aj — a, = 20. Consequently, in the days 
i + 1 , i + 2, . . . , j, he played exactly 20 games. □ 

The method used for proving the next problem can be easily extended to deduce 
similar properties of positive integers. Try to formulate some related properties! 

1.4.8. Prove that among any 39 consecutive positive integers there exists at least 
one having the sum of its digits a multiple of 1 1 . 

Solution. Let s„ denote the sum of digits of the positive integer n. If the 
last digit of n is not 9, then s n+ \ = s n + 1 . If the last k digits of n are 9, then 
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s„+i = s n — 9k + 1. Next, we take into account that in a sequence of fewer than 
100 consecutive positive integers there exists at most one number that ends with 
at least two digits 9. The most unfavorable case for our problem is the following: 
s n ,s n + 1,... ,s n + 8 ,s n ,s n + 1 , ... ,s n + 9 ,s n — 9 k+ 10, — 9 k+ 11,.. . ,s n — 9 k + 
19, s n — 9k + 1 1 ,.y„ — 9k+ 12. . . . ,.y„ — 9 k+ 20, where n— 1 ends with exactly one 0, 
n + 18 has the last k digits equal to 9, and 

— 9k=l(modll) and s„_i = 0 (mod 11). 

In the above scheme, which contains the sum of digits of 39 consecutive positive 
integers, we observe that only the number s n+ 3 g = s n — 9k + 20 is a multiple of 1 1 . 

□ 

The existence of the maximum in the next example follows by standard compact- 
ness arguments. However, it is much more difficult to find the explicit value of the 
maximum. 

1.4.9. Letn >2 be an integer, and a\,. . . ,u n real numbers belonging to [—1,1]. 
Establish for what values of a \,. . . ,a n the expression 

ci2-\ f-aJ I ai +■*»*■+ a„_i 

N b \a„ 

n || n 

achieves its maximum. 

Solution. By virtue of the symmetry of E, we can assume that a\ >(i 2 > ■■■> a n . 
Define ,s> = £?= , a, (k = 1 . . . . ,n). It follows that 

£=£- |:(«+l)fli-%| • 

Z— 1 n 

Let a be the number of terms a, such that (n+ l)a,- > s n . Hence 

E = i [(«+ l)s a - as„- (n+ l)(s„-s a ) + ( n-a)s„ ) 

= ^ [2(n + l)i a - s„{ 2a + 1)] . 

Assume a is fixed. Since — 1 < a; < 1, it follows that s n > s a + a — n, s a < a. 
Therefore 

E < ^[(2n + 2)s a -(s a + a-n)(2a+l)], 

and thus 

E < - [(2n — 2a+ l)a- (a-n)(2a+ 1)] = - (-4a 2 +4na + n). 
n n 

This means that for any fixed a, we have max E = (—4a 2 + Ana + n)/n, which is 
achieved for a,- = 1 (1 < i < a) and aj = — 1 (j = a + 1, . . . ,n). If a is varying, 
then by monotony arguments, we obtain that the maximum of E is attained for 
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a = n/2 (if n is even) and a = (n + l)/2 or a = (n — l)/2 (if n is odd), that is, 
for a = [n + 1 /2], Therefore 

4 r«+ii 2 r « + 1 1 

max£’=— - — J □ 

The solution of the next problem relies deeply on the order structure of real num- 
bers combined with a certain basic property of the set of positive integers. What is 
this property and why does the result not remain true if the three sequences are in K? 

1.4.10. Prove that for any sequences of positive integers (a„)„> o, (b n ) n > o, (c„)„>o 
there exist different positive integers p and q such that a p > a q , h p > b q , and c p >c q . 

Solution. Let q £ N be such that c q = min„ c n . If there exists p £ N, p ^ q, such 
that a p > a q and b p > b q , then we conclude the proof. Let us now assume that for all 
peN,p^?,we have either a p < a q or b p < b q . This means that there are infinitely 
many indices p ^ q such that a p < a q or b p <b q . We can assume, without loss of 
generality, that a p < a q , for infinitely many pgN. Since between 1 and a q there 
are finitely many integers, it follows (by Dirichlet’s principle) that between 1 and 
a q there exists a number that appears infinitely many times in the sequence (a n ) n > o. 
In other words, the sequence (a n ) n > o contains a constant subsequence (a„ j: a n] = 

&ri2 = • • • = d n/( = • • • . 

Next, we consider the corresponding subsequences (b„ k ) and (c„ k ). Let j Si 
be such that c nj = min ^c„ k . If there is some i £ N such that b nj > b n ., then the 
proof is concluded because a m = a nj . So, we assume that b ni < b nj , for all i £ N. 
In particular, the subsequence ( b „ k ) is bounded, that is, it contains a constant subse- 
quence (b mk ). 

Consider now the subsequence ( c mk ). The proof is concluded after observing that 
choosing r,sgN such that c mr > c Ms , we have b Mr = b ms and a mr = a nis . □ 

Kepler’s equation is an important tool for understanding major phenomena aris- 
ing in celestial mechanics. This contribution is due to the German mathematician 
Johannes Kepler (1571-1630), who formulated the three laws of planetary motion, 
a major step in the formulation of the laws of motion and universal gravitation by 
Sir Isaac Newton. The unknown of the following equation denotes the eccentric 
anomaly, which appears in astrodynamics and is related to Kepler’s second law: 
A line joining a planet and the sun sweeps out equal areas during equal intervals of 
time. 

1.4.11. For any 0 < £ < 1 and oeR, consider the Kepler equation x— e sin* = 
a. Define xq = a, X| = a + £ sinxo, . . . , x n = a + E sinx„_ i . Prove that there exists 
B, = lim„— and that £, is the unique solution of Kepler’s equation. 

Solution. We first observe that the sequence ( x n ) n >o is bounded. This follows 
from 

\x n \ = \a+£ sinx„_i| < |a| +£ < |a| + 1. 

We prove that the sequence (x n ) n >o converges using Cauchy’s criterion. More 
precisely, we show that for any 5 > 0, there exists N(S) £ N such that for all 
n > N(8 ) and for any p £ N we obtain \x„ — x n+p < 8. 
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We have 


| x n - x n+p \ = e| sinx„_i - smx n+p ^i \ 


= 2e 

„:~ X n— 1 x n+p— 1 

^ x n— 1 x n+p— 1 1 

2 

2 

<2e 

„:~ Xn — 1 x n+p~ 1 

/ 2 \ x n- \ -X n +p-\ 

2 

H 2 

= e\x, 

i—l x n+p— 1|* 



But \xo — x p \ = e| sinxp_i| < e, \x\ — x p+ \ < e • e = e 2 . This implies that 

\Xn-l-X n +p-\ \ <£" <8, 

provided that n > log 5/ loge [we have used here our assumption e e (0, 1)]. Set 
q = lim n — x n . It follows that E, — e sin^ = a, which shows that E, is a solution of 
Kepler’s equation. 

In order to prove the uniqueness, let ^ be distinct solutions of Kepler’s equa- 
tion. We have 

|£i-&| = e|singi-sing 2 | = 2e|sin ^ 1 2 ^ | ’ | cos ^ 2 ^ | 

<2 £ |sin <2|^^| = |« 1 -&|. □ 

This contradiction shows that the Kepler equation has a unique solution. 

The following quadratic Diophantine equation (that is, the unknowns are positive 
integers) is a special case of the Pell equation x 2 — Dy 2 = m (where D is a nonsquare 
positive integer) and m is an integer. It seems that the English mathematician John 
Pell (1610-1685) has nothing to do with this equation. According to Lenstra [69], 
Euler mistakenly attributed to Pell a solution method that had been found by another 
English mathematician, William Brouncker (1620-1684). An exposition for solving 
the Pell equation may be found even in Euler’s Algebra [25, Abschn. 2, Cap. 7]. 

Usually, Pell-type equations of this form are solved by finding the continued 
fraction of \[D. This method is also due to Euler (see [84, Chap. 7]). Our proof 
is based on an iterative process. The idea of computing by recursion is as old as 
counting itself. It occurred in primitive form in the efforts of the Babylonians as 
early as 2000 B.C. to extract roots and in more explicit form around 450 B.C. in 
the Pythagoreans’ study of figurative numbers, since in modern notation the tri- 
angular numbers satisfy the difference equation t n = f„_i + n, the square numbers 
the equation s„ = s„_i + 2 n— 1, and so forth. The Pythagoreans also used a sys- 
tem of difference equations x„ = x n - \ + 2y„_i, y„ = x„_i +y n - 1 to generate large 
solutions of Pell’s equation x 2 — 2y 2 = 1, and thereby approximations of \f2. In his 
attempts to compute the circumference of a circle, Archimedes (about 250 B.C.) 
employed equations of the form P 2 n = 2 p n Pn/ ( Pn + Pn ), Pin = y/pnPin to compute 
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the perimeters P„ and p„ of the circumscribed polygon of n sides and the inscribed 
polygon of n sides, respectively. Other familiar ancient discoveries about recurrence 
include the Euclidean algorithm and Zeno’s paradox. Euclid also studied geometric 
series, although the general form of the sum was not obtained until around 1593 by 
Vieta. 

1.4.12. Prove that the equation x 2 — 2 y 2 = 7 has infinitely many integer solutions. 

Solution. We first observe that x 0 = 3, yo = 1 is a solution of the above equation. 

We prove that if (x n ,y n ) is a solution then (x„ + i,y„ + i) is a solution, too, where 
x n+ \ = 3x„ + 4y„ and y n +i = 2x„ + 3 y n . Indeed, 

x 2 n+t - 2y 2 n+] = 9x 2 + 1 6y^ + 24 x n y n -8x^-1 8y 2 n - 24x„y n =x 1 n -2y 2 n = l . 

This shows that the equation has infinitely many distinct positive solutions in Z x Z. 

□ 

A representation property in terms of a given sequence of positive integers is 
stated below. 

1.4.13. Let a be an arbitrary positive integer. Show that there exists at least one 
positive integer that can be expressed in two distinct ways as sums of distinct terms 
of the form l a , 2 a ,...,n a ,.. .. 

Solution. We first prove that l a + 2 a H b n a < 2" — 1 , for any n sufficiently 

large. Indeed, we easily observe with an induction argument that 1“ + 2 a H b n a 

is a polynomial of degree a + 1 in n. The inequality 1° + 2 a H b n a < 2" — 1, for 

n large enough, follows now easily after taking into account that the exponential 
function grows faster at infinity than any polynomial function. 

We observe that the number of sums of distinct terms in the finite sequence 1°, 
2 a , . . . ,n a equals 2" — 1, which coincides with the number of nonempty subsets of a 

set that contains n elements. The largest of these sums, that is, \ a + 2 a H b n a , is 

less than 2" — 1. It follows that all the 2" — 1 sums are less than 2" — 1, too. Since all 
these sums are positive integers, it follows that at least two of them must coincide. 

□ 

An elementary property of positive integers is used to find the sum of digits of a 
huge number! 

1.4.14. Let S(x) denote the sum of digits of the positive integer x. Let n be a 
multiple of 9 having fewer than 10 10 digits. Prove that S(S(S(n))) = 9. 

Solution. We use the property that the difference between any positive integer 
and the sum of its digits is a multiple of 9. Since n = 0 (mod 9), we have S(n)—n = 0 
(mod 9), S(S(n)) - S(n) = 0 (mod 9), S{S{S(n))) - S(S(n )) = 0 (mod 9). Therefore 
S(S(S(n))) = 0 (mod 9). Since n has fewer than 10 10 digits, it follows that S(n) < 
9 ■ 10 10 , so S(S(n)) < 9 • 10 + 8 = 98. Hence S(S(S{n))) <8 + 9=17. Now, using 
S(S(S(n))) = 0 (mod 9), we deduce that S(S(S(n))) = 9. □ 

Independent Study. The above property is related to the following problem pro- 
posed to the International Mathematical Olympiad in 1975. Find its solution! 

Let A be the sum of the decimal digits of 4444 4444 , and let B be the sum of the 
decimal digits of A. Find the sum of the decimal digits ofB. 
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We find below all possible values of a sum. 

1.4.15. Let A a positive real number. Find all the possible values ofYJJ =0 xj := 
lim„— >coJ^j = (jXj , where xo,x\, . . . ,x n , . . . are positive numbers satisfying 
I7=o xj=A. 

Solution. We prove that the given expression may take any value in (0,A 2 ). We 
first observe that 



This implies that X" =0 *y < A 2 — 2xqX\ . Passing at the limit as n— we obtain 
I“ =0 ^ < A 2 - 2vo*i < A 2 . 

Next, we prove that the expression can achieve any value in (0,A 2 ). Indeed, let 
(*«)«> o be a geometric progression of ratio d. In this case, Yj=o x j = *o /( 1 — d) and 



If d grows from 0 to 1, then ( 1 — d)/( \ + d) decreases from 1 to 0. Consequently, 
if (*n)n>o is a geometric progression of positive numbers satisfying Y7=o x j = A, 
then £7=0*/ takes values between 0 and A 2 . □ 

The terms of a sequence defined by a polynomial recurrence satisfy an interesting 
property. Our solution relies on a fundamental property of polynomials with integer 
coefficients. 

1.4.16. Let f(x) be a polynomial with integer coefficients. Define the sequence 
(a„)„>o by ao = 0 and a n+ \ = f(a n ), for all n > 0. Prove that if there exists m > 1 
such thatcim = 0, then either m = 0 or 02 = 0. 

Solution. We first recall that if f{x) is a polynomial with integer coefficients 
then m — n is a divisor of f(m) — f(n), for any different integers m and n. In 
particular, if b n = a n+ \ — a n , then b n is a divisor of b n+ 1 , for any n. On the 
other hand, ao = a m = 0, so ai = a m+ \ , which implies bo = b m . If bo = 0, then 
ao = a\ = ■■■ = a m , and the proof is concluded. If not, then |£>o| = \bi\ — \bj\ = ■ ■ ■ , 
so b„ = ±bo, for all n. 

Using bo + ■■■ + b m -\ = a m — ao = 0 we deduce that half of the integers 
bo, ■ ■ ■ ■ b m — ] are positive. In particular, there exists an integer 0 <k <m such that 
bk - 1 = — bk, that is, a^-i = a k+ 1 ■ It follows that a n = a n+ 2 , for all n > k— 1. Taking 
m = n, we deduce that ao = a m = a m+ 2 = /(/(ao)) = a 2 - □ 

For the next exercise the reader must be familiar with the properties of the scalar 
product of vectors. 

1.4.17. Find all vectors x, y ^ 0 such that the sequence a„ = \x — ny\ (n> l) is 
(a) increasing; (b) decreasing. 
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Solution. We have 



The nonconstant term of these quantities contains ( n — c ) 2 . This shows that the se- 
quence is never decreasing and the sequence is increasing if and only if c < 3/2. 
Consequently, the sequence is increasing if and only if 


An interesting convergent rearrangement is possible, provided a sequence of pos- 
itive real numbers has a finite nonzero accumulation point. 

1.4.18. Let (a„) n > \ be a sequence of positive real numbers that has a Unite 
nonzero accumulation point. Prove that (a n ) n >\ can be arranged in a sequence 
(x„)„>i so that (xj n ) n > i is convergent. 

Solution. Let a £ (0,°°) be an accumulation point of (a„)„> i and choose a > 0 
such that a~ l < a < a. Let x\ denote the a„ of smallest subscript that lies in the 
interval (a ] .a). Assume that x\ .xi- ■ ■ • have been chosen. Then we define 
Xk = a n , where n is the smallest subscript different from the k — 1 already cho- 
sen lying in the interval Such a subscript does exist, since a is an 

accumulation point. Moreover, by a\/"— >oo and a ~^"— >0 as n— it follows that 
every a n belongs to a certain interval ( a~ a'/") and will therefore become part 


of the sequence (x„)„>i . For each n we have a ^ <x n < ol ^ and therefore 
(1/oc) 1 /^" <x n < a 1 /^”. Since lim„-^ 00 a 1 /^" = lim„— ) . c .,(l/a) 1 /^"= 1, we con- 


clude that ]im„— +ooX, 


= 1 . □ 


We are now concerned with the maximum possible values of the terms of a se- 
quence satisfying a certain assumption. 

1.4.19. Let (a„) n >o be a sequence of nonnegative numbers with ao = 1 and sat- 
isfying Xr=« a k < ca n , for all n > 0, where c > 1 is a prescribed constant. Find the 
maximum of a„ in terms of c. 

Solution. For any integer n > 1, the maximum of a„ is (c— l)"/c" _1 . Indeed, 
since a n > 0, we have 


ca n - 1> Y, > a„ -i +«, 

k=n - 1 

so a n - 1 > a n ! (c— 1). Similarly, we obtain 
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so a n - 2 > ca„ / (c — l) 2 . With a similar argument we obtain, by induction, 

a„- k > J~ l a n /(c- 1)*, for all 1 < k < n. 

For k = nwe have 1 = ao > c n ~ 1 a n /(c— 1)", so a„< ( c — 1 )"/c" -1 . 

For n > 1 fixed, this upper bound is achieved by the sequence («*)*> o defined by 
ak = 0 for k > n, a„ = (c— l)"/c" -1 , anda^ = (c— l)*/c*, provided that 1 < k < n. 
It follows that Xr=m a k < ca m for m>n, while for m <n we have 


V , ( c— 1)* 

La k = a n + 1 — — 

&=m k=m 


(c-i) n r(c-i) n (c-i)' 


We know what monotone sequences are. What about monotone sequences start- 
ing with a certain rank? More precisely, we are concerned with sequences of real 
numbers (x n ) n >o such that (x n )n>iv is monotone for some positive integer N. 

1.4.20. Characterize the sequences of real numbers (a„) n > o for which there exists 
a permutation <7 of N such that the sequence (fltj(«))«>o is monotone starting with a 
certain rank. 

Solution. We shall restrict to the case in which the sequence (<%(«) ) n >o is 
increasing starting with a certain rank. We first observe that such a sequence has 
a limit, not necessarily finite. Indeed, let £ € lU{+«} be the limit of (a CT («))«>o 
and fix a neighborhood V of £. So, there exists a certain rank N such that for all 
n>N, a CT („) £ V. Set M = maxo<t<„_i o(k). Then, for all integer m > M we have 
o~ l {m) > N, that is, a m £ V. 

We first show that if £ = then there exists a permutation with the required 
property. Indeed, in this case, there exists a no = min„>oa«. Set cr(0) = no. Define 
recurrently the permutation cr by 

a a(k) = min{fl m ; m / o(j), for all j < k} . 

Then a is one-to-one and the limit of (fl CT („)) n >o is +°°. It remains to show that a 
is onto. Indeed, if not, there is some integer p £ N such that p £ ct(N). In this case, 
we consider the smallest integer i with a p < a a m, which contradicts the definition 
of o(i). 

Next, we assume that £ £ M. In this case we show that there exists a permutation 
with the required property if and only if one of the following conditions holds: either 

(i) a n = £ for any n large enough 
or 

(ii) a n <£ for all n. 

Indeed, these conditions are sufficient. This is obvious if (i) holds. In case (ii) we 
argue to an argument similar to used if £ = +°°. 

Conversely, let us now assume that (a CT («))«>o is increasing starting with a certain 
rank N. If the above condition (i) does not hold, then (a CT (n))«>o is not stationary. 
Thus the set {«; a a ^ > £} is finite, that is, condition (ii) holds. □ 
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Sometimes functional equations may be solved by using recurrent sequences. 
The example below can be easily extended to larger classes of related problems. 


1.4.21. Determine all bijections f from [0, 1] to [0, 1] satisfying f (2x — f(x)) = x 
for all x in [0,1]. 


K.-W. Lih, Amer. Math. Monthly, Problem E 2893 


Solution. By hypothesis, / _1 (x) = 2 x — f(x), so that f(x) — x = x — / _1 (x), 
for all x € [0,1]. Fix xq G [0,1] and define inductively the sequence (x„) n >o by 
x„ = /(x„_ 1 ), for all n > 1. Setting x = x n -\ in the above equation, we obtain 
x„ —x n -i = x n -\ — x n — 2 - It follows that x n — x„_i = x\ — xq for all n > 1. Hence 
x n — xq = n(x i — x 0 ). Since \x n — xo < 1, we conclude that | jci — jco | < 1 jn for all 
n > 1 . Therefore \x\ — xo | =0 and, consequently, /(x o) = xo. This argument shows 
that the only solution is given by f(x) = x, for all x G [0,1]. 

We now discuss a sufficient condition for a nondecreasing sequence (a n )«>i such 
that ( a n /ri) n >i converges. It is easy to observe that (a n ) n >\ should have at most 
linear growth. Is this enough? □ 

1.4.22. Let (a n ) n >i be a nondecreasing sequence of nonnegative numbers. As- 
sume that a mn > ma„ for all m, n, and also sup (a n /n) = t < Prove that the seq- 
uence (a n /n) n > i converges to£. 


J. M. Borden, Amer. Math. Monthly, Problem E 2860 


Solution. If i = 0 the proof is immediate. If £ > 0, given £ > 0, there exists 
a positive integer N such that £ — e/2 < a^/N < l. For every m, it now follows 
that £ — e/2 < a m ^/ ( mN ) < t. Fix e > 0 and suppose n > 2£N/e. Then we have 
mN <n< (m+ 1 )N for some m > 2£/e — 1 (hence m/m+ 1 > 1 — e/2£). Then we 
have 


a n O-mN _ dmN m 

n ~ (m+ 1)N ~ mN m+ 1 



Hence lim„— a„/n = £. □ 

A linear combination of two consecutive terms of any sequence converges to 
zero. What about the coefficients of such a combination? 

1.4.23. Find all positive real numbers a and b such that the limit of every sequence 
(x n ) n >\ satisfying lim„— {ax n+ \ — bx n ) = 0 equals zero. 

Solution. We prove that this property holds if and only if a > b. Indeed, if a < b 
then the sequence x„ = ( b/a) n satisfies the hypothesis but does not converge to 0. 
If a = b, a counterexample is offered by the sequence x„ = l + l/2H \-l/n. 

Next, we assume that a> b. Let £- (resp., £+) be the limit inferior (resp., limit 
superior) of the given sequence. Now we pass to the “limsup” in our hypothesis, 
using the relation lim sup n _> M (a n + b n ) > lim sup n _ >00 a n + lim sup^^^ b n .It follows 
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that 


0 = lim (ax n+ \ — bx n ) > limsup(ax n+ i) + limsup(— bx n ) 
= ai+ — lim inf(fot«) = at+ — M_ . 


Thus, 1+ < ( b/a)i Since £_ < £ + , it follows that £ + < ( b/a)i + , and so £- < 
i+ < 0. Similarly, passing at the “liminf,” we obtain £- > (b/a')£+. Since 1+ > 
we deduce that £- > ( b/a )£ _. Thus, £+>£-> 0. Therefore £+ = £_ = 0, and the 
sequence converges to 0. □ 

1.4.24. Let (a n ) n >o be a sequence of nonnegative numbers such thata 2 k~ u. 2 k+\ < 
a\, U 2 k+\ — Uik +2 < Uk a k+\ for any k > 0 and limsup„_ >00 nfl„ < 1/4. Prove that 
lim sup„^. M ^fo~ n < 1. 

Solution. Let c/ = sup n>2 ;(«+ 1 )a n for l > 0. We show that c; + 1 < 4c/. Indeed, 
for any integer n > 2 l+l there exists an integer k >2 1 such that n = 2k or n = 2k + 1. 
In the first case we have 


aik-a2k+t <aj< 


^ 4c/ 

(k+ 1) 2 ” 2it+l 


4 $ 

2k + 2’ 


while in the second case we obtain 


«2fc+l — «2/t+2 < Uk a k+\ < 


C 1 < 4c ? 

(Jfc+l)(lt+2) - 2ii + 2 


4c/ 

2^+3 


Hence a sequence (a„ — 4c/(n+ l) _1 ) n>2 ;+i is nondecreasing and its terms are 
nonpositive, since it converges to 0. Therefore a„ < 4c/ /n + 1 for n > 2 l+l , meaning 
that Cj , j < 4c/. This implies that a sequence ((4c;) 2 );>q is nonincreasing and 
therefore bounded from above by some number q e (0, 1), since all its terms except 
finitely many are less than 1 . Hence c; < q 2 for l large enough. For any n between 2 l 
and 2 /+l there is a n < Ci/n+ 1 < q 2 < (^/q) n , yielding lim sup„^,„ ^fiT n < ^Jq < 1, 
which ends the proof. □ 

Leopold Kronecker (1823-1891) was a German mathematician with deep contri- 
butions in number theory, algebra, and analysis. One of his famous quotations is the 
following: “God made the integers; all else is the work of man.” The next density 
property has a crucial importance for the understanding of the set of real numbers. 

1.4.25. (Kronecker’s Theorem). Let a be an irrational real number. Prove that 
the setA = {m + na\m,nG Z} is dense in M. 

Solution. We recall that a set A c M is dense in M if for all £ > 0 and for any 
x £ M, there exists a £ A such that \x—a\ < £. In other words, the set A c M is dense 
in M if for all x £ R there exists a sequence (a n )„>i in A such that a n — >x as n— >°°. 

We first prove that there exists a sequence (a n ) n > j in A such that a n —>0 as 
For this purpose, consider the numbers {a}, {2a},. . ., {(« + l)a}, where n > 1 is 
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an arbitrary integer. Since a G M \ Q, it follows that {ja} ^ {ka}, for any 1 < j < 
k < n + 1 . Next, we observe that 


{{«},{2a},...,{(n+l)a}}c[0,l]= [ 0 , £) u [i, £) U-- • U l) . 

So, by the pigeonhole principle 1 (Dirichlet’s principle), there exist two elements, 
say {pa} and {qa} (1 < p < q < n+ 1), that belong to the same interval [k/n, (k + 
1 )/n). This means that |{pa} — {qa}\ < 1 /n. Now setting 

dn = {pa} - {qa} = (p — q)a+ [qa] - [pa] G A, 

we deduce that a„— +0 as n— >°°. So, since a n / 0, we obtain that the set B := {ka n ; k G 
Z, n G N*} is dense in M. Since B cA, this implies that A is dense in R, too. □ 

We have proved in Exercise 1.1.15. that the sequence ( sin n) „> i is divergent. The 
next result yields much more information about the behavior of this sequence. 

1.4.26. Prove that the set of accumulation points of the sequence (sinn)„>i is the 
interval [—1,1]. 

Solution. Fix arbitrarily y £ [—1,1] and take x G [—n/2,n/2] such that sinx = y. 
By Kronecker’s density theorem, there exists a sequence (a n ) n > i, with a„ = p n + 
2nq n ( PnAn € Z), such that a„— >x as n— In particular, this implies that p n ^ 0 
for infinitely many n, and hence we assume that p n ^ 0 for all n> 1. By a„— >x as 
n— >°° we obtain sina„ = sin p n ^> sinx = y as n— We distinguish two cases: 

(i) p n > 0 for infinitely many n > 1. In this situation the proof is concluded. 

(ii) p n > 0 for finitely many n > 1. We assume, without loss of generality, that 

p„ < 0 for all n > 1. Set b n = n — a n = —p n — (2 q„ — l)n— >n — x as w— >°°. So, 
—p n > 0 and smb n — ► sin(^ — x) = sinx = y as □ 
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In great mathematics there is a very 
high degree of unexpectedness, 
combined with inevitability and 
economy. 

Godfrey H. Hardy (1877-1947), 
A Mathematician ’s Apology 

We are concerned in this section with two important classical results that have many 
applications in various domains, such as the treatment of various classes of nonlinear 
singular problems arising in mathematical physics. 


1 The pigeonhole principle asserts that if n + 1 pigeons are placed in n pigeonholes, then some 
pigeonhole contains at least two of the pigeons. 
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To illustrate Hardy’s and Carleman’s inequalities, let us assume that (a n ) n > t 
is a sequence of nonnegative real numbers and let p > 1 be an arbitrary real 
number. Set s n := 1H=\ a h S n '■= S"=i a p k , m n := X£ =l (« i ai ■ ■ ■«*) i//: , and M„ := 
YJl=\ (l Uj) P - Then the following properties hold: 

(i) if the sequence (.?«)„> i is convergent, then the sequence (m n )n>i converges, 
too; 

(ii) if the sequence (m„) n > i is divergent, then the sequence (.?„)„> i diverges, too; 

(iii) if the sequence (S n ) n >\ is convergent, then the sequence ( M n ) n >\ converges, 
too; 

(iv) if the sequence (M n ) n > i is divergent, then the sequence (S„) n >\ diverges, too. 
More precise statements of these results will be given below. 

In [40], the British mathematician Godfrey H. Hardy (1877-1947) proved an 
important inequality, related to mixed means of nonnegative real numbers. Our first 
purpose in this section is to give a proof of this classical result. 

1.5.1. (Hardy’s Inequality, 1920). Assume that p > 1 is a real number and 
(a n )n>} is a sequence of nonnegative real numbers. Then 



with equality if and only if a n = 0 for every n > 1. Moreover, the constant p p (p — 
1 )~ p is the best possible. 

Solution. Our arguments rely upon the following mixed means inequality, which 
is due to Mond and Pecaric [78]: 



with equality if and only if a\ = ■ ■ ■ = a„. The above inequality can be written, 
equivalently, 



( 1 . 12 ) 


We also assume the following inequality: 



(1.13) 


for all integers n > 1 and any real number p > 1. We will give in Chapter 6 proofs 
of inequalities (1.12), and (1.13). 
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Set S n := S"=i Oj. Thus, by (1.12), (1.13), and the observation that S n > Tq=i al ] 
for all 1 < k < n, we obtain 



We also deduce that equality holds in the above inequality if and only if both a\ = 
■■■ =a n and S n = Yq=\ for all 1 <k<n, that is, if and only if a\ = ■ ■ ■ = a n = 0. 

Taking n— in (1.14), we obtain Hardy’s inequality. 

In order to show that p p (p — l)~ p is the best constant in Hardy’s inequality, we 
take the sequence (a n ) n > i defined by a„ = rC x ! p if n < N and a n = 0 elsewhere, 
where N is a fixed positive integer. A straightforward computation shows that for 
every e e (0, 1) there exists a positive integer N(e) such that 



for the above choice of (a n ) n > \ and for all N> N(e). This justifies that the constant 
p p (p — \)~ p in Hardy’s inequality cannot be replaced with a smaller one. 

We point out that the integral version of the above discrete Hardy’s inequality is 



(1.15) 


for all real numbers p > 1 and any continuous function / : [0,°°)— >[0,°°) such that 
fo f P ( x ) d* '■= Hnr^oo /q f p (t) dt exists and is finite. Equality holds in (1.15) if and 
only if / = 0, and the constant p p (p — l) -p is the best possible. We give a proof of 
Hardy’s integral inequality in Chapter 8 of this work. 

The purpose of the next exercise is to give a proof of Carleman’s inequality, 
which has important applications in the theory of quasianalytic functions. This 
inequality was presented in 1922 by the Swedish mathematician Torsten Carle- 
man (1892-1949) on the occasion of the Scandinavian Congress of Mathematics 
in Helsinki. We point out that the continuous version of Carleman’s inequality is 



where /(f) is a positive function. This is sometimes called Knopp’s inequality, even 
though it seems that George Polya (1887-1985) was the first to discover this in- 
equality. □ 

1.5.2. LetE denote the set of all real sequences A = (A„)„>o satisfying Aq = 1, 
A n > 1 and (A„) 2 < A„ + iA„_i, for alln>\. 
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(a) Check that the sequence A defined byA n = n! is an element ofE. 

Fix AgE. Define the sequence (A„)„>o and (p n )n>o by Ao = Mo = 1, Ki = 

A n _i/A n and ji n = (A„) -1 /" for all integers n> 1. 

(b) Prove that the sequence (A„) is decreasing and (A„)" < X\ A 2 ■ ■ ■ X„ for any integer 
n> 0. 

(c) Show that the sequence (ji n ) is decreasing. 

(d) Prove that for all n G N, and for any j e [0,n] fl N, A n+ \/A n+ i-j > A n /A n -j. 
Deduce that for aline N and for any j G [0,n] fl N, AjA n -j < A n . 

(e) Establish the inequality X„ < p n . 

Let (a„) and (c„) be sequences of positive numbers such that the sequence de- 
fined by s n = Y!k=\ a k is convergent. Let u„ = (a\a 2 ■ ■ • fln) l,n and b n = ( c\C 2 ■ ■ ■ 

c n ) _1 / n for all integers n> 1. 

(f) Show that w„ < y a k c k . 

(g) We assume, additionally, that X” = | y is convergent and define, for any k> 1, 
B k = lim -f. Prove that ££ = , u p < X k=x B k c k a k . 

(h) (Carleman’s inequality). Let c„ = (n + 1)"/«" _1 . Deduce that the sequence 
( X k =i u k)n is convergent and S«=i («i «2 • • • a n ) 1 l n < eZ„=i ««• 

Solution, (a) Set A = («!). ThenA 2 n /A n+ \A n \ = n/n + \ < 1 , so A G E. 

(b) From A^ > A n+ \A n - 1 we deduce that X n+ 1 < X n . Fix n > 1 . We have 0 < X n < X k 
for all k = 1 ,n. Therefore 


0 < X" < X\7v2...X„. 


(c) We may write 



The inequahty proved in (b) can be rewritten as A„X" < 1, since X] Xn • • • A„ = 1 /A n . 
Flence 



which means that the sequence (ji n ) is decreasing. 

(d) Let j and n be integers such that 0 < j < n. The sequence (A m ) is decreasing, so 
A n +i < X n -j + \, that is, A n /A n+ \ < A n -j/A n _j + \. It follows that/t„ + i /A n _j + \ > 
An/A^p 

The sequence {A n /A n -j) n> . is increasing, so A n j A n -j > Aj/Aq. Since Ao = 1, it 
follows that A n > A„-jAj. 

(e) Using (b), we have A” < A 1 A 2 . . . A„ = 1 /A n = that is, A n < p n - 
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(f) Let n > 1. We have u n /b n = (oq a 2 ... a n ) x / n , where = <z,Cj for all 1 < i< n. 
By the AM-GM inequality we deduce that 

u n 1 , . 

— < -{a 1 ci+a 2 c 2 -\ \-a n c„). 

b n n 

(g) Observe that b n /n = B n — B n+ \ and set S n = aici H 1- a n c n . We have 


X M *- ^j( B k- B k+l)Sk- 
k= 1 k= 1 


Applying Abel’s inequality, we obtain 


n n n+l n 

X ( B k ~ B k+ l)Sk = X B k S k ~ X B k S k - 1 = X B k a kCk ~ B n+\S, 

k=\ k= 1 k= 2 k= 1 


Since B n+ \ S n > 0, we have 


X Mjfc < X a k B kCk- 

k=l k= 1 


(h) Set c„ = (n + 1 )"/n" 1 . Thus c„ = y„ + i/y„, where y„ = n" 1 . It follows that 
cic 2 ---c„ = (n + 1)". 

Thus we see that b„ = l/(n + 1) satisfies 

b„ _ 1 _ 1 _ 1 

n n(n + 1) n n+l' 

Therefore 

lim X ~r < +°° 

1 * 

and 

| 6 n +l | fe«+2 | | b n+k ; 1 

n n+l n + 2 n + & n’ 

as fc— »°°, for all n > 1. Thus we see that B n = 1/n satisfies B„c„ = (1 + 1 /n)" < e. 
Using (g), it follows that X" =1 < e£" =| <+■ We deduce that the sequence defined 

by XjUi Myt is convergent and, moreover, 

n n 

lim X(«i« 2 "-ai) 1/fc <e lim X«-fc- C 1 - 16 ) 

" °°*=i " “jfc=i 


Carleman proved that e is the best constant in (1.16), that is, Carleman’s inequal- 
ity is no longer valid if we replace e with a smaller constant. We give in what follows 
the following alternative proof to Carleman’s inequality, based on the arithmetic- 
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geometric means inequality. We first observe that for all positive integers k. 



Hence 


X* 


X"««X 




“*(*+ 1) *(*+!)£ 

V ai + 2a.2-\ h kdk 1 / . . -pr 

I WTT) >Si+T(“IJ- 




k{k+ 1) 

l/k f k \ V* 




^x n* 

e k= \ \n = 1 


l/k 

l/k 


Strict inequality holds, since we cannot have equality at the same time in all terms 
of the inequality. This can occur only if = c/k for some c > 0 and all k > 1. Such 
a choice is not possible, since 5^°=i a k is convergent. 

Using Hardy’s inequality we can give the following proof of Carleman’s inequal- 
ity. We first apply Hardy’s inequality for a k replaced by aj p . Hence 


P~ l J 


X«- 


(1.17) 


Since a b = e Mna (for a,b> 0), it follows that 


= exp 


ln(a 


t/p j 


a n /p )-lnn 


i Ip 


■+y/a\---a n , (1.18) 


as We point out that we have used above a basic result that asserts that 


In H \-a x „) — Inn 

x 


tends to ln(«i • • • a n ) i,/n as x— >0 , 


where n > 1 is a fixed integer (see Chapter 3 for a proof of this result). 

Since ( p / p — 1 ) p increases to e as p — »°°, we deduce from (1.17) and (1.18) that 


ct i + \/a\ci2 + ^fa^chai -\ h l//a\a2---a n -\ < e(a\ + «2 H b a n H ) , 


which is just Carleman’s inequality. 

The following alternative proof of Carleman’s inequality is due to George Polya 
(1887-1985) (see [109]). We first observe that the arithmetic-geometric means ine- 
quality implies 
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y/a\d2 - • ■ a n < 


tt\a\ + 0!2«2 H 1 - 


yi-\J oci 0C2 * * * ot n 

for all positive numbers oci,...,a„. Choosing a n = (n+ 1 )"/«"“ 1 and observing 
that ya\ a ,2 ■ ■ ■ (X n = n + 1, we obtain 

* ^ 1 ^(*+1)* 

V«t«2 ■■■a n < -7 — 7T 2j lk 1 Uk ■ 

«(«+!)“ k k 1 


Set 


/ i^frj if 1 < m < n, 
m ’" |0 if m > n . 


It follows that 


1 


n(n+l) ~ 


£ « m a» 


= E E*., =S Z*., 


yi a m « m 

= S — 

w=l m m=1 

since otm < em, for all m > 1. This concludes the proof of Carleman’s inequality. 


1.6 Independent Study Problems 


Mathematics is the only good 
metaphysics. 

Lord Kelvin (1824-1907) 


1.6.1. Assume that at > «2 > ■ ■ ■ > a n > ■ ■ ■ > 0 and the sequence s„ = ££ =1 £ k«k is 
convergent, where = ±1. Prove thatlim„— > M (ei +£ 2 H h £ n )a n = 0. 

1.6.2. Suppose that the sequence of real numbers (a n ) n >i is defined such that 
Qm + On - 1 < O-m+n < + £ 2 n + 1, for all m , « > 1. 

Prove thatlim„_ ^a n /n = to exists, is finite, and 


con — 1 <a„< con + 1 , n > 1 . 
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1.6.3. Consider n arithmetic progressions of positive integers having distinct dif- 
ferences bigger than 1 . Prove that these progressions cannot cover the set of positive 
integers. 

1.6.4. Let ( a n ) n >i be a sequence of positive numbers such that 01 , 02,03 are in 
arithmetic progression, 02 , 03,04 are in geometric progression, 03 , 04,05 a rein arith- 
metic progression, 04 , 05,06 are in geometric progression, and so on. 

Find an expression for a„ in terms for a\ and 02 - 

1.6.5. Let d be a real number. For any integer m > 0, define the sequence 

{«m (;')};> 0 by 

a m (o) = ^ , a m (7+1) = (a m (j)) 2 + 2 a m (j ) , for all j> 0. 

Show that a n (n) exists. 

1.6.6. Compute 

lim ^ arccot (& 2 + &+ 1 ). 

"~ > °°k = 0 


1.6.7. For any integer n > 1, leta„ denote the number of zeros in the base-3 repre- 
sentation ofn. Find all positive numbers x such that the sequence (s„) n > i defined by 



is convergent. 

1.6.8. Letx 1 = 0.8 andy\ = 0.6. Define 

x n+ i = x n cosy n -y n s'my n . y n+] = x n smy n +y n cosy n . foralln> 1. 

Study the convergence of these sequences and, in case of positive answers, find the 
corresponding limits. 

1.6.9. For all integers n> 1, define 

x n = min{|o — by/3 1 ; a,b £ N, a + b= n}. 

Find the smallest positive number p such thatx„ < p, for alln> 1 . 

1.6.10. Let (o„)„> 1 be a sequence of positive numbers such that the sequence 
{b n )n> 1 defined by b n = S^=i a k is convergent. Set 

Xn = t4 /im K n> 1 . 
k= 1 


Prove that the sequence (x„)„>i is convergent. 
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1.6.11. Is the number y/2 the limit of a sequence of the form rc 1 / 3 — m 1 ' 3 ( n,m = 

0,1,...)? 

1.6.12. For any integer k > 0, let S(k) = k — m 2 , where m is the largest integer 
such that m 2 < k. Define the sequence (a„)«>o by 

ao=A, a n+ i = a n + S(a„), foralln>0. 

Find all positive integers A such that the above sequence is eventually constant. 

1.6.13. For any positive integer n, set a n = 0 (resp., a n = 1), provided that the 
number of digits 1 in the binary representation of n is even (resp., odd). Prove that 
there do not exist positive integers k and m such that 

<A + j = a k +m+ j = a k+2m+ j- for all 0 < j < m - 1 . 


1.6.14. Let (a n ) n >i be a sequence of positive numbers such thata n < a 2n +a 2n+ i, 
for all n. Set s n = YJl=\ a k- Prove that the sequence (s n ) n > \ is divergent. 

1.6.15. Prove that if a n 7^ 0, for all n = 1,2,..., and lim = 0, then 
for any real number x there exists a sequence of integers {m„) n > 1 such that x = 

lim„^ M n”=i "ijCij. 

Hint. Construct by induction the sequence of integers (m„) such that 

m n a n < r < (m n + 1 )a n . 

"n %\mjaj 

1.6.16. Prove that if (y/5— l)/2 = lim p _ 2~ nk , where n k are positive in- 
tegers, then n k < 5 • 2 k ~ 2 — 1 . 

Hint. Show thatn k+ 1 < 2n k + 2. 

1.6.17. (Erdos-Szekeres Theorem). Prove that every finite sequence of real 
numbers consisting of n 2 + 1 terms contains a monotone subsequence of n + 1 
terms. 

Hint. Associate to any term of the sequence an ordered pair consisting of the length 
of maximal decreasing and increasing subsequences starting with this term. 

1.6.18. Prove that there is an enumeration (x n ) n >\ of the rational numbers in 
(0, 1) such that the sequence ('L k= \ 11*= 1 x i) n> \ is divergent. 

Hint. Let ( b n ) be the sequence (n/(n + l)) n>1 and let {a n )„> 1 denote the sequence 
of rational numbers in (0, 1) excepting those contained by ( b „ ). Let (c„)„> 1 be an 
arbitrary sequence such that YJk=\ c k -^>°° (we can choose, e.g., c„ = 1 /ri). Take k \ , 
&2, • • • such that 

a\+a\b\+a\b\b 2 -\ > Ci , 

aibib 2 ■ ■ ■ b k] (a 2 + a 2 b kl 4 b a 2 b kl+ i ■ ■ ■ b kl ) > c 2 , 


and so on. 
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1.6.19. Prove that any sequence of real numbers (a n ) n >\ satisfying a n+ \ = 
\a n \ — a n _ 1 is periodic. 

Answer. We have a n+ 9 = a„, for all n. 

1.6.20. Let (K n )n>i be a sequence of squares of areas a„ . Prove that the plane can 
be covered by the elements of (K n ) n >\ , provided that lim n — X£=i fljt = 

Hint. It is enough to show that the unit square can be covered with these squares. 

1.6.21. Let pj € [0,1], 7 = 1 Prove that 


inf y _ 

0<x<lp l \x~Pj\ 


< 8w ( i + i + ... + _L_ 


Hint. We split the interval [0, 1] into 2 n intervals of the same length. Next, we choose 
x in an interval that does not contain any of the numbers pj. 

1.6.22. Let u„ be the unique positive root of the polynomial^ +x” _1 H hx- 1 . 

Prove that lim„— >C o u„= 1 /2. 

1.6.23. Let a n be the sequence defined by ciq = 0, a\ = 1, 02 = 0, 03 = 1, and 
for all n > 1 , 


a n + 3 


-!)(»+ 1 ) 


a n +2 + ( n 2 + n+ l)u«+i 


n +1 

n 


Prove that a n is the square of an integer, for any n> 0. 

1.6.24. The sequence of positive numbers (a„) satisfies 
cosa„ + cosa m 

cos a n+m = for alln,m> 0 . 

1 +cosa„ cosa m 


Such a sequence is said to be minimal provided that 0 < a„ < n, for all n. Find 
all minimal sequences with the above property. 

1.6.25. Compute hm„— >co (2A: 1 / n — 1)" andlim„^ M (2n 1 /”- l)/n 2 . 

Answer. The hmits equal k 2 , resp. 0. 

1.6.26. Let ( a„ ) and (b n ) be sequences of positive numbers such that lim„— a" = 
a, lim„— b” = b,a,bG(0,°°). Let p and q be positive numbers such that p + q= 1 . 
Compute lim f) — >oo(/JC/ n + qb n ) n . 

Hint. We have jtjj— >x if and only if n(x n — 1)— >lnx. 

1.6.27. Compute lim„-»„ Y!l=\ n/(n 2 + k 2 ). 

1.6.28. Study the convergence of the sequences 


a„ = \/l!\/2!---Vni, b n 
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1.6.29. Prove that 


lim 




i+* 


1/2 


(l + n - 

V n 


-) 1/n = e ” 2 /! 2 . 


1.6.30. Let (a n ) n >] be an arithmetic progression of positive numbers. Compute 


lim 


n(ai---a„y/ n 

a\ H b a„ 


Answer. The limit equals 1 if (a„)„> i is a constant sequence and 2/e, otherwise. 

1.6.31. Let be a sequence of positive numbers such that the series £ n >i a » 

converges. Let a be the sum of this series. Prove that there exists an increasing 
sequence of integers («*)*>! with n\ = 1 and satisfying, for all positive integer k, 

I n>n k “n < 4 l ~ k a. 

1.6.32. Let (a„)„> i be a sequence of real numbers. Prove that if the sequence 
(2a„ + ] + sina„)„>i is convergent then (ci„) n >\ converges, too. 

V. Vajaitu 


1.6.33. Prove that for a nyx £ [0, °°) there exist sequences of nonnegative integers 
{d n )n> o and {b n ) n > o such that 


lhn 


( — 
Va« + 1 


1 

fl^-j-2 


+ ••• + 


1 

Cl n + b n 


= X. 


1.6.34. Prove that the sequence (a n ) n > 2 defined by a„ = logn! does not contain 
infinite arithmetic progressions. 

A. Iuga 

1.6.35. The sequence (a„)„> i satisfies the relations a\ = a-2 = 1 and a n+ 2 = a n + 
a n+v f° r a U positive integers n. Find the general term a„. 

Answer. a n = (n— 1) !!/(« — 2)!!. 

1.6.36. Let a be an irrational number, let (k n ) n > 1 be an increasing sequence of 
positive integers, and let (x n ) n >\ be a sequence of real numbers defined by x„ = 
cos 2 nk n a, for all n > 1. For any natural number N we denote by s(N ) the number 
of terms of the sequence (k n ) n > 1 that do not exceed N. 

(a) Prove that if {x n ) n > \ is convergent, then limjv— >~.s(A0 /N = 0. 

(b) Let a > 2 be a positive integer and let k„ = a n , for all n > 1. Prove that 
lintA^oo s(N) /N = 0 but the sequence {x n ) n >i does not converge. 


Marian Tetiva 
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1.6.37. Let (a n ) n > i be a sequence of real numbers in (0,1) such that for all n > 1, 
(1 — a n )a n+ i > 1 /4. Prove that lim„— ^ a n = 1/2. 

H.S. Wall, Amer. Math. Monthly, Problem E598 


1.6.38. Letdn = Ii <k<n(k/n) n . 

(i) Find the limit ]im„_ 

(ii) Determine the character of monotonicity of the sequence (a n )n>i- 
(Hi) Is it true that a„< 2 for any n> 1 ? 

Hint, (i) The main contribution is given by the last terms: 


s 

n— ^/n<k<n 



I 

o <j<y* 



I 

0<j< y/n 


e _; ( 1 + 0 - 


= Ie-4o(l). 
;>o 


The sum of the remaining terms is infinitesimally small, since max 1<i<n _ 3/^(k/n) k = 
4 /n 2 . 

1.6.39. Suppose that the nondecreasing sequence of positive numbers (a n ) n > \ 
has finite limit t. Prove that the sequence (b n ) n> \ defined by b n = Ylk=\ — a k) 
converges if and only ifa\o .2 ■ ■ ■ a n /f n ^C for some C > 0. 

1.6.40. Define the sequence (a „) n >2 by a n = 1 + \fl H h Prove that 

a n —>£ e M andy/n- </£ — a n -^y/e/2. 

1.6.41. Suppose that the sequence («„)„> i of real numbers is such that a n+ i — 
a„—> 0. Prove that the set ofhmits of its convergent subsequences is the interval with 
endpoints liminf„— a„ and lim sup^^^ a„. 

1.6.42. Suppose that the sequence (a«)„>i of real numbers is such that a n+ \ + 
a„— >0. Prove that the set of limits of convergent subsequences of this sequence is 
either infinite or contains at most two points. 

1.6.43. Suppose that the sequence (a„) n > i of nonnegative numbers is such that 


,<Zn-l + <Z«-2 f „ _ 

a„ < = tor all n > 3 . 

n z 

Prove that a n = 0(1/ n\). 

Hint. Show that the inequalities a n -\ < c/(n — 1) ! and 2 < c/(n — 2) ! imply the 
inequality a n <c/n\. The constant c is chosen so that the last inequality holds for 
n= 1,2. 

1.6.44. Consider the sequence (a n )„> 1 of real numbers such thata m+n <a m + a„ 
for allm,n>\. 
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Prove that for any n we have 



> a„. 


1.6.45. A sequence of positive integers (a„)„> i contains each positive integer 
exactly once. Assume that ifm^n then 


1 \a m — a„\ 
1998 < \m — n\ 


< 1998. 


Prove that \a n — n\ < 2000000 for all n. 

Russian Mathematical Olympiad, 1998 


1.6.46. Let (a„)„> l be a sequence of real numbers such that a\ = 1 and a n+ \ = 
a n + s/dfi for n > 1 . Prove that there exist real numbers p and q such that lim„— a n / 
(Pn q ) = 1. 

1.6.47. Find all functions /; [0,°°)— >[0,°°) satisfying, for all x > 0, (/ ° /) (x) = 
6 x-f(x). 

1.6.48. Let (a„)„>i be a sequence of positive real numbers such that for all n > 1 , 


Prove that the sequence (ci n ) n >\ is convergent. 


Chapter 2 

Series 


Knowledge must precede application. 

— Max Planck (1858-1947), The Nature of Light 


Abstract. In this chapter we investigate whether we can “add” infinitely many 
real numbers. In other words, if (a n ) n > j is a sequence of real numbers, then we 

ask whether we can give a meaning to a symbol such as “a\ + a .2 H b a n -\ ” 

or Sn=i a n- We are mainly concerned with series of positive numbers, alternating 
series, but also with arbitrary series of real numbers, viewed as a natural generaliza- 
tion of the concept of finite sums of real numbers. This leads us to discuss deeper 
techniques of testing the behavior of infinite series as regards convergence. The the- 
ory of series may be viewed as a sequel to the theory of sequences developed in 
Chapter 1 . 


2.1 Main Definitions and Basic Results 


. . . and I already see a way for finding 
the sum of this row t + ^ + 5 + ^ etc. 

Johann Bernoulli (1667-1759), Letter 
to his brother, 1691 

The concept of series had a continuous development in the last few centuries, due 
to its major applications in various fields of modern analysis. Roughly speaking, 
a series is represented by the sum of a sequence of terms. We are concerned only 
with series of real or complex numbers. In such a way, a series appears as a sum of 
the type 

a\ +aiA b a n -\ , 

where a n are either real or complex numbers. We give the main definitions and prop- 
erties in the case of series of real numbers. As soon as it is possible (paying atten- 
tion, e.g., to order properties, which are no longer valid in C!) the same definitions 
and properties extend automatically to the series of complex numbers. Important 
advances to a rigorous theory of series are due to Gauss (1812) and Bolzano (1817). 

T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 59 
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© Springer Science + Business Media, LLC 2009 


60 


2 Series 


The first book containing a systematic treatment of infinite series is Cauchy’s 
famous Analyse Algebrique [16], 1821. 

Assuming that {a n ) n > \ is a sequence of real numbers, we define the sequence 
(Sn)m by 

S n = a\ + a .2 + • • • 4- a„ ■ for any n > 1 . 


Then S n are called partial sums of the series a\ + «2 H 1- a„ H . We say that a 

series £“ =1 a « converges if the sequence (S n )n>t is convergent. In such a case we 
have 



lim S„. 


In particular, this shows that if a series £“ =1 a„ converges then the sequence 
(a n ) n > l tends to zero as n goes to infinity. If (S n )„> i diverges, then we say that the 
series £“ =1 a„ is a divergent series. 

Leonhard Euler found several examples of convergent series, in relationship to 
the numbers s/2, n, and e. For instance, he proved that 


r- 7 / 1 1-3 

^ — 5 \ + l00 + 100- 200 + 

, 1 1 1 

e= 1 + _ + _ + .„ + _ + .. 

7T 2 , 11 1 

6 2- 3 2 n 1 

11 1 

90 - 1 + 24 + 34 + -" + ^ 4 +- 

7I 6 , j_ j_ J_ 

945 “ + 2 6 + 3 6 + " ‘ + n 6 + ' 

K 8 _ t J_ J_ /_ 

9450 “ + 2 8 + 3 8 + "' + n 8+ ' 


1-3-5 


100-200-300 


We note that the exact value of the sum of the series X”=i 1 /n 3 is not known. 
Furthermore, using the formula 


6 y/3 3(V3) : 




(2n + l)(v^) 2n+1 


Euler was able to compute the first 127 decimals of n, his only mistake be- 
ing at the 113rd decimal! The only holiday celebrating a number is dedicated to 
n, and this happens in one of the most famous universities in the world! Indeed, 
Harvard University celebrates the Pi Day on 14 March (03/14) at precisely 3:14 pm 
A related convergent series associated with n was discovered by Leibniz, who 
showed that 

*,111 

4- 1 “3 + 5“7 + "'- 
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A useful convergence criterion is due to Cauchy, which asserts that a series 
X”=i a n converges if and only if for any e > 0, there exists a positive integer 
N = N(e) such that for all integers n>m> N, 

\ a m+l d < £• 


Using Cauchy’s criterion one deduces that the harmonic series £“ =1 1/n di- 
verges. Indeed, we observe that the partial sums satisfy, for all n > 1, 

\S2n~S n \>\, 

which shows that Cauchy’s criterion is not fulfilled. The divergence of the harmonic 
series was first established by the Italian mathematician Mengoli in 1650. 

A direct consequence, based on the remark that n 1 ' p <n provided p < 1 , implies 
that the series £“ =1 1 /n p diverges, for any p < 1. In this argument we have applied 
the first comparison test, which asserts that if £“ =1 a„ and £“ =1 b„ are series of 
positive numbers and a n < b n for all n> 1, then the following assertions are true: 

(i) if Sn=i converges, then £“ =1 converges, too; 

(ii) if £n=i o n diverges, then £“ =1 bn diverges, too. 

A second comparison test is the following. Assume that X~=i a « an d X“=i b n 
are two series of positive numbers such that £“ =1 a n is convergent and £“ =1 bn is 
divergent. Given a series X^=i ■*« °f positive numbers, we have: 

(i) If the inequality x n +\/x n < a n+ \ ja n is true for all n > 1, then £” =1 x n is 
convergent. 

(ii) If the inequality x n+ i/x n > b n+ \/b n is true for all n > 1, then X“ =l x„ is diver- 
gent. 

Many series of nonnegative real numbers have terms that decrease monotonically. 
For such series the following test due to Cauchy is usually helpful. 

Cauchy’s Condensation Criterion. Suppose that ai > 02 > ■ ■ ■ > 0. Then the 
series X“=i o„ is convergent if and only if the series 

X 2 ” a 2" = a\ + 2 a 2 + 4a 4 + 8ag H 

n—0 


is convergent. 

A consequence of the above condensation theorem is that both series X^=i 
and Xr=t 1 /n(\ogn) p converge if and only if p > 1. With similar arguments we can 
show that the series „ 

y - 

n log n log log n 

diverges, whereas <*, , 

y 1 

n log n (log log n ) 2 


converges. 
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Two tests that are closely related are stated in what follows. 

Root Test. Given a series £“ =1 a„, define £ = lim sup„^, M jj \a„\ G [0, +°°] . Then 
the following properties are true: 

(i) If £ < 1 then the series £“ =1 a„ is convergent. 

(ii) If £ > 1 then the series £“ =1 a « is divergent. 

(iii) If £ = 1 then the test is inconclusive. However, if \/\a n \ > 1 for infinitely many 
distinct values of n, then the series £“ =l a n diverges. 

The following ratio test of Jean le Rond d’Alembert (1717-1783) for conver- 
gence of series depends on the limit of the ratio a n +\/a n . If the limit is 1, the test 
fails. 

Ratio Test. Let X“ =] a„ be a series such that a n ^ 0 for all n. Then the following 
properties are true: 

(i) The series Xr=i a « converges if limsup„^ M \a n+ \ ja n \ < 1. 

(ii) The series i a « diverges if there exists m G N such that \a n+ \ /a„\ > 1 for 
all n>m. 

(iii) If liminf„— \a n+ \/a n \ < 1 < lim sup^^^ \a n+ \/a n \ then the test is inconclu- 
sive. 

In most cases it is easier to apply the ratio test than the root test. However, given 
a sequence (a„)„> i of positive numbers, then 

liminf 1 < liminf ^/|a„| < lim sup \/\a„\ < hminf U " 1 1 . 

These inequalities show the following: 

(i) if the ratio test implies convergence, so does the root test; 

(ii) if the root test is inconclusive, so is the ratio test. 

Consider the sequence defined by a„ = (1 /2)"' 2 if n is even and a„ = 

2(l/2)("- 1 )/ 2 if n is odd. Then liminf„— a«+i/«n =1/4 and limsup,,—^ a n+ \ /a„ = 
2, so the ratio test is inconclusive for the series £«= , a n . At the same time, since 
lim„— y/\a n \ = 1/ V2 < 1, the root test implies that the series X/Li a n is conver- 
gent. 

The following test was given by the German mathematician Ernst Kummer [62] 
in 1835 (and published in the celebrated Crelle’s Journal) when he was 23, though 
with a restrictive condition that was first observed by Ulysse Dini [23] in 1867. Later 
it was rediscovered several times and gave rise to a violent contention on questions 
of priority. Kummer’ s test gives very powerful sufficient conditions for convergence 
or divergence of a positive series. 

Rummer’s Test. Let {a„) n > i and (b n ) n >\ be two sequences of positive numbers. 
Suppose that the series Xn=i 1 /b n diverges and let x n =b n — (a n+ \/a„) b n+ \. Then 
the series Xn=i a n converges if there is some h > 0 such that x n > h for all n (equiv- 
alently, if liminf„— > 0) and diverges if x n < 0 for all n (which is the case if, 
e.g., limsup„_^, eo x n > 0). 
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In many cases the following corollaries of Kummer’s test may be useful. 

Raabe’s Test. Let {a„) n > \ be a sequence of positive numbers. Then the series 
X” =1 a n converges if a n+ \/a n < 1 — r/n for all n, where r > 1 (equivalently, if 
liminf„_ ^n{\ — a n+ \/a n ) > 1 ) and diverges if a n+ \/a n > 1 — 1 /« for all n (which 
is the case if, e.g., limsup„_ >M n(l — a n+ i/a n ) < 1). 

Gauss’s Test. Let ( G n)n> 1 be a sequence of positive numbers such that for some 
constants rgR and p > 1, we have 



Then the series £“ =1 a„ converges if r > 1 and diverges if r < 1. 

Abel’s summation formula establishes that given a pair of real sequences 
{a n )n > l and [b n ) n >i, then 


n - 1 


X ajbj = X Sj{bj - b j+ 1) + S n b n - Sm-ib, 


provided 1 <m<n, where S n = £" = 1 aj and So = 0. Direct consequences of this 
elementary summation formula are formulated in the following results. 

Dirichlet’s Test. Let X”=i a„ be a series of real numbers whose partial sums 
s n = Y!k= i a k form a bounded sequence. If (b n ) n >\ is a decreasing sequence of 
nonnegative numbers converging to 0, then the series X^=i a n b n converges. 

Abel’s Test. Let X”=t G « be a convergent series of real numbers. Then for any 
bounded monotone sequence {b n ) n > i, the series YZ= \ a nb n is also convergent. 

If ( G n)«>i is a sequence of positive numbers, then the series (— l)"a„ (or (— 1 ) n+] a n ) 
is called an alternating series. For such series one of the most useful convergence 
tests is the following result. 

Leibniz’s Test. Let (a n ) n > i be a decreasing sequence of positive numbers. Then 
the alternating series 1^ = i(—i) n a n is convergent. 

A simple application of Leibniz’s test shows that the series X^=i( — l)" +1 l/« 
converges (we will see later that its sum equals ln2). 

Let (x n ) n >i be a sequence of real numbers. An infinite product 11“= 1 0 + Lj) 
is said to be convergent if there is a number no G N such that lim„^„, n^=„ 0 
(1 +Xk) exists and is different from zero; otherwise, the product is called divergent. 



Fig. 2.1 Illustration of Leibniz’s test for alternating series. 
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We observe from this definition that if an infinite product 11^=1 (1 + x n) is conver- 
gent then x n — >0 as n — An infinite product flO +x n ) is convergent if and only if 
X“ = „ () log(l +x n ) is convergent for some «o G N. As a result, there is the following 
simple correspondence between the unconditional convergence of series and that of 
products: a product 11^=1 ( ' +**) converges for arbitrary arrangements of its factors 
if and only if the series £“ =1 \x n \ is convergent; in this case the product is called 
absolutely (or unconditionally) convergent. 

There is no equally simple correspondence between the conditional convergence 
of the product n^=i(i +*n) and that of the series For instance, the series 



diverges to zero (since n^=2(l — 1 /«) = 1/1V), while 

1111 

~7I + 7I _ 7! + 7I _ ' 

is convergent. We also observe that the product 



is convergent ( since Il«=2(l — l/« 2 ) = (N + 1)/2A), whereas 

^ 11111 

^ Xn ~ t/2 + V2 + Vl + 2 ^ 3 + "' 

and even Y,{x n — ( 1 /2)x 2 n ) (observe that log(l + x n ) = x n — (1 /2)x 2 + 0(x%)) 
diverges. 

The following two infinite products for it, due respectively to John Wallis 
(1616-1703) and Francois Viete (1540-1603), are well known: 

n 2 • 2 4 • 4 6 • 6 2n-2n 


2 1-3 3 - 5 5 • 7 * (2n— 1) • (2n+ 1) ’ 

n 2 2 2 2 



While both formulas are beautiful, the convergence of Wallis’s formula is painfully 
slow. Viete’s representation formula is much better, although Viete himself was able 
to approximate n to only 9 digits past the decimal point in 1593. 

Other important infinite products related to trigonometric functions were found 
by Euler (1748): 
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sinx = x 



Cauchy’s Criterion for Infinite Products. Let x n > — 1 for all n. 

If limn^co X*=i x k exists then so does n*=i (1 + x*). Moreover, the limit 

is zero if and only if £“ =1 x n = °°- 

Cauchy explicitly attributes this theorem to Gaspard-Gustave Coriolis, who is 
well known for his work in mechanics. The following test is useful in many situa- 
tions. 

Coriolis Test. If (x„) n >\ is a sequence of real numbers such that , x n and 
X“ =] x^n are convergent, then Fl“=i (1 +X«) converges. 

As can be seen from the second of the examples mentioned above, the 
Coriolis conditions are not necessary for convergence. In fact, it seems impossi- 
ble to find a simple necessary and sufficient condition for the convergence of the 
product IIn=i(l +*«) in terms of that of series like XJT=i x n- Indeed, if any such 
convergent product is given, we can choose an arbitrary sequence (y n ) converging 
to zero and conclude that 

f[(i +*«)(! +?«) ^l - 


is convergent, too, while 



may be strongly divergent. 



One of the best-known number series is the celebrated harmonic series Xn=t 1 / n - 
We have already observed that this series diverges. We are now interested to estimate 
the divergence rate of the harmonic series. For any positive integer n, consider its 
partial sum H n = £” =l 1 jk. We will see in Chapter 9 that the sequence (a n ) n > i 
defined by a„ = H„ — Inn converges to a positive number y, called Euler’s constant. 
Moreover, the following asymptotic estimate holds: 



y+\nn+ — 


1 1 
12^ + 120n 4 


1 

252 n 6 + 


1 

240n 8 


+ 0(n~ 9 ) 


The symbol y was first used by Mascheroni, and the approximate value of this 
constant is 


y= 0.577215664901532860606512090082402431042. . . . 

The following mnemonic for remembering the value of y is due to Ward [115]: 
These numbers proceed to a limit Euler’s subtle mind discerned. 
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An interesting open problem is that it is not known whether 7 is a rational, 
irrational, or transcendental number. There is a huge literature on Euler’s constant, 
especially due to its impact on other fields of mathematics. Some interesting prop- 
erties of this number are listed below: 



We also observe that 7 = lim„— ^ [H„ — In (n + a)], for any a £ R. An interesting 
problem is to establish what choice of a makes this limit converge as fast as possi- 
ble. Partial answers were given in [44] as follows: (i) the standard case a = 0 gives 
an error of about 0(n -1 ); (ii) a = 2 _1 gives the better error 0(n~ 2 ), as 

It is striking to observe the exceedingly slow growth of the partial sums H n . 
Indeed, in [44] it is showed that the least n for which H n > 100 is a 44-digit number 
(taking nearly a whole line of text). Another interesting tidbit (which follows with 
a quite elementary argument related to the prime decomposition of integers) is that 
H n is never an integer, except for n = 1,2,6. 

We also point out that Euler’s constant 7 and the sequence (//„)„> 1 of partial 
sums of the harmonic series are closely related to the celebrated Euler’s gamma 
function, which is defined by 



More precisely (see [44]), for any integer n > 2, 


The gamma function is an extension of the factorial to positive real numbers, in 
the sense that for any positive integer n,r(n) = (n— 1) !. The above formula implies 
that the value of the derivative of F on positive integers is given by 



for all n > 2 . 


2.2 Elementary Problems 


In mathematics the art of proposing a 
question must be held of higher value 
than solving it. 


Georg Cantor (1845-1918) 


By means of simple inequalities we deduce below lower and upper estimates for the 
sum of series £“=i 1 /n 2 . We recall that the exact value of this sum equals tt 2 /6 = 
1.644934. . .. This result was obtained by Euler in 1735 and is the starting point of 
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a celebrated paper written by Bernhard Riemann (1826-1866) in 1859, in which he 
defines the zeta function £ by 

£ (x) = ^ 1 /n x , for any x> 1. 

n = 1 

We have already observed that this series diverges if x < 1. The series £“ = , \/n x 
converges for any x > 1, as a consequence of Gauss’s test. The Riemann zeta func- 
tion can be also expressed in terms of an infinite product by means of Euler’s 
formula 

CW = n i-i/px ^r a \lx>l, 

where (p n ) n >\ is the sequence of prime numbers (p\ = 2, p 2 = 3, p 3 = 5, . . .). 

The Riemann zeta function satisfies 

£(x)— >1 asx — >°° 
and 


< £(x) < - , for any x > 1 . 

Thus, the following additional asymptotic estimates hold: 


C(x)— asx\l, 
(x- l)£(x)— *T as x \ 1 . 


The problem of finding the exact value of £(x), for any real number 
x > 1, is also known as the Basel problem. The problem of evaluating £(2) = 
X“= 1 1/n 2 in closed form has an interesting history, which apparently began in 
1644 when Pietro Mengoli (1625-1686) asked for the sum of the reciprocals of 
the squares. The city of Basel was the hometown of the famous brothers Jakob 
and Johann Bernoulli, who made serious but unsuccessful attempts to find C(2). In 
1689, Jakob Bernoulli wrote, “If somebody should succeed in finding what till now 
withstood our efforts and communicate it to us we shall be much obliged to him.” 
The prodigious mathematician Leonhard Euler found for the first time the value of 
£ (2) in 1735; see [26], Since then, many different ways of evaluating this sum have 
been discovered. Fourteen proofs are collected in [17], and two of them have been 
included in [1], Euler also obtained the more general formula 


C(2«) = (27t) 2 " 


\Bm\ 
2{2n ) ! ’ 


where B n are the Bernoulli numbers, defined by Bq = 1 and 
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Sadly, Jakob Bernoulli did not live to see young Euler’s triumphant discovery and 
its surprising connection with Bernoulli numbers. 

2.2.1. Prove that 29/18 < X“ =1 1/n 2 < 31/18. 

Solution. We have 


29 , 1 1 v 

T^- 1 + Z + 0 + S 


1 y 1 

9 ' ^n(n+l) < “j n 2 


< 1 


1 1 

‘4 + 0 + X 


_ 61 31 

9 ' ^4 n(n — 1)” 36 < 18' D 


We now consider a series whose terms are defined by a recurrence relation. 
In this case we are able not only to justify that the series converges, but also to 
find the value of its sum. 


2.2.2. Let {a n )„>i be the sequence of real numbers defined by a n = 1/2 and, for 
a nyn > 1, 


««+ 1 


a 2 - a„ + 1 ‘ 


Prove that the series X“ =1 a « converges and find its sum. 

Solution. Writing b„ = l/a n , we obtain b\=2 and b n+ 1 = h 2 — b„ + 1 = b„(b n — 
1) + 1* for any positive integer n. We deduce that {b n ) n > i is an increasing sequence 
that diverges to +°° and satisfies 


1 _ 1 1 
V n ~ b n -\ _ h„+l-r 


By addition we deduce that 


a\ H h a, 


1 

h - T 


i-i 


- = l — - 


b n+ 1 - 1 ' 


This relation shows that the series X«=i a n converges and its sum equals 1 . □ 

2.2.3. Prove that 


11 1 1 _ 3 - V5 

3 + 3- 7 + 3- 7-47 + 3-7-47- 2207 + ‘ ‘ ‘ _ 2 ’ 

where each factor in the denominator is equal to the square of the preceding factor 
diminished by 2. 

Solution. We determine A such that 


2 yo yoyi yoyiyi 

where yo = 3, y\ = 7, yi = 47, and in general, y n = y 2 _ t — 2. 
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We notice that 


yi - Ay 0 

1 1 

— 1 h 

2 

y 1 

yi - hyoy\ 

1 1 

= — 1 (- 

2 

J2 M3 

yn - ky&i ■■■ y n - 1 

1 ! 1 

2 

yn ynyn+t 


Letting rc — > ° °, we observe that 

A = lim - 


y n 


n^°°yoy i ••• >» i 
Since = Y_i — 2, we deduce — 4 = (y^_ 2 — 4) . Hence 

y * k — 4 = • • • ^-1(^0 - 4 ) . 

and so 


lim - 


y n 


n ~ > °° yoyi ■■■ y n -i 

2.2.4. Show that 


= Jyl-4=V3 2 -4 = V5 = k. □ 




Solution. Set 




Therefore 


, 2" _1 (n— 1)!(2«+ 1)" 

s„ = log ^ n. 


(2n — 1) 

Using Stirling’s formula, we deduce that the sequence (s n ) n >\ tends to the same 
limit as the sequence (t n )n>u where 


t n = log 


2" _1 y/2re(n— l)(n - l) n -y-"(2n + l) n 
sj2n{2n - l)(2n - i)2»-i e i-2» ’ 


as n — > 00 . But 


1 n— 1 

''=2 l08 2^I + l08 


/ 2n — 2\ n ~ 

1 / 2« + 1 V 

\2n-l 

l 2n — 1 / 


, -- lo g 2 +- as n - 
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Indeed, 


and 


(2» — 2V 


\ 1 

1 

\2n-lJ 

{ 

2n-l) 



2n+lV 


2n — 1 


\2n — 1 

as This completes the proof. □ 

2.2.5. Evaluate 

V _ 

^ n 4 + n 2 + 1 ' 

Solution. The series £“ =1 n/(n 4 + n 2 + 1) converges because for all n> 1, 

rv n 1 1 

0 < — : = — - < — r and > — j converges. 

#%n 2 +l n 3 "n 3 5 

On the other hand, we have 


n 4 + « 2 + 1 " (n 2 + 1) 2 — n 2 “ (n 2 -n + l)(n 2 + n + l) 
1/2 1/2 
_ (n 2 — n + 1) (n 2 + n+ 1) ' 


Set 


Therefore, 


1/2 


" (n 2 — n + 1 ) 


>■ «n+ 1 = 


1/2 

(n 2 + n+l) ' 


We conclude that 


S " = ■ | „ 4 + »! + 

= (at — 02 ) H h («w — on+ 1 ) = «i — ajv+i 

_ 1 1/2 

~2~ N 2 +N+l ’ 

W 1 

2- 4 , 2 1 1 = ton S N = - . □ 

nr + nr + 1 N->°° 2 


2.2.6. Suppose that (a n ) n > 1 and (b n ) n > \ are decreasing sequences of positive 
numbers that converge to 0 and both series X«=i ci n and £“ =1 diverge. Does the 
series £“ =1 min(a n ,&„) always diverge? 

Solution. We first construct positive but nonmonotone sequences (oc„)„> 1 and 
(Pn)n>i such that X”=i = Sr=i Pn = +°° (exercise!). The required monotone 
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series are obtained by considering the series 


and 


oci- 


Pi + - 


n k 

■ + k+t 

n k 


_^ + . 

n k 

_&+. 

n k 


(the terms of the form a k /n k and fl k /n k are repeated n k times) for a suitable choice 
of the sequence (n k ) k >] . 


A direct application of the ratio test implies that the series 


, 1 1 1 
1 + TI + 2! + "' + ^ + - 


is convergent. Denote by e its sum, that is, e = X«=o 1 /«!. Since 1/n! < 1 /2(3" 2 ) 
for all n > 3 and £“ =3 1/3" -2 = 1 /2, we deduce that for any n> 3, 


<1+1+5 + i 

*=0 Z t=3 


1 


2 • 3^ — 2 


11 

T 


This shows that e < 11/4 < 3; hence 2 < e < 3. □ 

The next exercise establishes further qualitative properties of the number e, which 
is also called the base of the natural logarithm. 

2.2.7. (i) Prove that e = lim„— >^(1 + 1 /«)”. 

(ii) Show that the number e is irrational. 


Solution, (i) Set b n = (1 + 1 jn) n . Thus, by Newton’s binomial, 


1 


b n = 1 + 1 + - 1-- 
2! V n 


It follows that b n <a n , so that 


1 




lim sup b n < e. 


1 -- 


n— 1 


Next, for any fixed positive integers m and n > to, we have 
.... 1 


Letting n—>°° we obtain 


/ 1\ 1 / 

1\ 

(. TO 1 \ 

( 1 M 1 I 1 

--- ••• 

1 

V nj to! V 

n 

V n J 


a m := V -j- < liminf^n . 
£ o k[ n ^°° 


Since to is arbitrary, it follows that 


e < lim inf b n ■ 
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Thus, limsup,,—^^ < e < ]iminf„^.ooi>„, and this concludes the proof of (i). 
(ii) If e = p/q with p, q positive integers, then 


V=o^7 ?+i 


+ - 


i 


r + - 


(<7 + 1)(<7+ 2 ) 

The left-hand side of this relation is an integer, while the right-hand side satisfies 


0< 


1 


1 


11 1 , 

• < — + 7 777 + • • • — — < 1 . 

9+1 (4+1) 2 q 


q + 1 ( 9 +i)( 9 + 2 ) 

This contradiction proves that e is indeed irrational. □ 

2.2.8. Show that the integer nearest to nl/e (n> 2) is divisible by n— 1 but not 
byn. 

Solution. We have 


e-^X 

k=0 


(- 1 )* 

k! 


Therefore 


T = ""-‘ =»'Z^ + »! £ - <_1) ‘ 

fc=a+l 


k '- ‘*=r + i ** ' 

The first term is obviously an integer, and the second term is bounded by 


»1 I 


(-l) k 


< n\ ■ 


1 


(n+1)! n+ 1 — 3 ’ 


1 1 

< - , since n> 2. 


Therefore n\^ =0 (—l) k /k\ is the nearest integer to n\/e. This integer is not di- 
visible by n, since 


k = 0 K ■ 


k = 0 


k\ 


+ (-!)"• 


This number is divisible by (n — 1) because 


n<i { -=f = »(»-D 

*=0 




= ("-!) {n 


k=0 

(«-2)!S- (-1) ‘ 

k=0 


k\ 


+(-ir 1 ' 1 


and since the terms inside square brackets are obviously integers. □ 
2.2.9. Find the sum of the series 


X arctan 


n 2 + n + 1 
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Solution. For any integer n > 0 we have 

1 {n+\)-n 

arctan = arctan = arctan! n + 1 ) — arc tan n . 

n 2 + n + 1 n 2 + n + 1 

Therefore 

N 1 

Y arctan = arc tan (/V + 1) , 

„= 0 n 2 + n + 1 v 

which shows that the given series converges to n/2. □ 

2.2. 1 0. Fix a > 0 and denote by fff the class of all sequences ( a n ) n > i of positive 
real numbers such thatX“ =1 a„ = a. Find {X“ =1 u 2 n \ (a n ) n >\ G #/}. 

Solution. Let (a n )„>i G srf . Then 


a 2 = a 2 + 2 a m a n , 

n = 1 l<m<n 


which implies 0 < X“ =l a 2 <a 2 . Conversely, we prove that for any b G (0, a 2 ), there 
is a sequence (a«)„>i G .e/ such that b = £“ =1 a n- F° r this purpose we set 


r = 


a 2 + b 
a 2 — b 


and 


1 = ^ 2 * 
r 


For any n > 1, let a n = A/r” 1 . Then («„)„> t G -vf and X«=i a 2 = b. Conse- 
quently, {I“ = i a 2 ; (a„)„>i G £?} = (0 ,a 2 ). □ 


2.3 Convergent and Divergent Series 


It is not enough that we do our best; 
sometimes we have to do what is 
required. 

Sir Winston Churchill (1874-1965) 


2.3.1. Prove that the series 

y 1 

n=3 (hilnn) 111, 

is convergent. 

Solution. We have 


(In In a) 1 ”” = 


'glnn\lnlnlnn ^lnlnln n 
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(In inn) ln 


1 



Applying the first comparison test, we deduce that the given series converges. 

2.3.2. Study the convergence of the series 



where a is a given positive number. 

Solution. Since \fn\ > 1 for any positive integer n, we deduce that for all n > 1, 



Thus, by the first comparison test, the given series converges provided a < 1. 
Next, using the inequality 


\fn\ < \frp = 


n, 


we obtain, for all n > 1, 


a n < a" 
n ~ f/id' 


But the series £“ =1 a n /n diverges for any a > 1 . Indeed, for a = 1 it coincides with 
the harmonic series, while the sequence of its terms diverges to +°° provided a > 1 . 
So, by the second comparison test, the given series diverges for all a > 1. □ 

2.3.3. Study the convergence of the series 



where a is a given positive number. 

Solution. Setx„ =a n ( 1 + 1/n)". Thus, lim „— = a. Hence, by the root test, 
the given series converges if a < 1 and diverges for any a > 1. If a = 1, then the 
series diverges because x n — »e ^ 0 as n — □ 

2.3.4. Let a be a positive number. Prove that the series 



is convergent. 
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Solution. Set x„ = a"/ yfn\. We have 


hm 


*n+l 

X n 


hm 


a n+1 Vn\ 

a n v^Tl)! 


= 0 < 


1. 


□ 


Applying the ratio test, we deduce that the given series is convergent. 

2.3.5. Let {a n ) n >\ be a sequence of positive numbers converging to a and assume 
that b is a positive number. Study the convergence of the series 


i 

n= 1 


nW 

{b + a{){b + a 2 )---{b + a n ) ' 


Solution. Applying the Raabe test, we compute 


hm n 



= hm 


na n + 1 
(n + 1 )b 


a 

b‘ 


We deduce that the given series converges if b < a and that it diverges when b> a. 
If a = b, the behavior of the series strongly depends on the convergence rate of the 
sequence (a„)„>i. G 

2.3.6. Let a, b, c be real numbers such that —c is not a natural number. Study the 
convergence of the hypergeometric series 

y a(a + 1) ■ ■ ■ (a + n — 1 )b(b+ 1) ■ ■ ■{b + n— 1) 

“l n!c(c+ l)---(c + n— 1) 


Solution. Denote by x n the general term of the series. A straightforward compu- 
tation (we leave the details to the reader) yields 


-= 1 - 


c + 1 — a — l 


O -r 


The Gauss test enables us to conclude that the hypergeometric series converges if 
and only if c > a + b. □ 

2.3.7. For alln>\, set 

s n =Y.a k and O n = Y ( 1 7 -r ) a k . 

P IV n+lj 

Assume that the series S “ =1 \s n — o n \ a converges, for some a > 0. Prove that the 
series £“ =1 a„ is convergent. 

Solution. Since s„ — a n — > 0 as it is sufficient to prove that the sequence 

(ct„)„> i converges. We have 


On — On— i 


1 

n{n+ 1 ) 


X ka k = 

k= 1 


s n -a, 


n 
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Summing for n = 1 . 2, .... /V, we obtain 


N 

<*1 V = X 

n=l 


- CT^ 


n 


If a < 1, the convergence is immediate. If a > 1, Holder’s inequality yields 



where l/a + l/ji = 1. Since both factors on the right-hand side converge to 0, so 
does the left-hand side. Thus, the sequence (cr„)„>i is Cauchy, hence 
convergent. □ 

2.3.8. Let {a n ) n >\ be a sequence of real numbers such that the series £“ =] a A is 
convergent. Prove that the series X" =1 a 5 n is convergent. 

Solution. The hypothesis implies that + 0 as n— Thus, there exists a posi- 
tive integer N such that a A < 1 for all n>N\ hence |a^| < a A , provided n>N. So, 
by the first comparison test, the series £“ =1 «« is convergent. □ 

2.3.9. Let (a n ) n >i be a sequence of positive numbers such thata n £ {0, 1} a ndthe 
series £“ =1 a n is convergent. Prove that the series £“ =1 «k/0 — a n) is convergent. 

Solution. An argument similar to that developed in the previous exercise imp- 
lies that the series £“ =1 a 2 n is convergent. Since the series £" =l a n converges, it 
follows that a„— >0 as n— and there exists an integer N such that 1 — a n > 0 and 
a n /( 1 — a n ) < 2a „ + 2 a 2 for all n>N. Thus, by the first comparison test, the series 
X“=i a n / (1 — a n ) is convergent. □ 

2.3.10. Let (u„)„>i be a decreasing sequence of positive numbers. Prove that if 
there is a positive number k such that a n >k/n for infinitely many n, then the series 
X“=i «« is divergent. 

Solution. Fix e > 0 such that £<k/ 3. For N arbitrarily large, select n > 3/V such 
that a n > k/n. Let m be a positive integer such that N <m< 2 N. Thus, m/n < 2/3. 
We have 


, . (n — m)k , ( m\ k 

\a m + 1 H 1- a n > (n - m)a n > =k( 1 >^>£- 

n \ nJ 3 

So, in view of Cauchy’s criterion, the series £«=i a„ is divergent. □ 

2.3.11. Let (a n ) n >] be a sequence of nonnegative numbers such that U 2 n — 
« 2 n+l < a~, «2n+i — «2n+2 < d n a n+ ] foranyn > 1 and lim sup n ^ 00 na n < 1/4. Prove 
that the series X“ =1 a n is convergent. 

Solution. We prove that limsup,,—^ tfcT n < 1. Then, by the root test, we obtain 
the conclusion. 

Let cj = sup „ >2 j(n + l)a„ for j > 1. We show that cj + \ < Ac 2 -. Indeed, for any 
integer n > 2 J+ 1 there exists an integer k > 2 ; such that either n = 2k or n = 2k + 1. 
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In the first case we have 

m-m+i <al< 

whereas in the second case we obtain 
a2k+l - 02k+2 < a k a k + 1 < 


4c7 


4C; 


(k+\) 2 ~2k+\ 2k+2 ’ 


4C; 4C; 


(*+!)(*+ 2) - 2k + 2 2k + 3 ' 


It follows that the sequence ( a n — 4 cj /n + l) n>2 j+i is nondecreasing and its terms 
are nonpositive, since it converges to 0. Therefore a n < 4 c 2 /(n + 1) for n > 2 ;+1 , 
that is, c 2 +1 < 4c 2 . This implies that the sequence ((4c;) 2 J )j>o is nonincreasing 
and therefore bounded from above by some number q e (0,1), since all its terms 
except finitely many are less than 1. Hence Cj < q 21 for l large enough. For any n 
between 2 7 and 2 7+ 1 we have 

Hence lim sup ^fcT n < ^fq < 1 , which concludes the proof. □ 

2.3.12. Ifa,b> 1 prove that 


^n a n b (n a + n b ) 4 

where £ denotes the Riemann zeta function. 
Solution. It is sufficient to prove that 

1 1/1 1 

^7 + ^: + - 


< i(C ( a ) + C (*) + ?(* + *)). 


^ n a n b (n a + n b ) 4 n‘ 


n a + n* + 1 
4n fl+fo 


But by the AM-GM inequahty, n a + n b + 1 > 2\Jn a + n h and n a + n b > 2 Vn a n b . 
Hence 

4 Vn a n b < \jn a + n h ( n a + n b + 1 ), 
which concludes the proof. □ 

2.3. 1 3. Let {p n )n> l be a sequence of positive real numbers. Show that if the series 
X“ = , \/p n converges, then so does the series 


„=I (/>l+/>2 + '"+P») : 


Pn- 


Solution. Put = pi + p 2 H h p n and qo = 0. The main idea is to find an 

estimate of ^ 

S m=jL( — ) idn-qn-t) 

.*=1 \ 4 n / 
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in terms of T = £“ =1 1 /p n - For this purpose we observe that 


1 ^ W 

Stn< f X 

P 1 n= 2 tfntfn— 1 


(q n -q n -i) = 


1 i tTp“ 

— f x — 

P 1 rS'bi-l 



1 , V (»+l ) 2 

Pi „=1 qn 


X-<-+2T -+y 1. 

^2^" Pi „=2?n „=2?" 


Next, by the Cauchy-Schwarz inequality, 



We deduce that S m < 5/p\ + 2^JS m T + T. But this inequality implies 
y/s£<T+y/2T + 5/p i- □ 


2.3.14. Suppose that (a n )n>i 1S a sequence of real numbers such that 
«»=X a n+* f °m= 1,2,.... 

jfc=l 

Show that if the series £“ =1 a n converges, then a„ = 0 for all n. 

Solution. We first observe that 0 < a„+i < a„ for all n > 1. If £°° =1 «j converges, 
we take k > 1 such that X°° =jfe+] a / < 1 . Then 


«A:+1 < 


X < a *+ 1 f X 

;=fc+l \y=fc+1 / 


< «it+l- 


Hence a* = a^+t and so = 0, implying aj = 0 for j > k since a^+i = XT =i 


□ 


<j=k+l u j- 


By induction we deduce that cij = 0 for all j < k+ 1. 

2.3.15. Let (a n )„>i be an increasing sequence of positive numbers such that 
, — > °o as n — > oo. Then (a„+i — ««) / n n +i diverges. 

Solution. We first observe that 


x : 

jfe=l 


Ojfe+l 


► 1 as n - 


Pick n\ so large that ( a ni — a\)/a n] > 1/2. In general, given n r , pick n r +i so large 
that (a„ r+1 — «« r ) / a n r+] > 1 /2, which is possible since (a„ — a„ r ) /a n — > 1 as n — ► °o. 
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Now 

n r —l «l-l n 2 - 1 

X ( a *+l “ a k)/a-k + 1 = X ( a *+i - a k)/aM + X ( fl i+l _ a k)/ a k+\ + • • • 

*=1 *=1 *=«i 

n r -l 

+ X ( fl *+l- a *)/°*+l 

k=n r - 1 

> («ni — Ol ) /o-ni + («n 2 ~ a n\)/ a n 2 H h {<ln r ~ a n r _\ ) / 

> r/2— >oo as r— >°o. 

Thus, since each term of £]j° =1 (a^+i — a*) / a* + i is positive, the series diverges. 

The well known Raabe’s test for convergence or divergence of a positive series 
X“=i a n rests on knowing the behavior of an associated sequence 

As established in Knopp [59], the series £“ =1 a « converges, provided 
lim inf n — >rx S% n >1. If £% n < 1 for all sufficiently large n, then the series diverges. 

A distinct associated sequence is 

V«n+1 / 

If liminf n — > 1, then the series £“ =1 a n converges. If M n < 1 for all sufficiently 
large n, then the series diverges. 

These two versions of Raabe’s test are not equivalent. Indeed, consider the series 
“ (n — l)!w!4" 


( 2n ) l V» 


Since 


«n+ 1 

we have 


= < 1+ s 


1 + - 


1/2 


= fl + 2^ 


I + ---3 + 0 - 
n n 1 


1= l+l +0 _ -1 


which means that the test is inconclusive. On the other hand, 


= 1 -: 


1 


2n+l 


1 -- 


n+ 1 


1/2 i 3 

= i--+4+ 0 (^ 

n n z ' 


Therefore 


m n = 1 -- 2 - + 0 
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which means that the series diverges. However, removing the first term of the above 
investigated series, we obtain 


” (n— l)!n!4” 

„=2 ( 2 «) ! V« 

For this last series we find that 


I 

n= 1 


«! (n + 1)!4" +1 
(2« + 2) ! a/w+T 


a„ 

a n +i 

and hence 



\ n+1 J \ 

. n+1) 


7 / 

&n = 

1 -I + 0 (. 

« V 


1/2 1 

= 1 + — T + 


n+1 (n+1) 2 



We conclude the divergence of the series by the second form of Raabe’s test. 
As in [95], we introduce the following “parametrized” associated sequence 


£$:=> (n-k)[ — 

\a n + 1 

where k runs over all nonnegative integers. □ 

2.3.16. Let£“ =1 a n be a series of positive terms. 

(i) < 1 for a nonnegative integer k and for all sufficiently large indices n, 
then the series diverges. 

(ii) If 



(25l 

V ««+ 1 



then the series diverges. 

Solution, (i) Indeed, the inequality < 1 implies 


for all sufficiently large n. Thus since the series 'E jn> k 1/n — k diverges, by the ratio 
comparison test the series X«n diverges as well. 

(ii) The equality implies that 


1 M 

- — 1 < - + -W 


a n + 1 n n- 

for some positive integer M and for all sufficiently large n. 
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Thus 


H)_ 


= (n-M-l)[ - + ¥?) = \ -- + 0[ A; 




and hence, by (i), the series £“ =1 a n diverges. □ 

2.3.17. Assume thata„ > 0 for each n, and that , a n converges. Prove that the 
series Xh=i a„ X ^ n converges as well. 

Solution. Applying the AM-GM inequality, we have, for any n> 2, 

(n— l)/n , 1/2 1/2 „_ 2 a . 2 v /a^+ (n - 2 )< 2 „ 

a„ " =[a„ a„ ■ a„ ) n < — . 

But 2 yfa^/n < 1/n 2 + a„ (because 2 xy < x 2 + y 2 ), and (n — 2)a„/n < a n (because 
(n — 2)/n< 1). 

Therefore, 0 < fli” l ^ n < \ /n 2 + 2a n , for each n > 1. Finally, the comparison test 
shows that £” =1 di 1 ^" converges, since £“ =1 1 /« 2 + 2 i a« clearly converges. 

An alternative solution is based on the observation that each term a n satisfies 
either the inequality 0<a n < 1/2" or 1/2" <a„. In the first case, ai" X ^ n <\/2 n 1 . 
In the second one, 


>-!)/» =- 


- < 2 a n . 


Therefore, in both cases, 


0 < a); 




<^ + 2a n . 


The conclusion is now immediate since £“ =1 1 /2" converges, and so does £“ =1 2 a n . 
In the next exercise we give a full description of Bertrand’s series. □ 

2.3. 1 8. Let a and (1 be real numbers and consider the Bertrand series 


1 


y _ 

" 2 n“(lnn)i 


Prove the following properties: 

(i) the Bertrand series converges if and only if either a > 1 or a = 1 and J3 > 1; 

(ii) the Bertrand series diverges if and only if either a < 1 or a = 1 and /3 < 1 . 

Solution. The easiest cases correspond to a > 1 and a < 1. We postpone to 
Chapter 10 the proof in the other cases. 

We first assume that a > 1. Set y = (1 + a)/2. For every n > 2 we have 

But lim„_ toflT 2 (lnn)~P = 0, since (1 — a)/ 2 < 0. Hence for any e > 0, there 
exists a positive integer N such that n 7 u„ < e, for any n > N. In particular, for e = 1 , 
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we deduce that u n < n Y , provided n is large enough. Since y > 1 , the series £“ =1 1 /n Y 
converges, and using the comparison test we deduce that the series X«=i u n con- 
verges as well. 

In the case /3 > 0, using the fact that the mapping 1 1 — > 1 is decreasing, we 
can conclude the convergence of the above series with the following elementary 
arguments. For every n > 2 we have 


1 


1 


We have 


' (In n)P ~ (In 2)0 ' 


M 

u n<~^ 


where M = (ln2) - ^. But the series £“ =1 3 /»“ converges because a > 1. Using 
again the comparison test we conclude the convergence of the series having the 
general term u n . 

Next, we assume that a < 1 . For any n > 2 we have 


But 1 — a > 0; hence 


lim 


(Inn )/ 3 


(Inn)/ 3 


Thus, there exist M > 0 and N G N such that for all n e N, 


n>N=> nu„ > M , 

that is, n„ > M/n for any n>N. Since the harmonic series diverges, the comparison 
test implies that the series X«=i n„ also diverges. 

We can illuminate the relationship between the root and ratio tests with the fol- 
lowing simple calculation: 


Urn |a n | 1 /"= lim 


a n 
a n - 1 


ai 

— ■a\ 
a\ 


|i/» 




The right-hand side is the limit of the geometric means of the first n consecutive 
ratios of the series. In other words, while the ratio test depends on the behavior (in 
the limit) of each consecutive ratio, the root test considers only the average behavior 
of these ratios. Clearly, if all the consecutive ratios get small, then their average 
value will get small as well. The converse is false, which is why the root test is 
stronger. Thus, for example, the ratio test fails on the rearranged geometric series 


1 1111 
2 + 1+ 8 + 4 + 32 + 16 + ' 


(2.1) 
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since the consecutive ratios alternate in value between 2 and 1/8. However, the 
geometric mean of the first 2 n consecutive ratios is 

I n 1 I' 72 " 1 

f ' 8»| “ 2’ 

so the root test shows that the series converges. □ 

The following convergence test may be viewed as an arithmetic mean test. 
2.3.19. Assume that (a n ) n > i is a sequence of positive numbers such that 


lim - 


n \a „- 1 a „-2 


Prove that the series £“ =1 a n converges. 

Solution. By the arithmetic-geometric means inequality, the arithmetic mean of 
n consecutive ratios of a series is always larger than their geometric mean. So, by 
the root test, the series £“ =1 a n converges. 

The arithmetic mean test is stronger than the ratio test but weaker than the root 
test. However, in some cases it may be easier to compute the arithmetic mean of the 
consecutive ratios than it is to compute their geometric mean. For example, consider 
the series £“ =1 ««, where the a n ’s are defined inductively by 


ao= 1, a„ = a n -\ 


Then 


lim 


log(l + !/(»+!)) 
log(n+ l)log(n + 2) ’ 

' a n+ i ' 


Mn > 1. 


= 1, 


so the ratio test fails. To apply the root test, we need to evaluate 


lim 


ri 


log(l + 1/0+1)) 
log(k +1) log(k + 2) 


1 in 


The arithmetic mean test, however, requires only the following calculation: 


1^1 log(l +1/Q+1)) 
n ~^°° n I log 0+ 1) log(k+ 2) 


1 . 


= I™-! 

n — >oo n 

= lim 


1 


1 


n " \logO+ 1) log(k+2) 

if-L- 1 


n \log2 log(n + 2) 


= 0 . 


Hence the series converges. □ 

An example of a series for which the arithmetic mean test fails is series (2.1) 
above. In this case the arithmetic mean of the the consecutive ratios converges to 
17/16. □ 
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2.3.20. Suppose that the series £“ =1 a„ diverges and A > + °°. Does the series 
X“ =1 X„a n always diverge ? What happens if (A„)„> i is an unbounded increasing 
sequence? 

Solution. Consider the counterexample A« = (1 + (— l)"(lnn) In n, a n X n = 

(- 1 )"/ Vn- 

Assuming now that (A„)„>i is an increasing sequence of positive numbers such 
that A„— *■ + °° as n— >°°, then the series £«=i A„a„ diverges, since otherwise the series 
X“=i o-n would converge by the Dirichlet test. □ 

2.3.21. Suppose that the series Xn=i «« converges. Can the series X“ =1 a 3 n 
diverge? Can the series £“ =1 dn diverge for any p = 2,3,... ? 

Solution. In the first case, take a n = cos(2n?r/3)/ln(l +n). In the more general 
framework, consider the sequence (a „)„> 5 defined by a^ n = 2/lnn, cp} n -\ = fl 3 „+i = 
— 1/lnn, for all n > 2. 

We know that the series £“ =1 1 /n p converges if and only if p > 1. Suppose that 
we sum the series for all n that can be written without using the numeral 9. Suppose, 
for example, that the key for 9 on the typewriter is broken and we type all the natural 
numbers we can. Call the summation □ 

2.3.22. Prove that the series X' 1 / n p converges if and only if p > logi 0 9. 

Solution. There are 


(9—1) ter m s with — — < — < — , 
V ’ 10P nP~ l p 


(9 2 - 9) terms with 


1 00/' 
1 


< — < 
n p ~ 

1 


(9* -9* ') terms with 


1 

10 p ’ 
1 


10 kp n p - IO^-Op ' 


Then 


8 8-9 8 • 9 2 _ 8 _ 8-9 8 - 9 2 

lOP + 1 0 2 p + 10 3 p + < ^ nP < \p + lOP + 10 2 p + 


The ratio of both geometric series is 9/10 p . Then the series converges if and only if 
9/10P < 1, that is, if p > log 10 9. □ 

2.3.23. Suppose that the series of positive real numbers £“ =l a„ converges. Prove 
that the series £“ =1 a J ! °s n /( 1 + 1 °g n ) a / so converges. 

Solution. Define I = j«; a J ! °s n /( 1 + 1 °g«) < e 2 a„ j and J = N\I. If n € J, then 
aj, 0g " > (e«) 2 ai +logn , so a n < (en) 2 . Therefore 


X aj ! 0gn/(1+l0gn) < X e 2 a„ + X (e «)“ 2 < e 2 X + e “ 2 X n ~ 2 < +°° • 


2.3 Convergent and Divergent Series 

We give in what follows an elementary proof (see [49]) of the identity 


n~ 1 1 

T = 1 + ^ + ^- 


1 

■ s + • 


□ 


2.3.24. Prove that 


Y 1 _ 7T 2 

^ = ~T ' 


Solution. The main idea is to apply repeatedly the following identity: 


1 1 1 

’ll' 

1 

1 1 

sin 2 x 4 sin 2 | cos 2 | 4 

sin 2 | ' cos 2 | 

4 

sin 2 f + sin 2 ^ 


Hence 


1 

= 16 


1 

sin 2 | sin 2 ^ sin 2 ^ 

2 2 "^-' 

.2 (2*+l)7C 
1 2«+l 


1 2—1 1 y ^ ~ 

= — Y 1 - z y 

An - 2 (2£+l)7T ^ 

k= o sm 2 «+i &=0 


sin -g- 


(2.2) 


1 

sin 2 ^ 


Taking the termwise limit as n— >°° and using ]im,v^ M iVsin(x//V) = x for N = 2 n 
andx = (2k+l)n/2 yields 



1 

(2k + 1) 2 ' 


(2.3) 


However, taking the limit termwise requires some care, as the example 
111111 

1 = 2 + 2 = 4 + 4 + 4 + 4 = --° + 0+0 + - 


shows. In our case, the implication (2.2) => (2.3) is justified because the kth term 
in the sum (2.2) is bounded by 2/ (2 k+ l) 2 (independently of n), since sinx > 2x / n 
holds for 0 < x < n/2. 

To conclude the proof we observe that 


s : =yl 





which yields S = it 1 j 6. □ 
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2.4 Infinite Products 


I recognize the lion by his paw. [After 
reading an anonymous solution to a 
problem that he realized was Newton’s 
solution.] 


Jakob Bernoulli (1654-1705) 


If a real sequence (x n )neN satisfies the Coriolis conditions, then necessarily not 
only IIn=i(l + x„), but also n^=i (1 + cx n) for every cglis convergent. It turns 
out that this, or even the convergence of IIn=i(l + c\x„), IIn=i(l + c 2 x n) for any 
two different nonzero real numbers ci,C 2 , is equivalent to the Coriolis conditions. 

There remains a “pathological” special case of convergence of a real product 
that is characterized by the following properties: the product nr=i (1 + x n) con- 
verges, while the series X“ = i x n — diverges. In this case the balance of factors is 
destroyed by any scaling of the deviations from unity: niT=i 0 + cx n) diverges for 
ceR\{o,i}. 

The following exercise summarizes properties of this type. 

2.4.1. Let (x n ) n >i be a sequence of real numbers. 

(i) If any two of the four expressions 


na+*«). iiu-*). 


n= 1 n = 1 n= 1 n= 1 


are convergent, then this holds also for the remaining two. 

(if) rf Sr=i x n is convergent and Y^=i x n is divergent, then n«=i(l + x n) diverges 
to zero. 

(Hi) IfZr=i *n 1S convergent and X«=i x n is divergent, then 



tends to a Unite limit for n — > 

(iv) Ifn; = i ( 1 + x n) is convergent and £™ =1 x% is divergent, then ^ = iX n = °°. 

(v) If n«= i ( 1 + cx n) is convergent for two different values c6l\{0}, then the 
product is convergent for every c € K. 

Solution, (i) If any two of the four expressions are convergent, then there is a 
positive integer no such that \x n \< 1 /2 for n > no . Thus, for no < n\ < n 2 . 



where v„, v G (g,4) by Taylor’s formula. 
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Thus, by Cauchy’s criterion for series, if any two of the three expressions 
n“=i(l+*n), Zn=i*«’ S«=i are convergent, then so is the third one. 

Since the convergence of £“ =1 x„ and Xn=i x n i s not affected by changing the sign 
of each x„ , there remains only to be shown that the convergence of n“= i (1 +x n ) and 
Iln=i (1 ~ x n) imphes that of £“ =1 x^. 

But if Iln=i (1 +x n ) and Iln=i (1 — x n ) are convergent, then so is the product 


n(i+%)(i-*»)=n(i-^)> 

n=l 

and hence £“ =1 converges. 

The assertions (ii), (iii), and (iv) follow directly from relation (2.4). 

(v) Without loss of generality we assume that rCT=i(l+ x n) and (!“= 1 0 + cox n ) are 
convergent, where cq G R\ {0, 1}. Then with \x n \, \cox n \ < 1 for n> no. 


n a+*.) 


n( i +^)° D - 

n=n 0 


Thus, the infinite product 


converges. But 


n 


(1 +x n ) c ° 

1 + C 0 X n 


(1+Xn) c ° 
1 + CQX n 




(■ n > n 0 ) 


as e„ — > 0 for n — > <». This imphes the convergence of X«=i and hence by (i), the 

conclusion follows. 

Instructive examples are furnished by the products 


n 1+ 


for K,cel, 


(2.5) 


and 


n i 


1 — c- 


for a,c el 


\Jn— 1/2 J \ y/n+l/2) 

In order to discuss (2.5), the convergence properties of the series 


(2.6) 


and £ 


need to be investigated. To do this it is most convenient to use the Gauss test. 

Using this criterion and the fact that | ( “ ) | \ 0 as n — > °° for — 1 < a < 0, whereas 
I ( n ) I — * °° as n — ><>° for a < — 1, we deduce the following properties: 
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o if a > 0, then the product (2.5) is absolutely convergent for every cgl; 
o if — 1 /2 < a < 0, then the product (2.5) is conditionally convergent for c£l\ 
{ 0 }; 

❖ if —1 < a < —1/2, then the product (2.5) diverges to zero for c6i\{ 0} ; 

❖ if a = — 1 , then the product (2.5) diverges to zero for 0 < |c| < y/2, and is indef- 
initely divergent for |c| > \fl\ 

o if a < — 1, then the product (2.5) is indefinitely divergent for c e K\ {0}. We 
now discuss the infinite product (2.6). 
o If |a| < 1, then the product (2.6) obviously is absolutely convergent; 
o if | a | > 1 , then the product (2.6) is divergent for cel \ { 0} ; 
o if a = 1, then the product (2.6) is convergent for c = 1, since 

\ i + 30=^2) ( 1_ >TT 72 ) = 1 

for all n G N. Thus, from = 00 ar| d the above exercise, we conclude that for 
every cGf \{0. 1}, the infinite product (2.6) is divergent. □ 

2.4.2. Establish the following formula of Viete: 



Solution. Let t ^ 0. We commence by showing that 


Indeed, 


Hence 


But 


t t t sinf 

lim cos - cos — x • • • cos — = . 

2 2 2 2" t 


t t t . t 

sint = 2 cos - cos ■ ■ ■ cos — sin — . 

2 2 2 2 " 2 " 


t t t sint sint f/2” 

2 2 2 2" 2 n sinr/2" t sinf/2" 


sin f/2” 

~1/2T~ 

From (2.7) we obtain, for t = n/2. 


► 1 as n - 


2 n n n 

— = hm cos — cos — • • • cos r . 

n 4 8 2”+t 


(2.7) 


Since 

K 1 ,0 

cos — = — = and cos — 
4 \/2 2 

our conclusion follows. □ 


1 1 

- + -COS0 
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2.5 Qualitative Results 


We are servants rather than masters in 
mathematics. 

Charles Hermite (1822-1901) 


A direct application of the definition implies that for any convergent series X“=t a « 
of real numbers, 

liminfna„ < 0 < lim sup«a„ . 

This means that to prove lim„— na„ = 0, it is sufficient to show that the se- 
quence (na„) n > i is convergent. We apply this result to obtain in what follows a 
property that is an extension of a very old result of Olivier ([85], 1827). 

2.5.1. Let£“ =1 a n be a convergent series of real numbers, and suppose that there 
exists a real constant a such that for every nonnegative integer n (we define ciq = 0 ), 
na„ > (« + a)a„_i. 

Prove that the sequence (na„)„>i converges to 0. 

Solution. Define, for any positive integer n, r n = na„ and s n = — (1 + a) a*. 

Set b„ = r n + s n . We can rewrite the hypothesis as 

na n >{n — l)a„_i-f (1 + a)a n -\ , for all n > 2. 


Thus, for all integer n > 2, we have b n > b„- 1 , and so the sequence (b n ) n >\ is 
nondecreasing. Using the convergence of the series £“ =1 «n combined with the fact 
that r n = b n — s„, we deduce that the sequence {r n ) n >\ is convergent. □ 

2.5.2. (Cesaro’s lemma) Consider a sequence of positive numbers (a n ) n >\ . Then 
the following assertions are equivalent. 

(i) The series Xn>l a « diverges. 

(if) For any sequence of real numbers (b„) n > i that admits a limit £ in M, the se- 
quence (aibi -| K a n b n /a\ H b a n) n >\ tends to l, too. 


Solution, (i) => (ii) Let us first assume that (gl. Fix e > 0. Then there exists 
a positive integer N = N e such that for any n > N, \b n — 1\ < £. For any n > N we 
set c n := | — fj. Thus, using the convergence of {b n ) n > i combined with 

our hypothesis (i), 


c n < 

< 


1 

a\ H \-a, 

C 

a\-\ b a, 


EM**-*) 1+ , 

a x + -+a n 

&N+ 1 H ha„ 




ai- 


■ + a n 


- e < 2e , 


X a k \b k -£\ 

k=N+l 


provided that n> No>N and C does not depend on n. 

lf£ = -b°° we use a similar argument, based on the appropriate definition. 
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(ii) =>■ (i) Let L := £“ =1 a n € (0, +°°] • We argue by contradiction and assume that 
Lei. Consider the sequence (b n ) n > i defined by b\ = 1 and b n = 0, for all n > 2. 
Then, by (ii), we obtain 0 = 1/L, a contradiction. This implies that L = +», so 
the series D«>i o n diverges. □ 

The following elementary result has a crucial role in the study of the Ishikawa 
iteration process with errors for nonlinear strongly accretive operators in Banach 
spaces. 

2.5.3. Let ( a n ) n >o , {b n )„> o, and (c„)„>o be sequences of nonnegative numbers 
satisfying, for all integers n> 0, 


o n +i < (1 — X n )a n + b n + c n 


with X n e [0, 1], Xr=o =0 °,b n = o(X„) as and X“ =0 c„ < °°- Prove that the 
sequence (a n ) n > o converges to zero. 

Solution. Since b n = o(X n ) as there exists a sequence (d„)„> o such that 

b n = Xnd„ . Our inequality in the hypothesis enables us to prove by induction that for 
all integers 0 <k<n. 


0 < a n+ 1 < a*II(l - Xj ) + ^ 


h n (i-^) 


j=k j=k L 

Using the inequality ln(l +x) < x for all x > — 1, we obtain 

n(l-A;)<e -^ — >0 as 
i=k 


dj+%Cj f[ <*-*)• ( 2 -8 
j k t-i-l 


Next, for any integer 0 <k<n. 


j=k i-j ft 

Fix e > 0. Since lim = 0 and Xr=o c n < there exists a natural number 
N 0 = No(e) such that dj < e for all j > Nq and Yj=N 0 c j < 2£- Thus, by (2.8), 


0 < liminffln < limsupa„ < 2e . 

Letting e— >0, we obtain lim„— >,*, a„ = 0. □ 

2.5.4. Suppose X“ = , a n converges. Do the following series have to converge as 
well? 

(i) ai + a 2 + 04 + 03 + 08 + 07 + 06 + 05 + 016 + «15 + • * • + «9 + 032 H ; 

(ii) Oi + a 2 + 03 + 04 + o 5 + a 7 + a 6 + Og + ag + an + 013 + 015 + «io + o i2 + ai 4 + 

016 + 017 + OigH . 

International Mathematics Competition for University Students, 1997 
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Solution, (i) Yes. Let S = X«=i a n, S n = YJl= 1 a k- Fix £ > 0 and a positive integer 
N = N(e) such that |S„ — S\ < e for all n> N. The partial sums of the permuted 
series have the form 

Tyi— i_i_£ = S 2 > i-i + Si n — S 2 n -k i for all 0 < k < 2 n 1 . 

It follows that if 2 n ~ l > N then \T 2 „~i +k — S\ < 3e, which shows that the permuted 
series converges. 

(ii) No. Indeed, consider a n = (— l)”~ 1 /v / ”- Then 


and 


r 3 . 2 „ 2 S 2 n 1 + ^ X_ 2 y/2k+ 1 

T 2 ' 2 n— 2 5 2 n— ^ ^ * °° aS 

v2" 


So, by hypothesis, T 3 . 2 «-2 — 


A nice elementary result, whose proof is based on the uniform boundedness prin- 
ciple in functional analysis (see [37]), asserts that if for a given series £“ =1 of 
positive numbers, the series X«=i converges for each sequence of real num- 
bers {a n ) n > i such that Xn=i a n converges, then the series \ b 2 n converges, too. 
This property can be also viewed as a kind of reciprocal of the Cauchy-Schwarz 
inequality. We give a constructive proof of this result in what follows. □ 

2.5.5. Suppose that the series X“ =1 °f positive numbers diverges. Prove that 
there exists a sequence (a„)„> i of real numbers such that 


X a n<°° and X \a n b„\ = °°. 

n = 1 n = 1 


G. Helmberg 

Solution. Suppose first that there exists a subsequence («*)&> i of N for which 
\bn k | > 1 for all k > 1. Set 


a, 


l/k if n = n k , 

0 otherwise. 


Thus, we obtain Yf=\ «« = Yk=\ 1 /k p <°° and , \a n b n \ = Yk=\ \bn k \/k=°°. 

Without loss of generality we may therefore suppose that 0 < \b k \ < 1 for all 
k > 1. For any n > 1 define the sequence as follows: 


Pn,k = 


if 1 < k < n, 
otherwise. 
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Next, fix e e (0, 1) and set 


a k = 



1 8/2 ' 


Then 


X I«ai = X 

k- I fc-1 



>2 




l-e/2 



as n— >°o. 

It remains to show that£t=i a\ < °°. Since ]im„— b k = 00 and 0 < |Z>^| < 1, 
it is possible to define an increasing subsequence («y)/>i of N* by requiring that 


k=\ k-t 

As a consequence we obtain the following inequalities: 

fc=l 

rt 7+l w 7'+l W J 

S 4=J j b 2 k -J j b 2 k <e + 2-£=2; 

k=tlj + 1 tr=l tr=l 


n j+t n jrl 

I 4= I 


»j+i 

I 


Accordingly, 

^<lA +2 ip=I < ° 0 - 1=1 


X4<XW +2 X 7 N 2-e ' 1,4 ' 

*=1 *=i 1=1 (s-ii b] ,=1 


The next result asserts, in particular, that if (a„)„> i is a sequence of positive 
numbers, then: 

o if the series i a n 1 converges, then the series Xr=i w ( fl i + fl 2 H ban) -1 

converges, too; 

o if the series £“ =1 n («i + fl 2 H b an)” 1 diverges, then the series Xn=i a n ' di- 

verges, too. 

2.5.6. Prove that for any sequence of positive numbers (a n )„> i we have 
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X <2Y- 

", aj+a 2 -t ha„ ~ " 


Putnam Competition, 1964 


Solution. We first observe that the Cauchy-Schwarz inequality implies 


(1 + 2H \-n) 2 <(ai+a 2 -\ b a n ) 


2 2 

«2 



Hence 


' < 4 ' — y — 

ba« n 2 (n+l) 2 ^ayt’ 

y 2n+l <4V 2n+l y, & 2 _ y, L 2 y 2n + 1 
„=i «i H b “ ~1 « 2 (« + l) 2 a k " a k ~ k n 2 (n + l) 2 ' 


But 


It follows that 


£ 


2n+ 1 
n 2 (n+ l) 2 




2 ” +1 .< 4 jl, 

\-a n a k 


and the conclusion follows. □ 


1 

it? - 


2.5.7. Let X«= i «« be a convergent series of real numbers. Does the series 
i a n | a n converge, too? 

Solution. For any integer n > 0, define aj n+ i = fl 3 n +2 =1/ V«+ 1 and < 23^+3 = 
— 2/\/n+ 1. Then the series X«=i «n converges, but X“ =1 «« | a n diverges. □ 

2.5.8. Let (a n ) n > 1 be a sequence of real numbers such that 0 < a„ < a 2n + a 2n+ \, 
for all integers n> 1. Prove that the series X“ =1 «n diverges. 

Putnam Competition, 1994 


Solution. We argue by contradiction and assume that the series converges. Then 


X a «^ X ( a 2 n + «2n+l) = X < X ’ 

»=! » ~1 n 2 n-4 


contradiction. □ 

An immediate consequence of the following problem is that both the harmonic 
series X“ =1 ( n ) 1 and the Riemann series X“= 2 (ln«) _1 are divergent. 

2.5.9. Let (a n )„>i be a sequence of positive numbers such that a„ < a n+ \ + a n 2 , 
for all n > 1 . Prove that the series Xn=t JS divergent. 
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Solution. We have: ai < + «4 < «4 + + <25 + «i6 < • • • ■ Let 4 denote the 

set of positive subscripts that appear at the /cth step in the above iteration, that is, 
4 = {2}, 4 = {3,4}, I 3 = {4,5,9, 16}, etc. We observe that the length of 4 is less 
than or equal to 2 k ~ l . Moreover, if |4| = 2 k ~ 1 for all k > 1, then Y* p ei k a p > a 2 , 
which implies that all remainders of £“ =1 a n are greater than ci 2 , and so the series 
X“=i a n diverges. 

In order to prove that |4| = 2* _1 for all k> 1, we argue by contradiction and 
denote by m the least positive integer m such that i + 1 = j 2 , for some i,j £ I m . We 
observe that the numbers j 2 — 1, j 2 — 2, . . . , j 2 — 2j+ 2 are not squares. On the other 
hand,4= (4_t#l)U/|_ 1 , where 4_i + l := {4+I; qek-i} and l\_ , = {q 2 \ q £ 
4_i}. For all k < m, the definition of m implies that (4-i + 1) H/{L , = 0. Therefore 
j 2 — 2 & I m ~i, j 2 — 3 el m - 2, ..., j 2 — 2y + 2 e 4 i- 2;+3- So, w - 2 j + 3 > 1, that 
is, m > 2j — 2. Since, obviously, j > m + 1 for all j £ I m , we obtain m > 2j—2> 
2 (m + 1) — 2 = 2 m, contradiction. □ 

2.5.10. (a) Find a sequence of distinct complex numbers (z n )n> \ and a sequence 
of nonzero real numbers (a n ) n > 1 such that the series a n |z — z n \ either con- 
verges to a positive number or diverges to +°° for almost all complex numbers z, 
but not all cc„ are positive. 

(b) Let (z n )„> 1 be a sequence of distinct complex numbers. Assume that S«=i °-n 
is an absolutely convergent series of real numbers such that Xn=i a n\z — z n | -1 
converges to a nonnegative number, for almost all z S C. Prove that a„ are 
nonnegative for all n > 1 . 

T.-L. Radulescu and V. Radulescu, Amer. Math. Monthly, Problem 1 1304 


Solution, (a) We prove that the series 



1 



+ ••• 


(2.9) 


diverges to +°° for all z G C\ {0, + ^, ■ • ■ ,±^, • • •}. 

Indeed, we first observe that for any fixed zGC\{0,±j,...,±i,...},the above 

series has the same nature as the series — 1+1 + 1 + H , which diverges. Next, 

we observe that 


— i + !e — - — pr >0 if and only if Rez < — — 

|z| z+4-1 


and 


■i+A — — j-r + 0 if and only if Rez > J- . 
Z 7—4 2 n 


The above relations show that for any z G C \ {0, ±5, . . . , ±4. . . .} with Rez / 0 
there exists N £ N such that — 1 ^p+T| + > ^ rerna ' ns t0 P rove 

that this is also true if z = iy, y gl\{0}. For this purpose 
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we observe that 


1 



+ 



H b 






In -2 




1 


provided 2\y\ > (4 n 2 — 8n + 3) '.In conclusion, the series (2.9) diverges to +°° for 
all z e C \ {0,±j, . . . ,±i, . . .}. 

Another example of series with the above properties is 


_L V I ( 1 

W + „=2 n Vk + ln «l 


1 


\z-lnn\ 


Z G C\ {0,±ln2;±ln3, . . .} . 


(b) It is sufficient to focus on an arbitrary term of the sequence, say oq, and to 
show that oq > 0. We can assume, without loss of generality, that zi = 0. Fix 
arbitrarily £ £ (0 , 1 ) . Since £“ = , |a„ < °o, there exists a positive integer N such 
that XiLjv+i | a* | < £. Next, we choose r > 0 small enough that |a,| > r/e, for 
all i £ {2,. . . ,N}. Set 


m = i 


a„ 


It follows that 


0<l f(z)dz = a ,/ £ + J>/ ^+£cs/ 

2b,( 0) 2b,( 0) |z| Q 2 b,(0) \Z-Zi\ ,-J^j 2 b,( 0) |«-Zf| 

. f dz £ . , [ dz -sr i i f dz 

— a ' / rr + X l a 'l / I r+ X / | 1 

2b,( 0) |z| ~2 ^B r (0)|Z-Zi| i= ^| 2 b,( 0) |z-Z/| 

=2Era ' + i^Uwki + l ,h' a, 'L 

* - I 

JB r i 


< 2remi 


i , be sup . 

»r(0) \z - Zi I i>iV + l 2 b, ( 0) |z - Zi I 

For every i € {2, . . . ,fV} we have |z — z/| > |zj| — |z| > | — r = r(l — e)/e, so 

Eltr 


dz 

(0) \Z-Zi\ 

dz 


fXN / 

. w< 

2b,(o) |z— z;| r(l _ e ) 2b, ( o) 1 - £ 


<2z= - 


(2.10) 


( 2 . 11 ) 


If i > N+ 1 we distinguish two cases: either |z, | > 2r or |z,-| < 2r. In the first situation 
we deduce that |z — zt\ > r, for any z e 2? r (0). Thus 
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If |z, | < 2r then 


The above two relations show that 




( 2 . 12 ) 


Using (2.10), (2.11), and (2.12), we obtain 


0 < 27rrai + Y la, I ■ \-8enr. 

1-e 


i= 2 


Dividing by r and letting e—>0 we deduce that a\ > 0. □ 

Open problem. For part (a) of this problem, we have not been able to find an 
example of a series £“ =1 a„ \z — z n \ ~ 1 that converges to a positive number for almost 
all complex numbers z, but with not all a„ positive. It might be possible that such 
a series does not exist and the unique situation that can occur is that under our 
assumptions described in (a), the series X“ =1 a « |z — z n \~ l always diverges to +°°. 

2.5.11. Suppose thatai > ai > ■ ■ ■ and lim„— a n = 0. Define 


= X t -1 )' 7 " a j = a n~ a n +i + a n +2 ~ • 


Prove that the series Dn=t XT= t a nS n , a nd £“ =1 a 2 converge or diverge together. 


W. Trench, Amer. Math. Monthly, Problem 1 0624 


Solution. By the Leibniz alternating series test, S„ exists and satisfies 0 < S n < 
ci n . Thus 


X s n < X a nSn < X «« ■ 


n—\ 4=1 4=1 


n= 1 


So it suffices to show that finiteness of £“ =1 implies finiteness of £“ =1 To 
prove it, we use S n = a n — S n+ \ and the inequality (x + y) 2 < 2(x 2 + y 2 ) to infer 


X «« = X (Sn + 5 «+l) 2 < X 2 + ti+l) = 2 X S n + 2 X ti+l 


«=1 


«=1 


Using Stirling’s formula 


n n e n y/2nn 


we deduce that if a n = (2n)!/4"(n!) 2 , then a n = 0{ 1 /y'n) as n-+°°. On the other 
hand, a n +\/a n = (2n+ 1 ) / (2n + 2) < 1, so (a n )n>t is a decreasing sequence of 
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positive numbers converging to 0. Thus, by the Leibniz alternating series test, the 
series £“ =1 (— 1 ) n a„ is convergent. At an elementary level, however, the convergence 
of the series £“ =1 ( — 1 ) n a„ may be a little more difficult to obtain, the hard part being 
to show that a„— > 0 as n— o. For this purpose one may use the following simple 
result. □ 2.5.12. Suppose (a„)„> i is a decreasing sequence of positive numbers 

and for each natural number n, define b n = 1 — a n+ \/a n . Then the sequence (a n ) n > i 
converges to zero if and only if the series £“ =1 b n diverges. 

Solution. We first observe that for M > N, 


0< 


a# ~ Qm+ 1 

O-N 


i M M 1 M 

= — £ (a„-a n+1 ) < £ b„< — £ (a„-a n+ i) = 


— «M+1 

a M 


Now, if Xn=i converges and a„— >0, then letting M— gives 1 < 'E^ =N b n , which 
is impossible. Conversely, if a n — > 0 then let A = 1 and let M— The inequality 
above yields £«=i < (ai — a)/a, and so the series converges. 

Returning now to the above example, we see that b n = 1/ (2n + 2) for any 
n > 1, so the divergence of the series i b n implies that a n — >0 as n— The 
same technique gives an easy proof of the convergence of such series as 

y (~ 1 ) n n n 

h en «! 


and the series of binomial coefficients 

Y 1 ) with a > - 1 . □ 

#=[«]+i vv 

2.5.13. Let Xn=i a n be 3 convergent series of positive numbers and set r n = 
Yk= n a k- Prove that the series £“ =1 a n lr n diverges. 

O. Kellogg 

Solution. By definition, r„ = a n + r n+ \ . Hence 



a n + 1 
r n + 1 


By induction we establish that for all positive numbers n and p we have 


r n+p Y — — _ an+1 _ Qn +P 

r n r n r n+ 1 r n+p ' 

Since the series X«=i «n is convergent, we deduce that r n+p — >0 as p—*°°. Fix 5 G 
(0,1). Hence, to any positive integer n, there corresponds pG N such that 


a n a n + 1 
r n r n+ 1 


^±£>l_!il±£ > 5. 

Ot+p 
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It follows that the series £“ =1 a «/ r « diverges. 

Let X“=i a n be an arbitrary series. Each increasing sequence «| . «2- «3 - ■ ■ ■ of 
positive integers determines a series 


a ni + a„ 2 +a n 3 H , 

which is called a subseries of the given series. The following exercise establishes an 
interesting property of some subseries of a divergent series. O 

2.5.14. Let (a n ) n >i be a sequence of positive numbers such that Um n —>^a n = 0 
and the series £“ =1 a„ diverges. Let a be a positive number. Then there is a subseries 
of X“=i «« that converges to a. 

Solution. Let n\ be the least integer such that a n < a/2 for all n>n\. Let m\ be 
the greatest integer for which 

si=a ni +a„ l+ i-\ h a mi < a. 

Then a/2 < ii < a. Let «2 be the least integer such that nn > m\ anda„ < (a — s\ ) /2, 
provided n > «2- Let mn denote the greatest integer for which 

S 2 = si + a„ 2 + a„ 2 + 1 4* *'*'»•+ a m2 < a. 

Then a — a/2 2 < S 2 < a. Let n$ be the least integer such that nj > m 2 and a n < 
(a — S 2 ) /2, provided n > n^. Let m3 denote the greatest integer for which 

■?3 = ^2 + a„ 3 + a„ 3+ i -f. . . • + a m3 < a. 

Then a — a/2 3 <53 < a. Continuation of the construction yields the sequences of 
integers («*)*> 1 and {mi/)k>\ such that 

«i < mi < «2 < < n 3 < m 3 < • • ’ i 

Sq = s q - 1 + a nq + a„ 9+ t H b a mq for all q > 2, 

and a — a/2 q < s q < a. It follows that the required subseries converging to a is 
«ni + ««| -i + a mi + a n 2 + a „ 2+ 1 • + a m2 + a„ 3 + a„ 3+ H ■ C 

2.5.15. Let (X n )n>\ be a sequence of positive numbers. Set a 1 = 1, a n+ \ = 
a n + X n a ~ 1 forn > 1. Prove that lim„— > M a„ exists if and only if the series X“ =1 X„ 
converges. 

T. Davison 

Solution. We first observe that a n+ \ > a n > 1 for all n > 1. Assume that 
lim„— ^an = a. Hence, for all n, we have a n < a. Therefore 

N N i I tV 

(a n+ i -a n ) = a N+ i-ai = 

*=1 n=\ Un a n=t 
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It follows that £“ =1 Ki < a(a — 1) < <*>. 

Conversely, assume that the series £“ =1 X„ converges. Then 

N N 1 N 

X (««+ 1 - a n ) = <w+i - ai = X — > x ■ 

n=l n=l n=l 


Therefore lim„— = 1 + X” =] A„. 

Since the harmonic series £“ =1 V n i s divergent, the partial sums S n = X”=i 1/& 
are larger than every real number, provided n is big enough. A remarkable property 
is that S n is never an integer, for all n > 2. Another striking result related to the 
harmonic series is the following. □ 

2.5. 1 6. Prove that every positive rational number is the sum of a Unite number of 
distinct terms of the harmonic series. 

Solution. Let a/bbe any given positive rational number and assume without loss 
of generality that a/b> 1. Let no be uniquely determined by 


Let ai/b\ = a/b — S„ 0 and assume that a\/b\ >0. Consider the positive integer n\ 
uniquely determined by n\ < b\/a\ < n\ + 1 and set a 2 jb 2 = a\/b\ — l/(n\ + 1 ). 
Let n .2 be determined by n 2 < b 2 /a 2 < n 2 + L Define 03/^3 = a 2 /b 2 — l/( n 2 + 1) 
and so on. Since a\ > 02 > a 2 > • • • , we deduce that after finitely many steps we 
obtain a m = 1 , that is. 


1 a m a m - 1 1 

b m b m b m - 1 n m _i + l 


Therefore 


a 

b 


S§p 

n\ + 


1 

n 2 + 1 


+ ••• + 


1 

n m - 1 + 1 


1 



□ 


2.5. 1 7. Let {a n )n>\ be a sequence of real numbers such that a n > 0 and the series 
X“=i is convergent. Define S„ = Prove that the series £“ =1 (S„/n) 1 2 is 

convergent. 

Solution. We first observe that 


Hence 




<2a 2 n + 2 



= 4a 2 +2 




n 



<4 X«»+ 2 X 



4 X ~~ 2 ~ 


(2.13) 
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for each n. Moreover, 

-2 a n S n = -{S 2 n - S“_ x ) -a\< -(S® - 


Therefore 


Ar „ c JV tf_o2 

« „=i « 

1-2 2-3 

1 


C 2 c2 

J AT-1 _ 

' (N — l) -N N 


<1 


t si. 


1) 

By substituting this estimate into (2.13) we obtain 


N / c \ 2 AT At / o \ 2 N i 

S(-) <4l«i+2ip) 

„=i V«y „=i £i\ n J „=!«(«+ 1) 

At At i 

= 4 I«n + 2l V— 

„=1 *i» 2 (n+l) 


which yields 




This concludes the proof. □ 

2.5. 1 8. Does there exist a bijective map n : N — > N such that 

£^<~? 

„=t « 2 

International Mathematical Competition for University Students, 1999 

Solution. We argue that the series £“ =1 n(n)/n 2 is divergent for any bijective 
map n : N — > N. Indeed, let n be a permutation of N. For any n £ N, the numbers 
7r(l), . . . ,7t (n) are distinct positive integers; hence 


7r(l) + • • • + 7t(n) > 1 + • — b n — 


n(n+ 1) 


Therefore 


£^=£mi)+-+*(»))(V 

„ , n- \n- (n4r% 


>s- 

n= 1 


(n+1) 2 

-pi 2u -f* a ^ ^ 1 

n 2 (n+ l) 2 = " 2n(n+ 1) ~ " n+f 


2 
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An alternative argument is based on the observation that for any positive integer 
N we have 


n 2 > 9' 
n=N+l y 

Indeed, only N of the 2 N integers n(N + 1), . . . , n(3N) are at most N, so that at 
least N of them are strictly greater than N. Hence 


H 7t(n) 1 H . , 1 1 


2.5.19. Let ao = bo=l. For each n > 1 let 


Jfc=0 K - 


lfc=0 *' 


Show that a n ■ b n is an integer. 

Solution. We prove by induction on n that a„/e and b n e are integers, for any 
n> 1. 

From the power series of e*, we deduce that ci\ = e 1 = e and b n = e _1 = 1/e. 
Suppose that for some n > 1, ao, ai, ■ ■ ■ , a n (resp., bo, b\, . . . , b n ) are all integer 
multiples of e (resp., 1/e). Then, by the Newton’s binomial, 


a n + 1 


f (^+l)" +1 _y (*+!)" 
to (*+ 1 )' io kl 




and 


b n + 1 = X( -1 )* +1 

k=0 


— X(-1)* 

k=0 



(k + l) n+1 

w 





-I(-l ) 4 

k=0 



(*+!)” 

k! 


*=0 


The numbers u n+ i and fc n+ i are expressed as linear combinations of the previous 
elements with integer coefficients, which concludes the proof. □ 
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The following result is closely related to the divergence of the harmonic series 
and establishes an interesting property that holds for all sequences of positive real 
numbers. 

2.5.20. Let (a n )„> i be a sequence of positive numbers. Show that 

limsup^I ±^±iy>e. 


Solution. Arguing by contradiction, we deduce that there exists a positive integer 
N such that for all n>N, 


at + a n+ 1 


This inequality may be rewritten as 


<»h4V 


a\ < ( ^__ a n + 1 
n + 1 n n + 1 

Summing these inequalities, we obtain 

“■(ivTT + " + i|< 


for all n>N. 


on _ a n + 1 
N n+l < N ’ 


which is impossible, since the harmonic series is divergent, fit 

The following result is optimal, in the sense that (under the same hypotheses) 
there is no function / with f(n)/n— >°° and f(n)a n — >0 as n — >°°. 

2.5.21. Let (< 2 „)„> i be a sequence of real numbers such that the series £“ =1 a„ 
converges and a n > a n+ \ > 0 for a 11 n> 1 . Prove that na„—>Q as n— >°°. 

Solution. Assume that m and n are positive integers with 2m < n. Since the series 
X“=i o-n converges, we may assume that r m := ZJ= m +i a j < £ , where e > 0 is fixed 
arbitrarily. Then 


(n - m)a n < a m+ 1 + • 


■ + a n < r m := ^ a 

j=m + 1 


Thus, 


n n 

0 < na„ < r m < e < 2e , 

n — m n — m 

which concludes the proof. □ 

2.5.22. Let (a„) n > i be a sequence of positive numbers such that the series X“ =1 a n 
converges. Prove that there exists a nondecreasing divergent sequence (b„)„> i of 
positive integers such that the series Y^=\ a n b n also converges. 

Solution. Since X«=i a n converges, we deduce that for any n > 1, there exists a 
positive integer N(n) depending on n such that 
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s 

j=N(n) 


To conclude the proof, it is enough to take b m = n, provided N(n) < m < N 
(n+1). □ 


“Prime numbers were invented to multiply them.” Israel Gelfand attributes this 
famous quotation to the Russian physicist Lev Landau (1908-1968), who was 
awarded the 1962 Nobel Prize in Physics. Nonetheless, the additive properties of 
the prime numbers have been a fascinating subject for generations of mathemati- 
cians, and by now there is an ample supply of powerful and flexible methods to 
attack classical problems. 

Problems concerning infinite sums of positive integers play an important role 
in number theory. For instance, the Hungarian mathematicians Paul Erdos 
(1913-1996) and Paul Turan (1910-1976) conjectured in 1936 that every infinite 
set {a \ , 02 ! ■ ■ ■ } of positive integers contains arbitrarily long arithmetic progressions, 
provided that the series £“ =1 l/a„ diverges. This conjecture is still open, and it is 
not even known whether such a set contains an arithmetic progression of length 3. A 
related theorem due to the Dutch mathematician Bartel Leendert van der Waerden 
(1903-1996) states that for any partition N = (J"=i Sj into finitely many subsets Sj, 
at least one of them contains arbitrarily long arithmetic progressions. A remark- 
able breakthrough in the field was achieved in 2004 by the British mathematician 
Ben Green and Fields Medalist Terence Tao [35], who proved a long-standing con- 
jecture, namely, that the set of prime numbers contains arbitrarily long arithmetic 
progressions. For example, 7, 37, 67, 97, 127, 157 is an arithmetic progression of 
length 6 consisting only of primes. In 2004, Frind, Underwood, and Jobling found a 
progression of length 23 with first element of size « 5.6 x 10 13 . Notice that the 
Green-Tao theorem guarantees arbitrarily long arithmetic progressions of prime 
numbers, but infinitely long such progressions do not exist: n + kd is not prime 
if k=n. 

The following result establishes that the series of inverses of prime numbers 
diverges. We provide three different proofs to this property. It may be surprising 
to note that the sum of the reciprocals of the twin prime numbers (that is, pairs 
of primes that differ by 2, such as 11, 13 or 17, 19) is a convergent series, see 
[65, pp. 94-103], 

2.5.23. Prove that the series 

X ~P 

p=prime y 

diverges. 

Solution. We start with a simple proof due to Paul Erdos. Indeed, if X 1 /p con- 
verges, then we can choose b such that Y, P >b 1 /p < Take a = 1 . Suppose n£M x , 
and write n = k 2 m, where m is square-free. Since m = f[ s p, where S is some subset 
of P, m can assume at most 2^ values. Also k < %Jn < v /x. Thus \M X \ < 2^^/x. 

Now the number of positive integers < x divisible by a fixed p does not exceed 
x/ p. Thus x— M x | , the number of such integers divisible by some prime greater 
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than b, satisfies 


x-\M x \ < X - < 
P?bP 


x 

2 ' 


We see that 


5<|A£|<2lVi, 


or yGt < 2l p l +1 , which is clearly false for x sufficiently large. 

The following very simple identity forms the basis for two more alternative 
proofs, namely, 


/ 1\ 

/ 1 1 1 \ 

K) 

( 1 +^+ 7 +-+^j 


Taking the product over P and letting k - 


= l + - + \ 
P P 

> yields 

1 


1 

fpk+\' 


P \ P / M n M n 

Since £ 1 /« 2 converges and £ 1/n diverges, this means that 
for a = 1, ]/[ ^1 H — ^ — *• oo as b—><> 


(2.14) 


(2.15) 


Firtf alternative proof. Since for C>0, e c = 1+C + C 2 /2! + • • ■ > 1 + C, 
we have 

n( 1+ ;)<rK'«p(Z;)- 

This, with (2.15), shows that 2 1/p diverges. 

Second alternative proof. By (2.15) Il/>(1 + 1/p) — i ► 00 as b — ► °° for any fixed a, 
and so the same is true for 1 /n by (2. 14). If 1/p converges, we can choose a 
such that 1 /p < 2 for all then choose and x large enough such that 1 jn > 
2. Since every n in M x except 1 is of the form pn for p £ P and n G M x , we have 


pPM x n M x n 


Then 


a contradiction. □ 


1 x • 1 




2.5.24. (i) Show that if (a n ) n > t is a decreasing sequence of positive numbers 
then 

M'*4 7r 
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(ii) Show that there is a constant C such that if (ci n ) n > \ is a decreasing sequence of 
positive numbers then 



Solution, (i) We have 



(ii) Using (i) we obtain 




Next, we observe that 




This completes the proof, with C = 4. □ 

Prove that the optimal constant is C = x. 

2.5.25. Let (a n ) n > \ be a decreasing sequence of positive numbers such that the 
series X“ =1 a n is convergent and a n < XJ=„+i a i f° r aUn> 1 . Define L = Xn=i a n- 
Prove that for every 0 < x < L there is a sequence ( £„)„>] with e n G {0, 1 } such that 
x=l~ =1 £„a n . 


Miklos Schweitzer Competitions 


Solution. Fix 0 <x<L and define the numbers £„ inductively as follows: 



1 if XiL/ £i«i + a„<x, 
0 if I'U/ £ t a, > x. 
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For every n for which e„ = 0 we have 

0 < x - ^ e,a, < x - ^ £,a, < a„ . 

/=i i=i 

We deduce that if there are infinitely many such n, then x = XJLj £,«,. If, however, 
there are only finitely many such ns, then for the largest one, 

x — ^ £;«, <a n < ^ a, = ^ £,a, . 

i=l i=n+l i=n+l 

Therefore x < £“ =1 £„a„, so our claim follows in this case, too. □ 

2.5.26. Let (a n )n>t be a sequence of positive real numbers such that £“ =1 a„ 
converges. 

(i) Prove that^ =l a J j og ' ! /( l + log '’) a l S o converges. 

(ii) Prove or disprove: If (b n )n>\ is an increasing sequence of positive real numbers 
tending to one, then £“ =1 a*" converges. 


Christopher Hilar 

Solution, (i) Define 1= {n: a J i °g n /( 1 + 1 °g n ) < e 2 a„} and J = N \7. If n e J, then 
«n° 8 " > (en) 2 a« +log ”, so <z„ < (en)“ 2 . Therefore 

£ ^>g«/(l + Iog„) < £ e 2 fln + £ (en) -2 < e 2 £ fln + e -2 £ „-2 < » . 
n= 1 lie/ nej n= 1 n=l 


(ii) We disprove the assertion. For n > 3, let 


a " n(logn) 2 ’ 1 + ^g^' 

Now XJT=i fl n converges and (b n ) n >\ increases to 1, but a*" = « _1 , so X«= i 
diverges. □ 

2.5.27. Leta„, tp„ be positive constants with 

Y a„ convergent, and (p n = o( ) . 

„±i Viogn/ 


Show that the series X“ =1 a « <P '‘ converges. 


Jet Wimp 
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Solution. We prove the following equivalent statement: let (b n ) n > i be a sequence 
of real numbers with 0 < b„ < 1 and 1 — b„ = 0(1 / logn). If (a n ) n >\ is a sequence 
of positive real numbers such that £«=i a n converges, then £“ =1 a n" converges, too. 

To prove this, suppose that £“ =1 a n < °°, and choose N large enough that a n < 1 
and b n > 1 - K/logn > 0 for all n>N. Now (1 /n)^/ 1 ^") = e~ K , and 


X a n n — &1K X a n ~ K ^° %n ■ 
n=N n=N 



K/\ogn 


<e 2 *£ 

n=N 



K 


1 


° n logn n 2 


by the AM-GM inequality. The last series converges, and this concludes the proof. 

□ 

2.5.28. Prove that if (a n ) n >\ is a sequence of positive numbers with a n < <*>, 

then for all pg(0,l), 


Urn n'-' /p (a p + --- + a p ) 1 / p = 0. 


Grahame Bennet 


Solution. (Eugene A. Herman) Define the sequence ( x n ) n >\ by x n = (1 /n) 1 p 
(a 1 ! A a'n). Since 

n l - l t p {a p a p ) 1 > P = ((1 /n) l ~ p (a p + ■ ■ •+ a p )) x ' p = xj p , 

it suffices to show that x n — > 0 as n— Using Holder’s inequality we obtain 


X 



1 -p 



Given any e > 0 choose N such that Xn=v a « < (e/2) l // '. For any n larger than both 
N and (« + • • • + a^)2/e) 1 /(i-e) > we have 



which concludes the proof. □ 

2.5.29. Let {a n ) n >\ be a sequence of real numbers such that X«=i \ a n\ is conver- 
gent and Xn=t a kn = 0 for each positive integer k. Prove that a„ = 0 for a 11 n> 1 . 
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Solution. Let p„ be the nth prime greater than 1, and let R n be the set of positive 
integers that are not divisible by any p\,...,p n . Note that the first two members of 
R n are 1 and p n +i- 
We first claim that 

X “i = 0 

jeR„ 

for each n. From this it follows that \a\ \ < |o/| for all n, and therefore that 

a\ = 0. A similar argument shows that for any k, Y,jeR n a kj = 0, and hence that 

KI = o. 

For a bounded sequence b = (b n ) n > i, write (a. b) = Y,a n b n , where a = (a n ) n > j. 
Let c k be the sequence with 1 in place nk (n = 1,2,...) and 0 elsewhere. The 
hypothesis states that (a, c k ) = 0 for each k. 

Fix an integer n, and for 1 < r < n, let T r be the set of products of r distinct 
primes chosen from p\,...,p n . Consider the sequence b defined by 

b=c i +±H ly^c*. 

r= 1 keT r 

If we show that bj is 1 for j G R n and 0 for other j, then our claim follows. If j is 
in R n , then c k = 0 for all k in \J n r= \ T r , so bj = cj = 1. Suppose now that j is not in 
R„, and let q \ , . . . , q m be the primes that divide j and are not greater than p n . Let U r 
be the set of products of r distinct primes chosen from q\,...,q m . Then lJ r has C r m 
members, and c k = (— 1 ) r for each k in U r . These, together with c 1 , are the only c k 
that make a nonzero contribution to bj, which is therefore equal to 

i+X(-irc=(i-ir=o. 

r=\ 


This completes the proof. □ 

We say that a function / : R— is convergence-preserving if for every conver- 
gent series X“=i a n, the series X“=i f( a n) also converges. For example, all functions 
f(x) =ax are convergence-preserving, where a G R is an arbitrary constant. The fol- 
lowing properties are also true: 

(i) if / is convergence-preserving, then /( 0) = 0; 

(ii) if / and g are convergence-preserving, so are f+g, af, fog, and g(x) = f(ax ) , 
where a is a constant. 

The following exercise establishes that every convergence-preserving function 
has at most linear growth in a neighborhood of the origin. 

2.5.30. Letf : M— be a convergence-preserving function. Prove that there exist 
a real number M and e > 0 such that f(x) < Mx for all 0 < x < e. 

Solution. Arguing by contradiction, we deduce that for any positive integer n we 
can find 0 < x n < 1 /« 2 such that f(x n ) > nx„. 

Let j n be the least integer such that j n > 1/ (n 2 x n ). Then j n x„ < 2/n 2 . Consider 
the series 
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x\+x\A hxi (j i times) +X 2 +X 2 -I I-X2 (7 2 times) H . 

This series converges by comparison with £n=i 2 /n 2 . 

When we apply / to each term of the series and sum the first n blocks, we obtain 

X jnf(x n ) > X Wn > X “ > 

«=1 n -1 »•- 1 n 

which diverges, contradicting the hypothesis that / is convergence-preserving. 

As proved in [116], a function / is convergence-preserving if and only if there 
exists a constant such that f(x) = ax in a neighborhood of the origin. This 
result guarantees the existence of many series having strange properties. For ex- 
ample, there is a sequence («„)„> 1 for which £“ =1 <^ n diverges but Xn=i tana„ con- 
verges; otherwise, (arctanx) 3 would be convergence-preserving. Similarly, there is 
a sequence (&„)„> \ with £“ =1 b\ convergent and X“ =1 tanb„ divergent; otherwise, 
tan (fx would be convergence-preserving. □ 

2.5.31. Let Xn=i a n be a convergent series with sum A and with positive terms 
that satisfy a n+ i <a„< 2a n+ \ foralln> 1. Prove that any positive numberB < A is 
the sum either of a finite number of terms or of a subseries of the considered series. 

Marian Tetiva, Problem 101, GMA 1(2001) 
Solution. We first assume that a\<B < A. Define A n = Y!l=\ a k- Then 


[a h A)= U[A„,A„ + i); 

n> 1 

hence there exists 5 > 1 for which B £ [A 5 ,A i+ i). If B = As, we are done. Otherwise, 
we have B £ (A s ,A s+ i), and thus 


0 <B — A S < a s+1 . 


Since a\ > ci 2 > ■■■ and lim„^„ a n = 0, we have 

(0,a,+i)= (J [a n+h a n ); 

n>s + 1 

hence there exists p £W such that B — A„£ [a s+p+ \ .a s+p ). Again, we are done if 
B — A s = a s+p+ \. If not, according to the hypothesis, 

0 < B As a s . p . ] < ci s . p a s ■ p ■ \ < (is ■ p ■ \ ■ 

In turn, B — A s — a s+p+ 1 is in an interval of the form [a s+p+q+ i,a s + p +^) for some 
positive integer q. Therefore we obtain 

0 — B — As — (I s + P + 1 — a s +p+?+l ^ a s+p+q — a s+p+q + 1 — a s+p+q+ 1- 
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So we can assume in general that we have natural numbers s < t\ < ■ ■ ■ < f* 
such that 

0 < B-A s -a t] a, k < a tk -\ - a, k < a, k . 

We are done if we have equality in the left-hand inequality; otherwise, B — A s — 

a t j a, k is in an interval [a tk+u+ \ , a, k+u ) (for some natural u), and with tf,+ t = 

tk + u + 1 we have 


0 <B-A s -a h a tk - a, k+l < a, k+1 - i - a, k+ , < a, k+l 

and so on. This method yields a strictly increasing sequence of natural numbers 
^ < t] < t 2 < ■ ■ ■ with the property that 

0 <B — A s — a tl a tn < a tn - \ — a tn < a tn ^n e N*. 

If any of the left-hand inequalities becomes an equality, the problem is solved, since 
obviously, B is the sum of a finite number of terms of the series X“ = , a n . On the 
other hand, if all these inequalities are strict, because of lim„^ M t n = °o we also have 
lim „-^^a tn = 0 and 

B = lim (A, + a h -H “ + a tn ) , 

which proves the claim. 

In the case 0 < B < a\, notice that a\ < A — B < A. Indeed, 2 A — 2«i = 
X“=i 2a„ + i > Xr=i a n = A, whence A — a\ > a\ > B (the other case is clear). 
In conformity with the part above, there is a sequence j\ < y '2 < ••• of natu- 
ral numbers such that A — B = Xn= 1 a j n , which easily implies B = £“=i a in , for 
• • • } = N* \ {71,72, • • • }• □ 


2.6 Independent Study Problems 


Mediocrity knows nothing higher than 
itself, but talent instantly recognizes 
genius. 

Sir Arthur Conan Doyle (1859-1930) 

2.6.1. Prove that the series 



converges to 4.59987 .... Does the value of this sum equal 177T 4 /360? 


2.6.2. Determine the values of p > 0 for which the following series converge: 


(0 17=2 


(In n)- 2 ” . 

n P+p-^n) l IP ’ 


2.6 Independent Study Problems 


111 


(iii) Xr=i arccos p , 

where v(n') is the number of digits in the decimal expression forn. 

Hint, (i) Consider separately the cases p > 1 and 0 < p < 1 . 

(ii) Use the relation arccosjt ~ ^/2(1 —x) as x—>l — 0. 


2.6.3. Let X“= i «« and X“ =1 b 2 n converge, where a„> 0 and b„> 0 for a 11 n> 1. 
Prove that the series £“ =1 converges. 

2.6.4. Study the convergence of the series £“ =] a„, where 


a„ 


[~ ( 2 «— 1)!! ~| 2 

[ (2n)!! J 


R.E. Moore, Amer. Math. Monthly, Problem 2752 


2.6.5. Let £“=i a n be a convergent series of positive numbers. Prove that the 
series X“ =1 ^/o~ n jn converges. 

2.6.6. Evaluate 



H.F. Sandham, Amer. Math. Monthly, Problem 4293 


2.6.7. Let Xn=i a n be a divergent series of positive numbers and set s n 

= rt| — 

(i) Prove that the series £“ =l a„/(l + a n ) diverges. 

(ii) Prove that 

ON ±1+ _| 

SN+1 SN+k ~ %+* 

and deduce that the series X«=i a n /s„ diverges. 

(Hi) Prove that 



and deduce that the series £“ =1 a n /s 2 n converges. 

What can be said about the series £“ =1 a„/(l + a 2 ), XJT=i a n/{ • + na„), and 
l“ =1 «„/(l + n 2 0? 


2.6.8. Let Xn=i a n be a divergent series of positive numbers and set 

s„ = ai H b a„ . Prove that the series £“ =1 a n /s\ +e converges for any e > 0. 

Hint. Compare the given series with the series J“ =2 (■*«-! — s n B )- 
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2.6.9. Show that the series £“ =1 (log n)/n 2 converges. Ifs> 0, does 
Y (logra) 3 

„=i « 1+£ 


converge ? Given a positive integer d, does X«=i (l°g n) d /n s converge for s > 1 ? 
2.6.10. Given the sequence (a„) n >i dehnedby a\ = 2, a 2 = 8, a„ = 4a„_i — a „_2 


t = 2, 3, . . show that 


9 7T 

> arccota: = — . 

Z. n 12 


N. Anning, Amer. Math. Monthly, Problem 3051 


2.6.11. Given the sequence (a n ) n > i defined by a i = 1 , c <2 = 3, a„ = 4a n \ — a n -2 
(n= 2,3,...), show that 

X"’ _ o 7T 

^ arccot2a n = — . 

n= l 6 

A.C. Aitken, Amer. Math. Monthly, Problem 3348 


2.6.12. If a, b > 1 prove that 

where £ denotes the Riemann zeta function. 

2.6.13. Suppose that the series with positive terms £“ =1 a n converges. Put r n = 

a n + a n+ i + a n+ 2 -\ . 

(i) Prove that 

«m «n , r„ 

1 1 >1 

r m r n r m 

ifm<n and deduce that the series £“ =1 a nl r n diverges. 

(ii) Prove that 


-^=<2(0--V^I) 

and deduce that the series £“ =] a n / ^Jr~ n converges. 
2.6.14. Show that y, Euler’s constant, is given by 


7 = 



where a n 



A.M. Glicksman, Amer. Math. Monthly, Problem 4045 
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2.6.15. Find a sequence of real numbers (a n ) n > i such that , a n converges, 
Xn=i a n diverges, X“ =1 a n converges, and so on. More generally, let be an arbi- 
trary (Unite or infinite) set of positive integers. Then there exists a sequence of real 
numbers (a n )„>\ depending on such that for j = 1,2,..., the series £“ =1 a^ 7-1 
converges or diverges according as j does or does not belong to r if. 

G. Polya, Amer. Math. Monthly, Problem 4142 

2.6.16. Let (< 2 „)„>i be a sequence of real numbers and set 

s n =f j a k and C7„ = £ ( 1 - J a k . 

#=■1 + 1 / 

Assume that the series £“ =1 - s ’« — °n\ k converges for any k > 0. 

Prove that the series a n is convergent. 

R. Bellman, Amer. Math. Monthly, Problem 4250 

2.6. 1 7. Find all values of a and j3 for which the series £“ =1 n ° sinn^ converges. 

R.P Boas Jr. and W.K. Hayman, Amer. Math. Monthly, Problem 4415 


2.6. 1 8. Let (a«)„>i be a sequence of positive numbers converging to 0. Prove the 
following properties: 

(i) if Xn=i a n = +°°, then Xn=i mi n(«« 5 1 /«) = +°°; 

(ii) if Sn=i a n/n = +°°, then n 1 min(a„, 1 / Inn) = +°°. 

2.6.19. Let (a n )n>i be a decreasing sequence of positive numbers converging 
to 0. Prove that the series X“ =] a„ is convergent if and only if a„ = o{ \ jn) and 
IZ=i( a „ ~ a n+i)n < +°°. 

2.6.20. Let (a n ) n > i be a decreasing sequence of positive numbers converging to 
0. Prove that the series X«=i Un/n is convergent if and only if a„ = o(l/lnn) and 
sr=i (a« - «n+i) Inn < +°°. 

2.6.21. We modify the harmonic series by taking the first term positive, the 
next two negative, the next three positive, etc. Show that this modified series is 
convergent. 

E.P. Starke, Amer. Math. Monthly, Problem E824 

2.6.22. Let p > 1 and assume that (a„)„> i is a decreasing sequence of positive 
numbers converging to 0. Prove that the series £n=i a„ is convergent if the series 
2^=1 eft 1 /n l l p converges. Is the monotonicity essential? 

Hint. A counterexample is given by the sequence ( a n )„>\ defined by a„ = 1 for 
n = 2 k and a n = 0 otherwise. 
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2.6.23. Suppose thata n > 0 and , a n < +°°. Prove that 



2.6.24. Find the sum of the series 


n= l 


I 



2.6.25. Suppose that 0 < a n < 1. Prove that if the series £“ =1 a «/ 0 n «n) con- 
verges, then so does the series £“ =1 a n j ln( 1 + n) . Is the converse true if (a n ) n >\ is 
a decreasing sequence of positive numbers converging to 0 ? Can the monotonicity 
be dropped? 

2.6.26. Let (a n )„>i be a sequence of positive numbers such that the series X“ =1 a « 
is convergent. For any n > 1 , set r n = XiT=n+i 

(i) Prove that if the series £n=i r„ is convergent, then the series YZ= \ na n 
converges. 

(ii) Prove that if the series £“ =1 nci„ is convergent, then the sequence (nr n ) n > \ con- 
verges to 0. 

(iii) Deduce that the series X“ =1 na « ,s convergent if and only if the series £“ =l r n 
converges. 

2.6.27. Let (a n )n>i and (b„)„>i be sequences of real numbers. Show that if 
both series £“ =1 b„ and £“ =1 ««+ i — converge, then the series i is 
convergent. 

2.6.28. Let (p n )n> l be a decreasing sequence of positive numbers that converges 
to zero and let (a„)„> i be a sequence of real numbers. Show that if the series XJT=i a « 
converges, then 



(2.16) 


Conversely, if £“ =1 a « does not converge, show that there exists a decreasing 
sequence of positive numbers ( p n )n> l that converges to zero such that relation (2.16) 
does not hold. 


Chapter 3 

Limits of Functions 


No human investigation can be called real science if it cannot 
be demonstrated mathematically. 

—Leonardo da Vinci (1452-1519) 


Abstract. Some of the subjects treated so far in this volume have dealt with pro- 
cesses that can be carried out in a finite number of steps. These processes, however, 
are not adequate for the purposes of mathematics itself. That is why it is essential to 
manage infinite processes. The most important new idea introduced in this chapter 
is the notion of limit of a function. We have already met this idea in the case of seq- 
uences (that is, functions defined on countable sets) and we shall meet it over and 
over again in the next chapters. We present a sample of the various ways in which 
the notion of limit may appear in new situations, merely as a preview for deeper 
applications in the next chapters. 


3.1 Main Definitions and Basic Results 


One says that a quantity is the limit of 
another quantity if the second 
approaches the first closer than any 
given quantity, however small 

D’Alembert (1717-1783), 
Encyclopedic , tome neuvieme, 1765, a 
Neufchastel 

The concept of limit is fundamental in mathematical analysis. This notion describes 
the behavior of a certain system (described by a function) when the variable ap- 
proaches a certain value. The first rigorous definition of the limit is due to Cauchy 
in his Analyse Algebrique [16], 1821. We describe in what follows the main defini- 
tions and properties related to the concept of limit of a function. 

Let I C R be a set and let / be a real- valued function whose domain is I. Fix a 
point xo £ R that is an accumulation point of I. We say that / has limit £ £ M at xo, 
and we write 

lim fix) = l , 

X-^XQ 

T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 115 
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if for any e > 0 there exists 8 > 0 (depending on e) such that if x £ I, x ^ xo, then 
\f(x) —l\ < £. 


The notation “lim” is also due to Cauchy, who wrote in 1821: “When a variable 
quantity converges towards a fixed limit, it is often useful to indicate this limit by a 
specific notation, which we shall do by setting the abbreviation 


lim 


in front of the variable in question ” 

As mentioned by Pringsheim ( Enzyclopadie der Math. Mss., 1899), “the con- 
cept of the limit of a function was probably first defined with sufficient rigor by 
Weierstrass.” 

This definition can be extended to the cases in which either xq :=tU 
{— +°o} or £ e R. In the general framework, let / : /— > R and assume that xo G R is 
an accumulation point of I. We say that / has limit felas x— >xo if for every neigh- 
borhood V of i there exists a neighborhood U of xo such that for every xo € U fl/, 
x ^ xo, we have /(x) £ V. Roughly speaking, a function / has a limit £ at a point xo 
if the values of / at points x near xo can be made as close as we wish to £ by making 
x close to xo. 

If the values of x that approach xo are taken only to the right (resp., to the left) 
of xo we obtain the notions of lateral limits. In such cases we write lim*— > *>+/(*) 
or lim*^* 0 /(x) (for the limit to the right), resp. lim*— >.*„_ /(x) or lim*/* 0 /(x) (for 
the limit to the left). Moreover, lim*— >* 0 /(x) exists if and only if lim */* 0 /(x) = 
lim*^* () /(x). In such a case, 


lim /(x) = lim /(x) = lim /(x). 

<—■ ’xo x/'jtq *\xo 


If the function / tends to a limit as x— >Xo, then this limit is unique. Thus, 
if xo, £, £' € R, and if and /(x)— ►£' as x— >xo, then £ = £' . 

The existence or nonexistence of the limit of / as x— >x o, as well as its value, 
depends uniquely on the values of / in a (small) neighborhood of xo. 

The behavior of some elementary functions around 0 or ±°° is described by the 
following fundamental limits: 



The existence of the limit at some xo £ M implies qualitative properties of the 
function in a neighborhood of xq. Indeed, let / C R be an interval and assume 
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that xo is an accumulation point of / and / : /— is a function. Then the following 
properties are true. 

(i) Local boundedness : if f[x)—*£ £ K as x— >Xo £ K, then / is locally bounded in a 
neighborhood of xq, that is, there exist M> 0 and a neighborhood U of xo such 
that | /(x) | < M for any x£(U\ {xo}) fl J. 

(ii) Constancy of sign: if f(x)—*£ as x— >xo £ M, and £ > 0 or i = +°° (resp., i < 0 
or l = — °o), then there exists a neighborhood U of xq such that 


/(x) > 0 (resp. /(x) < 0 ) for all x £ (U \ {xq}) fl I. 


We now state some basic rules for the calculus of limits. Let /, g : /— >M be 
two functions, xq an accumulation point of I, and assume that f(x )—*£ i £ M and 


g(x)— 2 £ 1 as x — >xq. Then: 


(i) if £\ + £ 2 is defined, then /(x) + g(x )—>£ i + £2 as x— >xo; 

(ii) if £{£2 is defined, then f(x)g(x)—>£ 1^2 as x— >xo; 

(iii) if £1/^2 is defined, then /(x) /g{x)— ^£2 as x— >xo; 

(iv) if £ 1 =0 and / > 0 in a neighborhood of xo, then /(x)— > + °° as x— >xo; 

(v) if £ 1 = 0 and / < 0 in a neighborhood of xo, then /(x)— > — °° as x— >xo- 

When we operate on the extended real axis t:=IU {— °°, +°°}, expressions 
such as +00 + (—00), —00 + 00, and ±00/ ± 00 are not defined. Limits leading to 
such expressions are among the so-called indeterminate forms: 


0 

0 



Two useful tools for computing limits of functions are the following. 

Heine’s Criterion. Let f : /— be a function defined on an interval I and let 
xo be an accumulation point of I. Then f(x)^>£ as x— >xo if and only if f(x n )—>£ as 
n— >°o, for any sequence (x„)„>i in I converging to xq. 

Squeezing and Comparison Test. Let f, g, h be three functions defined on the 
interval I and letx 0 be an accumulation point of I. Assume that 


g(x) < f(x) < h(x) for all x£l. 


If g(x)—>£ and h(x)—>£ as x—>xq, then f(x)—>£ as x— »xo. 

In the calculation of limits it is often useful to operate by changing variables. 
This procedure ie described in what follows. 

Change of Variable. Let f : /— +R be a function defined on an interval I, let 
xo be an accumulation point of I, and assume that f(x)—*£ as x— >xq. Let g : J—>l 
be a function defined on an interval J such that g(y)— >xo as y— >yo, where yo is an 
accumulation point of J. If g(y) f xq for all y f yo in a neighborhood of yo, then 


f(g(y ))-^ as y - ’yo- 
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We conclude this preliminary section with an example of a function without a 
limit at any point. This is the characteristic function defined by 


fix) 


1 if x is rational, 

0 if x is irrational. 


Indeed, if xo £ K is arbitrary, let us consider two sequences («„)„> i C Q and 
{b n )n > t Cl\Q such that a n — >x o and b n — >xo as n — Then f(a n ) = 1 and 
f(b n ) = 0 for all n > 1. Thus, by Heine’s criterion, the limit lim x -^ XQ f(x) does 
not exist. 


3.2 Computing Limits 


We have here, in fact, a passage to the 
limit of unexampled audacity. 

Felix Klein, 1908 


We start with an elementary example that involves the indeterminate form 1°°. 

3.2.1. Assume that lim*— m/W = 1. lim*— >o gM = °°> lim*— >og(x)- 
(f(x) — 1) = c. Prove that lim*— >o/(x)sW = e c . 

Solution. We have 

/(*)*« = (! + (/(*) -!))*«. 

Hence 

lim f(x) g W = lim ( 1 + (f(x) - l)f W = e lim ^ogW(i+(/W-i)) = e c _ n 


If /has limit in b := lim*— > a g(x), does there exist lim*— > a (/og) (x)? 

3.2.2. Establish whether the following assertion is true: let /, g : R — be such 
that 


lim g(x) = b and lim /(x) = c. 


Then 


hm /(g(x)) = c. 


Solution. The assertion is false. Indeed, set 


fix) = g(x) 


0 ifx^O, 

1 if x = 0. 


Then lim*— K)g(x;) = lim*— > 0 /(*) = 0, but lim*— >o/(g(.x)) = 1- □ 
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The following example shows how to use some assumptions for showing the 
existence of a limit. In some cases the value of the limit follows easily as soon as 
we know that it exists. In other cases it is more difficult to compute the limit. 

3.2.3. Let f : (0,°°)— be an arbitrary function satisfying the following 
hypotheses: 

(i) lim*— > 0 x(/(x) — 1 ) = 0; 

00 /(l) = 2; 

OH) (x + 2)/(x+2) — 2(x + \)f(x+\)+xf{x) = 0, for all xG (0,°°). 

(a) Prove that\im x —>of(x) exists and, moreover, lim*— >o f(x) = °°. 

(b) Assume that lim^—>co/(x) exists. Compute this limit. 

Solution, (a) By (i) it follows that lim*— >o xf(x) = I . In particular, this implies 
the existence of some a > 0 such that / > 0 in (0, a). So, lim*— *.o/(x) exists, and 
moreover, lim*— x)/(*) = °°. 

(b) Let g : (0,°°)— >Rbe the function defined by g(x) = xf(x). Using (ii), we obtain 


g(x+2)-2g(x+l)+g(x) = 0, V x G (0, °°) . 

In particular, 

g(n + 2) —2g(n+ 1) +g(n) = 0, V n > 1. 

Set c„ = g(n) . Then c n +2 — 2c n+ \ +c n = 0, for all n e N. It follows that 

^(cj + 2-2c j+ i + Cj) = 0, V«eN, 

ft 

that is, c n+ 2 — c „+ 1 = P 2 — ci, for all n £ N. This means that (c n ) is an arithmetic 
progression, and thus we obtain c n+ 2 = n(c 2 — a) + c 2 . Hence 

/(n+2) = ^T2 (2/(2)_/(1))+ SI’ VneN ' 

Since lim ^— ^ f(x) exists, it follows that 

Hm f{x) = M/(« + 2) = (2/(2) - /( 1)) . □ 

3.2.4. Letf : [0,°°)— dR. be a function satisfying 

/(x)e /w = x , for all x G [0, °°) . 

Prove that 

(a) f is monotone. 

(b) lim *->„/(x) = 00 . 

(c) /(x) / lnx tends to 1 as x— >°°. 
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Solution, (a) By our hypothesis it follows that f(x) = xe~^ x \ for any x > 0. We 
prove that / is increasing on [0, °°) . Indeed, arguing by contradiction, it follows that 
there exist 0 < x\ < xi such that f[x\ ) > f(x 2 ). Hence ) < e~f( X2 \ that is, 
x\ < x 2 e~f( X2 ' ) <b> f(x\ ) < /(x f), contradiction. This means that / is increas- 
ing. 

(b) By (a), it is enough to show that / is not bounded above. Arguing by contra- 
diction, there exists M > 0 such that f(x) < M, for all x > 0. Let xm = Me M . 
We have 


/(x M ) <M^ efM < e M =► x M = /(x M )e^ < /(x M )e M < Me M , 
which contradicts the choice of xm- It follows that / is not bounded above on [0, °°) . 
(c) Our hypothesis implies that /(x) > 0, for all x > 0. Thus 


lnx In fix) 

= l_l LLZ 

m nx) 


Vx > 0. 


It follows that 


lim TFT = 1 + Um 
*-*■/(*) 


ln/(x) 

fix) 


Since limy— lny/y = 0, the above relation imphes that lim*— /(x) / lnx = 1 . □ 

3.2.5. Let f,g : R — be periodic functions of periods a and b such that 
lim*_>o/(x)/x= «el and\m\ x -^Qg{x)/x = v gl\{0}. Compute 


lim 


/((3 + V7)"q) 

g((2+ v / 2)”b) 


Solution. We have 

/((3 + V7)"a) _ / ((3 + \/7)"a + (3 — Vi)" a — (3 — Vi)" a) 
g((2 + \/2) n b ) g ((2 + V 2) n b + (2 - V2) n b - (2 - V2) n bj 

But (3 + Vl) n + (3 - Vl) n e Z and (2 + V2) n + (2 - V2) n e Z. It follows that 

/((3 + V7)"q) _ f(-(3-Viya) ^ > J 

g((2+V2) n b) g(—(2 — V2) n b) ~ ‘ 


lim 

n^"g((2+V2yb) 



/(-(3-V7)»q) 

-{3-VlYa 


-(2~V2) n b (3 — Vl) n \ 

g(-(2- v / 2)«h)'(2-V2)"J 


Hence 
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Using the above relations combined with the fact that the positive numbers 
3 — v/7, 2 — %/2, and 3 — Vl / 2 — \/2 are less than 1, it follows that the required 
limit is 0. □ 

3.2.6. Let f : (0,°°)— >R be a function satisfying 

jim^=ael, & € N* \ {1}, 


and 


lim 


/(*+!)-/(*) 

x k - 1 


beR. 


Prove that b = ka. 

Solution. Our assumption implies lim„— >C o/(n + 1) — f(n)/n k ~ l 
u„ = /(«) and v n = n k . Hence 


= b. Define 


hm 


U n +l ~ U n 
V B +1 - V n 


lim 


lim 


• lim 


U n + 1 - U n 

■ mil 

Vn+1 - V„ 

f{ n + 1) — /(«) 

n* -1 (n+l) A — n k 


a 


On the other hand, by the Stolz-Cesaro lemma, 


hm 


f(n+\)-f{n) 
(«+ 1 ) k —n k 


= hm f(n)n k . 


Combining these relations, we deduce that b = ka. □ 

3.2.7. Let f be a real-valued function on the open interval (0,1) such that 
lim^o/M = 0 and lim x ^. 0 [/M — f{x/2)]/x = 0. 

Compute lim x — lo/M /x. 

Solution. Fix e > 0. Since lim x ^ 0 [/M — f(x/2)\/x = 0, there exists 5 > 0 
such that 

'(*)-'© <«* foraU;ce (°’ 5 )' 

Thus, for any positive integer n, 

Summing these inequalities for n = 1, ... ,m, we obtain 

|/w-/©| £ |/ W -/G)| + .. ]+ K^)-/(| ; )| 

<£x^l + ^ + + =2ex ( 1_ ^i) <2ex > 


for all x G (0, 5) and any positive integer n. 
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Next, we observe that since lim*— >o/(x) = 0, then 

\im |/(x) - / (|r) | = I/M I , for any x G (0, 5) . 

We conclude that \f(x)\ < 2ex for any x G (0,5), which shows that 
lim*— >o /(x) f x = 0. □ 

3.2.8. Find all positive numbers a, b, c such that 

exists and is Unite. In this case, determine the value of the limit. 

Solution. The limit exists if and only if c > b + 1 . If c = b + 1, the limit is a 1 ^. 
If c > b+ 1, the limit is zero. First assume c = b + 1. Then 

a 1 /* + 5_ 1 a 1/jc - 1 k x 

C C X ’ 

where k x =x(a 1 / x — l)/c. We observe that \\m x ^^k x = (lna)/c and 


1 + - = 


l + ± 


Hence 


k x 


lim — = 0 and lim ( H 

Taking limits in (3.1) we obtain 


k x 


x/k x 


lim 


a l / x + b 


= lim ( 1 + — ) = e ( lna )/ c = a l / c 


(3.1) 


If c > b+ 1, then since \\m x —±^a ]/ ' x = 1, there is a positive number 5 such that 
(a 1 i x + b) jc < 1 — 5 for all x sufficiently large. The conclusion follows after observ- 
ing that lim*_ ( 1 — 5) A ' = 0. □ 

If c < b + 1 , there is a positive number 5 such that (a 1 /* + b)/c> 1+5 for all x 
sufficiently large. Now, we use lim*— >00 (1 + S) x = +°°. 

3.2.9. Compute with elementary arguments 

sinx 
lim . 

>o x 


Solution. Let P„ denote the perimeter of a regular rc-gon inscribed in a cir- 
cle of radius R, then P n = 2nRsmn/n, and we know from plane geometry that 
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lim„— = 2nR. Hence lim„— ^(n/n) sin n/n= 1, and if we let n/n = x, then 
x— >0 as n— and conversely. Thus, lim*— >o sinx/x = 1 . 

The function K \ {0} 9 x i — > sinx/x is sometimes called the sine function (or 
sinus cardinalis). The property established in the above exercise shows that this 
function has a removable singularity at the origin. Thus, we can define 


sine (x) = 



ifxeM\{0}, 
ifx= 0. □ 


This function is useful in information theory and digital signal processing. 
3.2.10. Prove that 



Solution. To compute the first limit, let n x denote the unique integer such that 
n x < x < n x + 1, where x > 1 is a fixed real number. We have 



and 




1 + 


1 \ 

n x + 1 


) ' I- At' 


Taking x—> + we have n x —^°°, and both right-hand sides of the above inequal- 
ities converge to e, because (1 + >e as n— >°o. Thus, by the squeezing and 

comparison tests, we conclude that lim*— > +M (l -l-x -1 )* = e. 

For the second limit, we put y=—x and we have to prove that 


lim 

y->-H 



= e. 


But 



as y— > + in virtue of the previous limit. 

The following exercise implies the following asymptotic estimates: 


ln(l +x) = x+x 2 o(l) asx— >0, 

e x = l+x + x 2 o(l) as x— >0 . □ 
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3.2.11. Fixa>0,a^l. Prove that 

Urn l0g “ (1+ *> 

x— X) JC 

*— X) X 


log a e ; 
In a. 


Solution. For the first limit we observe that 


loga ( 1 + x ) 

X 


log fl (l +xfl\ 


and then we use lirn^oO + x ) l ^ x = e. 

To compute the second limit, we put a* — 1 = y. Hence x = log a ( 1 + y) and 
(a x — \ )/x = yj log a (l + y). Since y— >0 as x—>0, this limit reduces to the previous 
one. 

We argue in what follows that for any ael, 

(l+x) a =l+ax+x 1 o{\) as x— >0 . □ 


3.2. 12. Let a be a real number. Prove that 

y ( 1+^-1 

lim - = a . 

x — >0 x 

Solution. We have 

(1 + x y _ 1 = e «Ml+*) _ l = e ax+^o( 1) _ 1 = Q ca^o( 1) _ J 


= (l + ax+x?o(l)) (l +x?o( 1)) - 1 = ax+xro( 1) , 


as x— >0. Thus, 


(l+x) a -l 


= a + o(l) as*— >0. □ 


3.3 Qualitative Results 


Read Euler: he is our master in 
everything. 

Pierre-Simon de Laplace (1749-1827) 


3.3.1. Let f : K — be such that there exists M > 0 satisfying 

\f(xi + ... +Xn )-f(x i) /(*„) | < M, \/xi,...,x n 6l. 


Prove thatf(x+y) = f{x) + f{y), forallx,y e M. 
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Solution. We argue by contradiction and assume that there exist a,kl such 
that f(a + b) ± f(a) + f(b) . This means that there exists e ^ 0 such that f(a +b) = 
f(a ) + f(b) + £ . Hence f{na + nb) — nf(a + b) = f(na + nb ) — nf(a) — nf(b ) — ne . 
By hypothesis we obtain 


|/(«a + nb) — nf(a + b) \ < M. 

Our hypothesis also yields 

|/(na + nb) — nf(a) — nf{b) \ < M, 

which implies 

lim |/(na + nb) — nf(a) — nf(b) — ne | = +°°, 
a contradiction. □ 

3.3.2. Let f,g : M — be two periodic functions satisfying 
[/W - S{x)} = 0. 

Prove that 

(a) f and g have the same period; 

(b) f and g are equal. 

Solution, (a) Let T\ > 0, resp. 72 > 0, be the period of /, resp. g. Fix xq G R. 
Then, for any n G N, 

f{xo + nTi + T 2 ) - g(x 0 + nTi + T 2 ) = f(x 0 + T 2 ) - g(xp + «7\) . 

As n— the left-hand side tends to 0. So 

Jimg(>o — n7'| ) = f(x 0 + T 2 ) . 

On the other hand, \\m n ^„[g(xo + nT\ ) — /(xq + nT\ )] = 0, and by means of the 
periodicity of /, 

Jimgfxo + nTi) = f(x 0 ) . □ 

It follows that f(x o + T 2 ) = f(x o), which shows that / is 72-periodic. Analogously, 
/is T\ -periodic. 

(b) Let T > 0 be the common period. Then, for any xq £ M, 

f(x o) - g{x o) = n hm o [/(x 0 + nT)-g(x 0 + nT)\ = 0. 


3.3.3. Find all real numbers p and q such that 

2 px + 3 qx = p- 2 x+p - 1 + q • 3 x+q - x , 


for any real number x. 
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Solution. For x = 1 we have (p — 1) • 2 P + (q — 1) • 3 q = 0. Since 2 P > 0 and 
3 q > 0, it follows that only the following situations can occur: 

Case 1 : p = q = 1. In this case the relation is fulfilled. 

CASE 2: p < 1 < q. This implies 2 P < 2 < 3 < 3 q , and after dividing by 3 qx , 
we obtain 



+ l = p-2 p - 1 




Since lim*-^ (2^/39)* + 1 = 1 and 


lim 





= 0 , 


we deduce that our assumption cannot be true in this case. 
Case 3: p > 1 > q. Our hypothesis implies 



It follows that lim*— ><„(2 p /3)* = q- 3 q 1 . Since the limi t on the left-hand side is 
finite, it follows that just the following situations can occur: 

(i) 2 p /3 < 1 and q- 3 q ~ { = 0. We deduce that q = Q and 


2 px + 1 =p-2 x+ P-\ VxeR. 

Dividing by 2 px and passing to the limit as x— >°° we obtain 1 = 0, so this situation 

is excluded. 

(ii) 2 P = 3 and q- 3 q ~ l = 1. Since f(x) = x ■ 3* -1 increases on it follows 

that / is one-to-one, so the equation q ■ 3 q ~ l = 1 has the unique solution q= 1. 
Taking into account that p > 1, it follows that lirn^ M 2 (p l )x = <*>. So, passing 
to the limit as x — we obtain 0 = p ■ 2 p ~ l , contradiction. □ 

Consequently, the only possible case is p = q = 1. 

3.3.4. Letf : [0 ,°°)— be a function such that 

(i) /M + /M < fU + y), for allx,y > 0; 

(ii) there exists M > 0 such that \f(x) \ < Mx, for a nyx > 0. 

Prove that the following properties hold: 

(a) if there exists a sequence (x„) such that lim„— = +°° and lim,^ 
f(x n ) / x n = i, then f(x) < lx, for allx>0; 

(b) there exists f(x) /x. 

Solution, (a) Let (x n ) be a sequence of real numbers such that \\m n -^^x n = 

+°° and lim„— ^f(x„) /x„ = l. For y > 0 arbitrarily chosen, there exist k n £ N and 
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z € [0,y) such that x n = k„y + z ■ On the other hand, we obtain by induction that 
f(nx) > nf(x), for all n 6 N and x > 0. Hence 

f(x n ) > f{k n y)+f{z) > knf(y)+f(z), 

that is, 

/(*») > knfjy) | f{z) 
x n ~ k n y+z k„y + z ' 

Passing to the limit as n— >°° we obtain £ > f(y') /y, for all y > 0. 

(b) Assume, by contradiction, that there are two sequences ( x n ) and (y„) such that 
lim„— = lim„— >00 y n = lim„— ^f(x n ) /x n = l \ , and lim„— ^f(y n ) /y n = 

£ 2 , with £\ / t 2 . Then, by (a), l\ > f(y)/y, for all y > 0. It follows that in 
the neighborhood ( l\ + %/2,l] + 4) of in there exists no element of the form 
f(y„ ) /y n , contradiction. This shows that l\ = i 2 , so \\m x —± x f(x) jx exists. □ 

3.3.5. (a) Construct a function f : R — such that any point x G Q is a local 
strict minimum point of f. 

(b) Construct a function f : Q— > [0, °°) such that any point is a local strict minimum 
point and f is unbounded on any set of the form I fl Q, where I is a nondegen- 
erate interval. 

(c) Let f : R— > [0, °°) be a function that is unbounded on any set of the form I fl Q, 
where I is a nondegenerate interval. Prove that f does not have the property 
stated in (a). 


Romanian Mathematical Olympiad, 2004 

Solution, (a) Define / by f(x) = 1 if x G R \ Q and f(x) = 1 — 1/p, provided 
that x=n/p, ( n,p ) = 1 , p >0. We observe that x = n/p is a local strict minimum 
point because there exists a neighborhood of x not containing rational numbers of 
the form a/b with ( a,b ) = 1, b > 0 and b G {1,2, . . . ,p}. 

(b) Consider the function /(«/ p) = p. 

(c) We argue by contradiction and assume that such a function exists. We con- 
struct a sequence of nondegenerate intervals as follows. Let I = [ao,^o] be a 
nondegenerate interval, and for given n > 1, consider the intervals 4 = [ a k-bk], 
k = 0, 1, . . . ,n— 1, such that f 0 D h D • • • D 4-1 and, for any 0 < k < n — 1, 
f(Ik) C [&,°°). FA Xn G Qn /„_1 with f{x n ) > n and consider a neighborhood 
In = [ a n ,b n ] C 1 „- 1 ofx„ such that for all x€l n ,f(x) >f(x n ) > n. Since (a„)n>o 
is nondecreasing, (b n ) n > 0 is nonincreasing, and a„<b n , there exists c € n„>o4- 
Thus, for all positive integers n, f(c) > n. This contradiction concludes our 
proof. □ 

3.3.6. Letf : (A,°°)— >R be a function satisfying lim*— [f(x + 1) — f(x)\ = +00 
and such which f is bounded on every bounded interval contained in (A,°°). Prove 
that lim^— > m /(jc) jx = +<». 
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Solution. Arguing by contradiction, there exists a sequence (x n ) n >\ and a real 
number M (which can be supposed to be positive) such that 

x n —><^ as o and f(x n ) < Mx n , for all integers n > 1. 

On the other hand, since lim*— [f(x + 1) — f{x)] = +°°, there exists a > A such 
that f(x + 1 )—f(x) > 2 M, for all x > a. For all n > 1, write x n = a + k n + r n , where 
k n = [x n — a}. Thus,r„ G [0, 1), and by our hypothesis, k„— as n— So, for all 
n> 1, 


Mx n -f{a)>f{x n )-f{a) 

k n 

= X [/On - J + 1) - /0« - 2')] + /(« + r n )~ f{a) 

i=o 

>2 Mk n + f(a+r n )-f(a) 

> 2 Mx„ — 2 M(a + 1) + inf fix) — f(a) . □ 

a<jc<a+l 

Taking n sufficiently large, the above inequality yields a contradiction. 

3.3.7. Prove that there is no function f : R — > M with /( 0) > 0 such that 

/0 + y) > /0) + j/(/0) ) for all x,y€R. 

Solution. Suppose that such a function exists. If /(/ 0)) < 0 for all x G R, 
then / is a decreasing function in view of the inequalities f(x + y) > f(x) + 
y/(/0)) > /0) for an y y < 0- Since /( 0) > 0 > /(/(*)), then f(x) > 0 for 
all x, which is a contradiction. Hence, there exists zgl such that fif(z)) > 0. 
Then the inequality f(z+x) > f(z) +xf(f(z)) yields lim X ^^f(x) = +°° and there- 
fore f(f(x)') = +oo. In particular, there exist x, y > 0 such that f(x) > 0, 

/(/0)) > 1, y > x+ l//(/0)) - 1. and /(/0 + y + 1)) > o. Then f(x + y) > 
f(x) +yf(f 0)) > x + y+ 1 and hence 

/(/0+y)) > /0+y+ 1) + (/0+y) - 0+y+ i))/(/0+y + 1)) 

> f(x+y+ 1) > f(x+y)+f(f(x+y)) 

> /0) +yf(f(x))+f(f(x+y)) > f(f(x+ y )). □ 

This contradiction completes the solution of the problem. 

3.3.8. For any monic polynomial f G Q[X] of even degree, prove that there exists 
a polynomial g e Q[X] such that limu (-^//(x) — ^0)) = 0- 

Gabriel Dospinescu 


Solution. If / has degree 2 n, define g(x) = x" + a ix„~i H b ao- Next, we 

compute the coefficients aj inductively on j such that f(x) — g 2 (x) has degree at 
most n — 1 . This is always possible, since we obtain a linear equation in aj that 
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ensures that a.j is rational. To conclude, it is enough to observe that 


V/M-sM 


VKx)+g(x) 


3.3.9. Let a \ .... ,cip be real numbers and let b \ .... ,b p be distinct positive num- 
bers with b\ being the greatest of them, and let a gl\N. If there exists an infinite 
set of real numbers A c (— hi,°°) such that 

p 

'2 d a i (x+bi) a = 0 for all x € A, 


prove that a\ = • • • = a p = 0. 


Marian Tetiva, Problem 122, GMA 4(2002) 


Solution. The infinite set A has an accumulation pointxo, which hes in [—hi , °°) U 
{°°}. We then can find a sequence (x n ) n >\ of elements from A (which can be as- 
sumed to be distinct and all different from xq) which has the limit xq. There are 
three possible cases. 

(i) xq = oo. Since 

p / u.\ a 

2ja,^l + — J =0, VneN*, 

and lim n -^°°x n = ", we get (passing to the limit for n — > °° in the above equality) 
Xf =] a/ = 0. Using this and again the assumed equality we have 


x„ 


1=1 



= 0 , 


for all n > 1 . Passing to the limit here, and using 


lim x 



- 1 


= ab 


(for some real number b), we get a Xf =] u,h, = 0; thus Xf = i fl/h/ = 0 (because a ^ 0). 
Now one can write 


'4 -‘- 4 - 0 , 




and in this new relation one can pass to the limit for n — > °°, to obtain Y% = \ a ibj = 0 
(after division by a(a — l)/2 ^ 0), since 


limx 2 



«(«- 1) ^2 


2 
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And so on. So clearly, we will obtain aib\ = 0, for all natural numbers k, 
hence the conclusion a\ = • • • = a p = 0 is plain. (Indeed, the equations X[L | tfai = 0 
for k = 0, 1, ... ,p — 1 form a homogeneous system with nonzero determinant, the 
Vandermonde determinant of the distinct numbers b\,...,b p .) 

(ii) Let now xq € (— From the given conditions we infer 

p 

^ai(x n + bi) a = 0, VneN*, 


which yields (by letting n tend to infinity) 

Y,ai(x 0 + bi) a = 0. 

Then we have 


j, (x„ + b,) a -(xo + bi) a 

‘ Xn-x 0 


VneN*, 


and passing to the limit, we get a Xf =[ a/(xo + bi) a 1 = 0, due to the limit 
(. x + b) a -(x 0 + b) a 


lim - 


- = a(x 0 + b) a 


But a^0; therefore Xf = i a,(x 0 + bi) a 1 = 0, and so we get 

f (*n + bif - jxo + bj)° - g(x Q + bjf-' {x n - Xp) _ 0 VngN * 

,tl ! (Xn-X o) 2 


Together with the limit 


(x+b) a -(xo + b) a -g(xo + b) a - l (x-xo) 
-*™o ( x-xo ) 2 


a(a- 1) 


(x 0 + b) a 


this leads us to 


a(a- 1 ) 
2 


^ai(xo + bi) a 2 

mt 


= o, 


hence to Xf=i o-i{x o + bi) a ~ 2 = 0 (as long as we know that o: ^ 0, a / 1). 

We will get, continuing this process, a i i x o + bi) a ~ k = 0, for all natural num- 

bers k. Considering the first p (for k = 0, 1, . . . ,p — 1) equations of this type as a 
homogeneous system with unknowns a\ , . . . , a p , we see that its determinant is 


C xo + h) a ---(x 0 + b p ) a 


1 


1 



( x 0 +bi)P~ l ' ' ' (jco +bp)P- 1 
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because 1 / (jco + i>i 1 / (jco + b p ) are distinct; consequently the system has the 
sole solution a\ = • • • = a p = 0. 

(iii) The case xq = — b\ remains, but this does not differ very much from the previ- 
ous one. Indeed, we have now xq + b\ = 0, and by the same procedure as above 
we can obtain 

J j a i {x 0 + b i ) a - k = Q, 'ike N. 

f=2 

Then, with the same reasoning, we get 02 = • • • = a p = 0, which, together with the 
given condition, leads to a\ (x+ bi) a = 0 for all x e A and thus to a\ = 0. The proof 
is now complete. □ 

We point out that the above statement does not remain true if oc is a natural 
number. Indeed, in such a case we can choose nonzero numbers a \ , . . . , a p such that 
Xf = i a,b\ = 0 for k = 0, 1 , . . . , p — 2 (b \ , . . . , b p being given), and we obtain, with 
Newton’s binomial, cii(x+ bi) a = 0, for all positive integers a < p — 2. 

3.3.10. Let {a n ) n > 1 be an increasing sequence of positive numbers. Prove that 
the series £“ =1 arccos 2 a„/a n+ i converges if and only if the sequence (a n )„> 1 is 
bounded. 

Solution. If a n /a n +i does not converge to 1, then the series diverges. Let us now 
assume that a n /a n+ \— >1 as n— >°°. The basic idea in the proof is that 


lim — — 

c-H-o V2(l-x) 


= = 1 . 


Hence, the series £”=1 arcc °s 2 a„/a n+ i converges simultaneously with the series 
X“=i (1 — a n /a n+ 1 ), and the latter converges simultaneously with the series 

l ln fe) = -- ln fe)- 0 

This shows that the given series converges if and only if the sequence (a n ) n > 1 is 
bounded. 

3.3.11.Letf, g : R— be periodic functions such that\\m x ^ x (f(x) — g(x)) = 0. 
Prove thatf = g. 

Solution. Let T, T' > 0 be such that for all rgR, 

f(x+T)=f(x) and g(x+T') = g{x) . 

Set h = f — g. Then, by hypothesis, 


\im h{x + nT)= lim h{x+nT')= lhn h(x + nT + nT'), foranyxeR. 


But 

h(x) = h(x+nT)—h(x + nT + nT') + h(x+nT') for any rgR and all =ne N. 
Passing to the limit as n— >°° we deduce that h(x) = 0, hence f = g. □ 
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3.3.12. Let / : ( 0,1) — be a function satisfying lim*— >o+ /(x) = 0 and such that 
there exists 0 < A < 1 such that lim*— > 0 + [/(x)-/(Ax)]/x = 0. 

Prove that lim*— » ■o+f(x)/x = 0. 

Solution. Fix e > 0. By hypothesis, there exists 5 £ (0, 1) such that for all x £ 

(0,5), 

\f{x)-f{Xx)\<ex. 

Thus, for any x £ (0, 5) and all positive integers n, 

I/M - /(/"*) | < | f{x) - /(Ax) | + | /(Ax) - /( A"x) | + • • • + |/(A" _1 x) - /(A"x) ] 
<£ (x + AxH hA" _1 x) < 

1 — A 

Flence, for any x £ (0, 5) and all positive integers n, 

|/(x)-/(A”x)|< t ^. 

Passing to the limit as n — >°°, we obtain, for all x 6 (0, 5), 

Since e > 0 is arbitrary, we conclude that lim*— > 0 + /(x) /x = 0. □ 

3.3.13. Let / : (a,b )— be a function such that lim*— ^ /(x) exists, for any 
xo £ [a, b}. Prove that f is bounded if and only if for all xo £ [ a,b ] , lim rto /(x) is 
Unite. 

Solution. Let us first assume that / is bounded. Then there exists M > 0 such 
that for allx £ ( a,b ), |/(x)| < M. Fixxo £ [ a,b\ and consider a sequence (x„)„>i in 
( a , b) such that x„— >xo as n — Then 

|/M) \<M and li m/(x„) = 4 0 := Jim J(x) . 

In particular, |4<,| < M, which shows that 4 0 = lim*— /(x) is finite. 

Next, we assume that lim*— >^ 0 /(x) exists and is finite for any xo € [a,b\, and we 
show that / is bounded. Arguing by contradiction, there is a sequence (x n )„>i i n 
(a,b) such that |/(x„)|— as n — >°°. Let (y n )n> 1 be a subsequence of (x„)„>i that 
has a limit, say y. Then y £ [a, b ] , and by hypothesis, f y = lim^-^y /(x) exists and is 
finite. Since 

\Zy\ = 

we have obtained a contradiction. This shows that / is bounded. 

We say that a function / : R— is superlinear if 
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We will prove in this volume several qualitative properties of superlinear func- 
tions. We start with the following result. □ 

3.3.14. Let f : R— »R be a superlinear function and define 

g(y) = max [xy -/(.*)] . 

(i) Prove that g is well defined. 

(ii) Show that g is superlinear. 

(Hi) Assume, additionally, that f is even. Prove thatg is even. 

Solution, (i) If x„— * + °°, then by our assumption (3.2), 

With the same argument, x„y — f(x n ) — > — °° as x n — » — Hence for each fixed y, the 
function hix) =xy — f(x) satisfies \\m x —^^ 0 oh{x) = — °°. This shows that g is well 
defined. 

(ii) Fix r€l and an arbitrary sequence {y n )n> t such that y„—> + °° as We 

have g(y n ) > xy n — fix) . Therefore 

g{yn) >x fix) _ 

y n y n 

We deduce that 

liminf 

n yn 

Since the sequence {y n )n> t diverging to +°° and x G R are arbitrary, we conclude 
that lim > ,^ +M g(y) /y = +°o. A similar argument shows that limy— *_«, g(y) /y = +°°. 

(iii) We have 

g (-y) = max [x(-y) - f(x)) = max [(-*) (-y) - /(-*)] , 
max^-/^)] =g(y). □ 

3.4 Independent Study Problems 

Say what you know, do what you must, 
come what may. 

Sofia Kovalevskaya (1850-1891) 


lim x p \nx = 0. 
>o 


3.4.1. Fix a > 1 and p > 0. Prove that 

x p , lnx 

li m — = 0 , lim — = 0 , 

jc— »+“ a x *— >+~ xP 
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3.4.2. Let r be a positive number and define 

f(r) = min{|r— \/ m 2 + 2n 2 \\ m,n £ Z}. 

Determine whether there lim r — ^ f(r) exists, and in the affirmative case, whether the 
limit equals 0. 

3.4.3. Let a>0,ajfl. Compute 


lim 


a'-l 


l/x 


[x(a-l)j 

Answer. The limit equals 1 if 0 < a < 1, and a for a > 1. 

3.4.4. Compute 


lim x 



Answer. — l/2e. 

3.4.5. Let 0 <u<n and 0 < v < n/2. Prove that 

cos(wsinv)cos(wcosv) —cos u > 0. 


Compute lim v \Q u(v), where u(v') denotes the least positive u such that the above 
expression equals 0. 

3.4.6. Let n>3 bean integer. Prove that the equation (lnx)” = x has at least two 
solutions r n , s n in [1,°°) such that r„—>e and s„— as 

Hint. Set t = lnx and study the equivalent equation 1/n = lnt/f. 

3.4.7. Let c be a real number a ndf: K— >R be such that g(a ) = lim ; — ^f(at)t~ c 
exists and is finite for a 11 a > 1 . Prove that there exists K £ R such that g(a) = Ka c . 

3.4.8. Let f : K— >[0,°°) be a function whose restriction to the interval [0, 1] is 
bounded and such that for all x,y£t, /(x + >') < f(x)f(y) . 

Prove that lim*— (/(x)) exists and is finite. 

3.4.9. For any integer n > 1, define sin„ = sino - • • osin (n times). Prove that 


lim Sm ” X = 1 for all n > 1 . 
x — >0 X 


3.4.10. Let f be a positive strictly increasing function on [1 , +°°) , with /(x)— >+°° 
as x— Prove that the series X«=i 1 //(«) and Xn=t n ~ 2 f ~ l { n ) converge only 
simultaneously (/ -1 is the function inverse to f). 
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3.4.11. Find each limit if it exists: 

(i) lim*— >«,r (1 — cos 1 /x); 

(ii) lim*— >oO — sinx) 1 ,x ; 

(Hi) lim*— > 0 +^.' 

(iv) \im x -^Q + (tanx) l l x . 

3.4.12. Compute 


sin tan x — tan sin x 

lim 

x — >o arcsinarctanx — arctan arcsinx 


V.I. Arnold 


3.4.13. Let f \ , / 2 , . . . , /„ : M — be periodic functions such that 
limjfi(x)+f 2 (x) + • • ■+/„(*}} = 0. 


Prove that f\ = f 2 = ■ ■ ■ = /„. 


Chapter 4 

Continuity 


Nature does nothing in vain, and more is in vain when less will 
serve; for Nature is pleased for simplicity, and affects not the 
pomp of superfluous causes. 

— Sir Isaac Newton (1642-1727), Principia 


Abstract. A crucial use of the idea of limit is to separate out a class of functions to 
study: exactly those whose value at a point coincides with the limit at that point. This 
is the class of continuous functions, and it contains many familiar and useful func- 
tions. In this chapter, we are interested in the special case of real-valued continuous 
functions on an interval in M. The concepts we develop here will be reexamined and 
developed in later chapters. 


4.1 The Concept of Continuity and Basic Properties 


Structures are the weapons of the 
mathematician. 


Bourbaki 


Intuitively, a function is continuous on an interval if its graph can be drawn “con- 
tinuously,” that is, without lifting the pen from the paper. Rigorously, a function / 
defined on an interval (a, b ) is continuous at some point c € (a, b) if for each e > 0, 
there exists 8 > 0 depending on both e and c such that | f(x) — f(c) \ < e whenever 
\x-c\ < 8. Equivalently, / is continuous at c if and only if it has left-hand and 
right-hand limits at c and they are equal to each other and to /(c), that is. 


_/(*) =J± m + /(x) =/(c), 


or 


Urn /(x) = /(c). 


In other words, / is continuous at c if / commutes with “lim*— > c ,” namely 



T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 
DOI: 10.1007/978-0-387-77379-7_4, 

© Springer Science + Business Media, LLC 2009 
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This definition is equivalent to the following sequential version: a function / 
defined on an interval ( a,b ) is continuous at c € ( a,b ) if lim„— ^f{x n ) = /(c) for 
any sequence (x n ) n >\ C I such that lim n _ >^x n = c. 

The set of all functions / : /— > M that are continuous on I is denoted by C(7). To 
simplify the notation, we shall often write C(a,b ) and C[a. b\ instead C((a,b )) and 
C([a.b]'), respectively. 

Continuity is a local property (that is, it depends on any point), but it can be 
extended to a whole set. More precisely, if / : 7— is a function and A Cl, then we 
say that / is continuous on A if it is continuous at every point a G A. In such a case 
we have obtained a global property. 

If / and g are functions that are continuous on an interval 7, then / + g, f — g, 
and fg are continuous on 7, and f/g is continuous at all points of 7 where g / 0. If 
g is continuous on 7 and / is continuous on J, where g is an interval that contains 
the range of g, then fog is continuous on 7. 

Continuity may be also defined by means of open sets. More precisely, we have 
/ G C(/) if for any open set V C M, there exists an open set U C ffi such that 
= In U. In particular, if I is open, then / is continuous on I if the inverse 
image under / of every open set is also an open set. The same property can be stated 
in terms of closed sets. 

The direct image of an open (resp, closed) set under a continuous function is not 
necessarily an open (resp., closed) set. However, the image of a compact (that is, 
closed and bounded) set under a continuous function is also compact. In particular, 
if / is a continuous function with compact domain K, then there exists a positive 
constant C such that | f(x) \ < C for all x G K. A more precise property is stated in 
the following result, which is called “Hauptlehrsatz” (that is, principal theorem ) in 
Weierstrass’s lectures of 1861. 

Weierstrass’s Theorem. Every real-valued continuous function on a closed and 
bounded interval attains its maximum and its minimum. 

Let / be a function with domain /. Let a Cl and assume that / is discontinuous 
at a. Then there are two ways in which this discontinuity can occur: 



Fig. 4.1 Discontinuity of the first kind. 
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Fig. 4.2 Discontinuity of the second kind (limit does not exist). 


(i) If lim*— /(x) and lim *— > a+ f(x) exist, but either do not equal each other or 
do not equal f(a), then we say that / has a discontinuity of the first kind at the 
point a (see Figure 4.1). 

(ii) If either lim >. a _/(x) does not exist or lim x -^ a+ fix) does not exist, then we 
say that / has a discontinuity of the second kind at the point a. We illustrate this 
notion in Figures 4.2 and 4.3, which correspond to the functions 


/(*) = 



if x < 0, 
if x > 0, 


and 



Fig. 4.3 Discontinuity of the second kind (infinite limit). 
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*(*) = 


if x < 0, 
if x > 0. 


In the first case, sin ( 1 jx) produces an infinity of oscillations in a neighborhood of 
the origin as x tends to zero. However, the function 


h{x) = 


ifx^O, 

if x = 0, 


is continuous (see Figure 4.4). As mentioned by Weierstrass (1874), “Here the 
oscillations close to the origin are less violent, due to the factor x, but they are 
still infinitely small.” 

Examples. Consider the functions 


( 1 

if x > 0, 

o 

II 

II 

O 

[-1 

if x < 0, 

[sin i 

ifx^O, 

/2<,) = {o 

if x = 0, 

I 1 

if x is rational, 

Mx ) = < 


J y ' 1 0 

if x is irrational. 


Then f\ has a discontinuity of the first kind at 0, while fn has a discontinuity of the 
second kind at the origin. The function fy has a discontinuity of the second kind at 
every point. 



Fig. 4.4 Graph of the function f(x) = sin 1/jt, x ^ 0. 
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Riemann (1854) found the following example of a function that is discontinuous 
in every interval: 


M = I 

n= 1 


B(nx) 


with 



ifx^k/2, 
ifx = k/2, 


where leZ and (x) denotes the nearest integer to x. This function is discontinuous 
at x = 1/2, 1 / 4, 3/4, 1 /6, 3/6, 5/6, ... . 

If / is a continuous, strictly monotone function with domain [a,b\, then its inverse 
jP" 1 exists and is continuous. 

A refined type of continuity is now described. If / is a function with domain D, 
then / is called uniformly continuous on D if for any e > 0, there exists 5 > 0 such 
that | f(x) — f(y) | < e whenever x,y £ D and \x — y \ < 8. We observe that in this 
definition 5 is “uniform” with respect to x, y £ D, in the sense that 8 depends only 
on e and is independent of x and y. The main property related to uniform continuity 
is that if / is a continuous function with compact domain K, then / is uniformly 
continuous on K. 

A function / : /— defined on an interval I is said to have the intermediate value 
property if for all a and b in I with a < b and for any number y between f(a) and 
f(b) , there exists a number x in [a, b] such that f(x) = y. 

A basic property of continuous functions defined on an interval is that they have 
the intermediate value property. This theorem appears geometrically evident and 
was used by Euler and Gauss. Only Bolzano found that a “rein analytischer Beweis” 
was necessary to establish more rigor in analysis. It was widely believed by many 
mathematicians in the nineteenth century that the intermediate value property is 
equivalent to continuity. The French mathematician Gaston Darboux (1842-1917) 
proved in 1875 that this is not the case (see [20]). We will discuss in detail in the 
next chapter a celebrated result of Darboux that asserts that any derivative has the 
intermediate value property. Furthermore, Darboux gave examples of differentiable 
functions with discontinuous derivatives. In conclusion, for real-valued functions 
defined on intervals, 


Continuity => Intermediate Value Property, 


but the converse is not true. 

Exercise. Prove that the function f : 1 


/« = 


. 1 
sin- 


S defined by 

ifx^O, 
if x = 0, 


has the intermediate value property if and only if — 1 < a < 1 . 

This result shows that a function that does not have the intermediate value 
property may be written as the sum of two functions that do have this property. 
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Indeed, if 



0 ifjc^O, 

1 if* — Q, 


then / = fi + f 2 , where 



and 


m = 


— sinj if *7^0, 
0 if x = 0. 


A deep result due to the Polish mathematician Waclaw Sierpinski (1882-1969) 
asserts that if I is an interval of real numbers, then any function / : /— can be 
written as / = f\ + fx, where f\ and fi have the intermediate value property. 

A natural question related to the previous results is the following. If / and g are 
functions defined on [a, b] such that / is continuous and g has the intermediate value 
property, does f + g have the intermediate value property? Most persons would be 
inclined to answer “yes.” Nevertheless, the correct answer is “no,” and we refer to 
[80] for more details and a related (but complicated!) counterexample. 


4.2 Elementary Problems 


An expert is a man who has made all 
the mistakes that can be made in a very 
narrow field. 


Niels Bohr (1885-1962) 


4.2.1. Determine whether the following assertion is true: if f : [0,1 ]— is 
left-continuous, then f is bounded. 

Solution. Set 



This function is both left-continuous and unbounded. □ 


4.2.2. Find all continuous functions f : K — such that for all tel, 

/(*) + /( 2 *) = 0 . 


Solution. We first observe that /( 0) = 0. Next, by recurrence, we deduce that for 
any positive integer n, f(x) = (— 1 )"/(*/ 2"). Using the continuity of / at the origin 
we obtain that for all * £ M, 
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/(x)= lim(-ir/(| r )=/(0) = 0. 

Conversely, the function / = 0 satisfies the given relation, hence the unique function 
with this property is / = 0 everywhere. □ 

4.2.3. Let f : (0, 1)— >M be a continuous function such that f(x) 2 = 1 for all x € 
(0, 1). Prove that either f = 1 or f = — 1. 

Solution. By hypothesis it follows that if x £ (0, 1), then either f(x) = 1 or 
f(x) = — 1 . We prove that if f(x) = 1 then / = 1 . Indeed, if not, there exists y £ (0, 1 ) 
such that f(y ) = — 1. Since / has the intermediate value property, there exists z bet- 
ween x and y such that /(z) = 0, which is a contradiction to /(z) 2 = 1 . □ 

4.2.4. Letf : (0, 1]— >[— 1 , 1] be a function such thatlim x —>. 0+ f(x) = 0. Prove that 
there are continuous functions fa and fa such that fa (0) = fa (0) = 0, fa < f < fa, 
fa is nonincreasing, and fa is nondecreasing. 

Solution. Fixe e (0, 1). Since Urn*— >o+/M = 0, there exists 8 € (0, 1) such that 
|/(x) | < e, provided x £ (0, 5] . Thus, there is a decreasing sequence of real numbers 
(<5„)„>i C (0, 1) converging to 0 such that |/(x) | < l/n for all x £ (0, S„ _ 1 ] and any 
n>2. 

Let fa : [0, 1]— >[— 1, 1] be a continuous function defined as follows: fa(0) = 0, 
fa(l) = 1, fa(S n ) = \/n for all n > 1, and fa is linear on all intervals [5i, 1] and 
[Sn + l,Sn] , with n > 1 . Set fa = —fa. Then the functions fa and fa satisfy the required 
properties. □ 

4.2.5. Let f : M — be a continuous function such that 

/ ^r+ = f[r ) , for any rational number r and positive integer n. 

Prove that f is constant. 

Solution. We have 


hence 

/ (V+ — j = f(r ) , for any rational number r and all positive integers m and n. 
Taking r = 0 and r = —min, we deduce that 

/0 =/«»=/(“)' ° 

This shows that for all r G Q, f(r) = /( 0) . 

Fixxo el\Q arbitrarily and take (r„) n >i C Q such that r n —>XQ as n — Since 
/ is continuous, we obtain f(x o) = lim„_ y^f(r n ) = /( 0), which concludes the 
proof. 
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4.2.6. Let f(0) >0,/(l) < 0. Prove that f(xo) =0forsomexo under the assu- 
mption that there exists a continuous function g such that f + g is nondecreasing. 

A. Wilansky, Amer. Math. Monthly, Problem E 1336 

Solution. Let A be the set of x such that fix) > 0. Set xq = supA. Let h = f+g. 
Then, since h is nondecreasing, 

h(x o) > h(x') > g(x) for any x £ A. 

Hence, since g is continuous, h(x o) > g(x o), and so f(x o) > 0. 

Next, g(l) > h( \ ) > h(x o) > g(xo). Since g is continuous, there exists t > xq such 
that g(t ) = h(x o). Then h(t) > h(x o) = g(t), so that /(f) > 0. By definition of xq, 
t = xo, so that g(x o) = h(xo) and f(x o) =0. □ 

By definition, every uniformly continuous function is continuous. The following 
property is due to E. Heine and establishes that the converse is true, provided the 
function is defined on a compact set. 

4.2.7. Prove that any continuous function f : [a,b\— is uniformly continuous. 
Solution. We give the original proof from 1872, which is due to Heine [45]. 

Arguing by contradiction, there exist e > 0 and sequences (x„)„>i and (y n )n> l 
in [a,b\ such that for all n > 1, \x n —y n \ < 1 /n and \f(x n ) — f(y n ) | > £• By the 
Bolzano- Weierstrass theorem, passing to subsequences if necessary, we can assume 
that x n — >x and y„— >y as n — >°°. Passing to the limit in \x n — y n \ < 1 /n, we deduce that 
x = y. On the other hand, since | f(x n ) — f(y n ) | > £, we find as n — that 0 > £, a 
contradiction. 

Next, we give an alternative proof found in 1873 by Liiroth [72] based on 
Weierstrass’s theorem. Fix £ > 0. For each x £ [a,b] let 8(x) >0 be the length 
of the largest open interval I of center x such that |/(y) — f(z) < £ for y.z £ I 
(see Figure 4.5). More precisely, 

5 {x) = sup{x > 0; |/(y) — f(z)\ < £ for ally, z £ [x— 5/2, x+ 5/2]} , 

where x, y, and z are supposed to lie in [a, b] . 

By continuity of / at x, the set of all 8 > 0 in the definition of <5(x) is nonempty, 
for all x £ [a, b] . If 5(x) = °° for some x£ [a,b\, then the estimate | f(y) — f(z) \ < £ 
holds without any restriction; hence any 8 > 0 satisfies the condition in the definition 
of uniform continuity. 


— ^ — 


— i— ' 


8(x) 



X X+T] 

r 

i > 9 


2r\ 

Fig. 4.5 Illustration of Liiroth’s proof of the Weierstrass theorem. 
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If 5(x) < °° for all x G [a,b\, we move x to x± rj. The new interval /' cannot be 
longer than 5(x) + 2 |tj | ; otherwise, / would be entirely in /' and could be extended, 
a contradiction. At the same time, I' cannot be smaller than <5(x) — 2|rj|. Thus, this 
8 (x) is a continuous function. By Weierstrass’s theorem, there exists xo G [a, b] such 
that 5 (xo) < 8 (x) for all x G [a,b\. This value 5 (xo) is positive by definition and can 
be used to satisfy the condition in the definition of uniform continuity. 

A direct consequence of the above property is that any continuous periodic func- 
tion / : M— is uniformly continuous. □ 

4.2.8. Letf, g : [a,b\— be continuous functions such that g(xg < /(x) for 
all x G [ a,b\ . Prove that there exists A > 1 such that f > Xg in [a.b\. Does the 
conclusion remains true if we replace [a, b] with (a, b ) ? 

Solution. We argue by contradiction. Thus, for any n > 1, there exists x„ G [a, b] 
such that /(x„) < (1+ l/n)g(x n ). By the Bolzano-Weierstrass theorem, passing 
eventually to a subsequence, we can assume that x„— >xo- Moreover, since [a,b\ is 
compact, we have xo € [a, b\ . Passing to the limit and using the continuity of / and 
g, we deduce that /(x o) < g(xo), a contradiction. 

For the second part it is enough to consider the functions /(x) = x and g(x) = x 2 , 
xe(o,i). □ 

4.2.9. Let f : [0, 1]— >[0, 1] be a continuous function such that fof = f. Define 
E f = {x£ [0, lj; /(x) = x}. 

(i) Prove thatEf ^ 0. 

(if) Show that Ef is an interval. 

(Hi) Find all functions with the above properties. 

Solution, (i) We prove that /([0, 1]) C Ef. Indeed, take y = /(x) G /([0, 1]), 
where x G [0, 1] . Then /(/(x)) = /(x) ; hence f(y) = y, which shows that y G Ef. 

(ii) We show that Ef c /([0, 1]). Since /([0, 1]) is an interval, as the image of an 
interval by the continuous function /, it follows that Ef is an interval, too. 
Choose x G Ef, that is, x G [0, 1] and /(x) = x. This implies thatx G /([0, 1]). 

(iii) Continuous functions / : [0, 1] — >[0, 1] satisfying fof = f are those functions 

such that £/ = /([0, 1]). □ 


4.3 The Intermediate Value Property 


As for everything else, so for a 
mathematical theory: beauty can be 
perceived but not explained. 

Arthur Cayley (1821-1895) 

4.3.1. Prove that if f : [a,b\— is one-to-one and has the intermediate value prop- 
erty, then f is strictly monotone. 
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Solution. We claim that if u < v < w are arbitrary points in [a, b], then /(v) 
is between f(u ) and f(w ) . Indeed, suppose f(y) is outside this interval and, say, 
closer to f(u). Since / has the intermediate value property, there exists B, between u 
and w such that f(u) = f(w), which contradicts the hypothesis that / is one-to-one. 
Therefore, for a < c < d < b the only possibilities are the following: 

/(«) < /(c) < f{d) < fib) 

and 

f{a) > f{c) > f(d) > f(b) . □ 

All other configurations of the inequalities would contradict our above claim. 

4.3.2. Find all the functions f : R — > R with the intermediate value property such 
that for some n>\, f n (x) = —x for all x. (Here f 2 = f of, etc.) 

M. E§anu 

Solution. Let / satisfy the iterative property in the statement of the problem. 
Then / is clearly a bijection. This, combined with the intermediate value property, 
says that / is monotone (see Exercise 4.2.1). Further, 

/(-*) = /[/"(*)] = /"[/Ml = ~f[x), 

so / is odd. In particular, then /( 0) = 0. Then our hypothesis implies that / is 
decreasing and xf(x) < 0 for xf^O. 

Now pick any xq > 0 and let xj< = /(^_ i). Then 

(-l) k x k >0, x n =-xo\ 

hence (— l) n x n = (— 1 )" +1 jco > 0, so n is an odd integer. 

Assume x\ > —xq. Since / is decreasing and odd, 

*2 = fix t) < f(-x 0 ) = -f(xo) = -x u 
so we obtain inductively 


{-1)*jc*>C-1)* +1 ** +1 , 

which leads to the contradiction xo > —x n . 

Similarly, the assumption x\ < —xq leads to the contradiction x n < —xo. Thus the 
only solution with the intermediate value property is /(x) = — x. □ 

4.3.3. Letf : R — be a continuous periodic function of period 1. 

(i) Prove that the function is bounded above and below and that moreover, it 
achieves its bounds. 

(ii) Show that there exists xq € R such that f(x o + n) = f(x o) . 
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Solution, (i) Let f\ be the restriction of / to [0,2]. By periodicity, the bounds 
of / and /i are the same. Moreover, f\ is bounded and it achieves its bounds, as a 
continuous function defined on a compact set. 

(ii) Let XM,x m G M be such that /(xm) = max^g® f(x) and f(x m ) = min xe R f(x). 
Let g(x) = f(x + it) — f(x) . It follows that 

g{xM) = f(xM + 7t) - f(x M ) < o and g(x m ) = f{x m + n) - f(x m ) > 0. □ 

The conclusion follows immediately, since g has the intermediate value property. 

4.3.4. Let f : (a,b)— be a function such that for any x G (a, b) there exists a 
nondegenerate interval [a x , b x \ with a < a x < x < b x < b such that f is constant in 


(i) Prove that the image of f is at most countable. 

(ii) Find all functions with the intermediate value property satisfying the above 


property. 


Romanian Mathematical Olympiad, 2004 


Solution, (i) Consider an element f(x) G Im /, where x G (a.b). If r x G Q D 
[a x . b x ], then by hypothesis, f(x) = f(r x ). It follows that Im/ = {f(r x ); x G 
(■ a,b )}. Setting [r x ; x G (a,b)} = {qx,q2, ■ ■ ■ ,<ln, ■ ■ ■}> we conclude that the set 
Im/ = {f(q n )}n> l is at most countable. 

(ii) We prove that if / has the intermediate value property, then / should be con- 
stant. Indeed, arguing by contradiction, the function / has at least two values 
A < jit. It follows that Im/ contains the interval [A,jtt], which is not possible, 
by (i). Hence / must be constant. □ 

4.3.5. Fix an integer n > 1. 

(i) Prove that the equation 


jc"+x" _ 1 H bx- 1 = 0 


has a unique positive solution. Leta„ denote this solution. Show thata n < 1. 

(ii) Prove that the sequence (a«)„>i is decreasing. 

(iii) Show that 

a" +l — 2a n + 1 = 0 
and deduce that lim n _ a„ = 1/2. 

(iv) Prove that 



150 


4 Continuity 


Solution, (i) Set f n (x) =x n +x n ~ 1 -t f x— 1. Then /„ is continuous, /„( 0) =— 1, 

and /„(1) = n — 1 > 0. Thus, by the intermediate value property, there exists a n G 
(0, 1] such that /„(«„) = 0. Since /„ is strictly increasing on [0,°°), it follows that 
the equation x” + x" _1 H |-x — 1 = 0 has a unique positive solution a n . 

(ii) We have f n {a n + 1) = — tf"tj < 0- Since /„ increases in [0,°°) and 
0 = f n (a n ) > f n (a n+ 1), we deduce that a n > a n+ 1. 

(iii) We observe that 

(x- l)(x" +x" _1 + • • • +x- 1) = x" +1 - 2x+ 1 . 

Thus, a" +l - 2a„+ 1 = 0. Therefore 

1 a”" 1 " 1 

0 < a n — - = -dj— < -7- >0 as n — >°° , 

2 2 2 

because 0 < 02 < 1- So, by the squeezing principle, we deduce that 
lim„_>o»a B = 1/2. 

(iv) Set b„ =a„ — 1/2. Thenln(2 b n ) = (n+ l)lna„. But lna„ = — ln2 + ln(l+2 b„) 
and ln(l + 2 b n ) ~ 2h„ = o(l/n). We deduce that 

ln(2h„) = — (n+ l)ln2 + o(l) as n— 

hence 

0 " = 5 + 4 J 5: + <, (^) asn ^“' D 

4.3.6. Let f : R — be a surjective continuous function that takes any value at 
most twice. Prove that f is strictly monotone. 

Solution. Fix a, b e R with a < b and assume, without loss of generality, that 
f(a) < f(b). Since / is continuous, f([a,b)) is a bounded interval, so there exist 
xo, xi G [a,b\ such that 

fix 0) < f{x) < f(x 1 ) for all x G [a, b] . 

We first claim that /(xo) < /(x 1). Indeed, if f(x 0) = fix 1), then / is constant in 
[a,b\, which contradicts our assumption that / takes any value at most twice. Thus, 
/(x 0 ) </(xt). 

Next, we prove that /(x 0) > /(a) and f(x 1) < fib). We prove only the first 
inequality, the second one being left to the reader as an exercise with similar argu- 
ments. Arguing by contradiction, we assume that /(x 0) < /(a). Then there exists 
X2 G R such that /(x 2) < /(x 0). Then either X2 < a or X2 > b. Let us assume that 
X2 < a. Since / has the intermediate value property, it follows that / takes a cer- 
tain value at least three times on the interval [X2 , b] , a contradiction. This shows that 
fixo)>f(a). 

It follows that for any real numbers a < b and for all x G [a,b], f(a) < f(x) < 
fib). Thus, / is monotone. Moreover, since / _1 {y} has at most two elements for 
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all y £ R, we conclude that / cannot take the same value at different points; hence 
/ is strictly monotone. □ 

4 . 3 . 7 . Prove that there is no continuous function f : R— >R that takes every value 
exactly twice. 

Solution. Suppose such a function exists. Consider two real numbers a<b such 
that f(a) = f(a') . Since / takes every value exactly twice and / has the intermediate 
value property, it follows that either f(x) < f(a ) or f(x) > /(a) for every x £ (a. a'). 
Assuming the first case, let c £ [a, a!} be such that f(b) = min^ [ aa /] f(x) . 

We first assume that / attains its minimum in [a, a'} at a single point b. Since 
f(b) < /(a), we have b £ (a, a'). By hypothesis, there exists b' £ R such that 
/(h) = fib'). But If [a, a'}, say b' > a'. Fix y £ {f{b),f(a)). Since f(a ) = 
/(a') > f {b) = f{b'), there exist x\ £ (a, b), x 2 £ ( b,a '), and xj £ (a! ,b r ) such that 
fix 1) = fix 2) = fix 3) = y, a contradiction. 

Next, we assume that there exist b\ < &2 in [a,a'\ such that /(hi) = fibf) = 
nfinjt e[a,a']f( x ). Since f(x) < /(a) for all x £ (a, a'), it follows that b\ . £>2 £ (a, a'). 
Fix he (hi,h2) and set y = /(h). We have /(hi) <y </(a) and/(h2) <y</(a'); 
hence there exist x\ £ (a, hi) and x-i £ ifo^d) such that fix 1) = fix f) = y. Since 
/(h) = y, we have obtained a contradiction. □ 


4.4 Types of Discontinuities 


When you have eliminated the 
impossible, whatever remains, 
however improbable, must be the truth. 

Sir Arthur Conan Doyle (1859-1930), 
The Sign of Four 

We start with a basic property that asserts that monotone functions do not have 
discontinuity points of the second kind. 

4.4.1. Let I be a nondegenerate interval and assume that f : I —* R is monotone. 
Prove that if f has discontinuity points, then they are of the first kind, and the set of 
discontinuity points is at most countable. 

Solution. Assume that / is nondecreasing. Let a £ I be such that lim*— > a _ f(x) 
makes sense. We claim that 


lim fix) = sup f(x) =: £. 

x <a 

Indeed, since f(x) < fia) for all x < a, it follows that i < +°°. Fix e > 0 . Thus, 
there exists x e £ /, x e < a, such that £ — e < fix e ) < £. Since / is nondecreasing, 
we obtain 


l-e<f{x)<f for all x£[x e ,a), 
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which shows that £ = lim *— > a _/(x). We treat analogously the case of points a£ I 
such that lim*— > a+ f(x) makes sense. If a is an interior point of I, then both one- 
sided limits make sense, and moreover, lim*— > a _ f(x) < lim*— > a+f(x). 

Let @ denote the set of discontinuity points of /. We associate to any the 
nondegenerate interval 



If one of these limits does not make sense, then we replace it by f(a) in the definition 
of I a . We observe that \fa,b £ S’, then I a H4 = 0, provided a ^ b. In such a way, 
to any agfwe can associate r a € I a n Q; hence we define a one-to-one mapping 
i — * r a £ Q. Since Q is countable, it follows that £& is at most countable. 

A deeper property established in 1929 by the Romanian mathematician 
Alexandra Froda [28] asserts that the set of discontinuity points of the first kind 
of any function / : R— >R is at most countable. We refer to [82] for a detailed proof 
of this result. 

Consider the Riemann function / : R— >R defined by 


jo if x = 0 or if x £ R\Q, 

|± ifx= j,m £ Z,n £ N*,(m,n) = 1. 


Then / is continuous on (R\Q) U {0} and discontinuous on Q \ {0}. A natural 
question is whether there is a function / : R— *R that is continuous at rational points 
and discontinuous at irrational points. The answer to this question is no. This is 
a direct consequence of the following general result, which is due to the Italian 
mathematician Vito Volterra (1860-1940), based on the observation that both <Q> and 
R \ Q are dense subsets of R. 

In 1898, Osgood proved the following interesting property of the real axis: if 
(Un)n > l is a sequence of open and dense subsets in R, then their intersection 
is dense in R, too. In the more general framework of complete metric spaces 
this result is known as Baire’s lemma, after Baire, who gave a proof in 1899. 
A nice application of this property was found in 1931 by Banach, who showed 
that “almost” continuous functions / : [0, 1]— >R do not have a right derivative at 
any point. Indeed, let us observe that the space of all continuous functions on [0, 1] 
(denoted by C[0, 1]) becomes a complete metric space with respect to the distance 
d(f,g) = max* 6 [ 01 ] | f(x) — g(x)|, for all f,g £ C[0, 1], For any positive integer n, 
let F n denote the set of all functions / : [0, 1] — >R for which there exists some x 
(depending on /) such that for all x < x! < x + 1 / (« + 1 ) , 


and \f(xf)-f(x)\<n(x'-x). 


0<x< 1- 


n+1 


Then the set F n is closed in C[0, 1], so its complementary set U n is open. Moreover, 
U n is dense in C[0, 1], This follows from the fact that for any / £ C[0, 1] and for 
all M > 0 and e > 0, there exists g £ C[0, 1] such that d(f,g ) < e, and the right 
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derivative of g exists in any point, and moreover, its absolute value is at least M. 
For this purpose it is enough to choose a curve such as the “sawtooth,” whose graph 
lies in a tape of width e around the graph of /, and the number of “teeth” is suffi- 
ciently large that any segment of the graph has a slope that is either greater than 
M or less than — M. At this stage, by Baire’s lemma, it follows that the set 
U = n„>i U n is dense in C[0,1], Using now the definition of F„, it follows that 
no function / G 1/ can admit a finite right derivative at any point in [0, 1] . □ 

We do not insist in this direction, but we will prove a property in the same dir- 
ection as that of Osgood. More precisely, Volterra [113] proved in 1881 that if two 
real continuous functions defined on the real axis are continuous on dense subsets 
of R, then the set of their common continuity points is dense in R, too. The fol- 
lowing result is a generalization of Volterra’s theorem in the sense that it asserts, 
additionally, that the set of common continuity points is uncountable. 

4.4.2. Consider the functions /, g : R— >R and denote the set of continuity points 
of f (resp. g) by Cf (resp. C g ). Assume that both Cf and C g are dense in R. Prove 
that CfDCg is an uncountable dense subset of R. 

Solution. We first observe that it is enough to prove that for any real a and for all 
r > 0 , 

((a-r,a + r)nCynCg)\C^0. (4.1) 

Indeed, by (4.1), (a — r,a + r) fl Cf fl C g ^ 0, so Cf n C g is a dense subset of R. 
Relation (4.1) also implies that the set CfC\C g is uncountable. Indeed, if not, we 
choose C = Cf fl Cg, so ( (a — r.a + r)C\CjC\Cg) \ C= 0, which contradicts relation 
(4.1). 

For any fixed a G R and r > 0, set ao = a and ro = r. Define inductively the 
sequences (a n ) n > o C E and (r„)„> o C M+ as follows: 

(i) [a n + 1 — r n+ 1 , a n+ \ — r n+ \] C (a„ — r n ,a n + r„), for all positive integers n; 

(ii) c n £ (a n — r n ,a n + r n ), for alln > 1; 

(iii) if n is odd, then \f(x) —f(y) \ < 1/n, for all x.y G (a„ — r n ,a n + r n )\ 

(iv) if n > 2 is even, then \g(x) — g(y)| < 1/n, for all x.y £ (a„ — r n ,a n + r n ). 

These sequences are constructed as follows: assume that we have defined a<, and 
rk, for all k < n. If n is odd, we choose a n G [a n -\ — r n _\ ,a„_ i + r„_ i) fl Cf. We 
observe that such an element exists, by the density of Cf in M. Using now the con- 
tinuity of / in a„, there exists 5 > 0 such that \f(x) — f(a n )\ < 1/2 n, provided 
\x — a„\ < 8. Choosing now r n > 0 such that r n < min{5,r/n,r„_i — \a„ — a„- 1 |}, 
we deduce that if x.y G ( a„ — r n . a n + r n ), then 

I/O) - f{y) I < I/O) - /(fl») I + I/On) -f{y)\<\- 

We also observe that [a n — r n ,a n + r n \ c (a„-i — r n-\ -Un- \ + r n -t). Indeed, if 
|x— a„| < r n , then 

|x-a„_i| < \x-a n \ + |a„-a„_i| < r n + |a„ - a„_i| < r„_! . 
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If n is even, we define similarly a n and r n , with the only observation that we 
replace / (resp. C/) by g (resp. C g ), 

By (i) and since (r„) converges to zero, it follows by Cantor’s principle that there 
exists b G fln>o[ a n ~ r n,an + r n] ■ Moreover, (i) also implies that b G B(a n . r n ), for all 
n> 0. 

We prove in what follows that / and g are continuous in b, that is, 
b G CfDCg. Fix e > 0 and an odd integer N such that l/N < £. By (iii), it follows 
that if 8 < r N — \b — a^\ then \f(x) — f(b ) | < 1 /Af < e, provided that |jc— b\ < 8, so 
/ is continuous in b. A similar argument shows that b &C g . 

Since b G (a n — r n , a n + r n ) and for all positive integers n, c n 0 (a„ — r n ,a„ + r n ), 
it follows that b^C, which implies relation (4. 1) and concludes our proof. □ 
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Descartes commanded the future from 
his study more than Napoleon from the 
throne. 

Oliver Wendell Holmes (1809-1894) 

Part (i) of the next result is the simplest case of the Brouwer fixed-point theorem. 
In the general form, Brouwer’s fixed-point theorem asserts that any continuous func- 
tion with domain the closed unit ball B in M' v and range contained in B must have at 
least one fixed point. This deep result was proved in 1910 by the Dutch mathemati- 
cian L.E.J. Brouwer (1881-1966). Properties stated in (i), resp. (ii), are illustrated in 
Figure 4.6, resp. Figure 4.7. The fixed-point property established in Exercise 4.4.1 
(ii) is also known as the Knaster fixed-point theorem. A counterexample to (iii) is 
depicted in Figure 4.8. 

4.5.1. Letf : [a,b\^[a,b\ be an arbitrary function. 

(i) Prove that if f is continuous, then f has a fixed point, that is, there exists xq g 
[a,b] such that f(xo) = xq. 



Fig. 4.6 Brouwer’s fixed-point theorem (one-dimensional case). 
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Fig. 4.7 Fixed-point theorem (case of increasing functions). 


(ii) Show that the result remains true if f is nondecreasing. 

(iii) Find a decreasing function f : [a, b\^[a. h] with no fixed points. 

Solution, (i) Consider the continuous function g : [a,fe]— defined by g(x) = 
f(x) —x. We have g(a) = f(a) — a > 0 and g(b) = f(b) — b< 0. Since g(a)g(b) < 0 
and g is continuous, there exists xo G [a.b] such that g(xo) = 0, that is, /(xq) = xo- 
We observe that in order to deduce that g vanishes, it is enough to show that g has 
the intermediate value property. In the proof, we have deduced this by using the 
continuity of g, as the difference of continuous functions. In the general case, by 
Sierpinski’s theorem, it is not true that the difference of two functions having the 
intermediate value property is a function with the same property. 

(ii) Set 

A = {a<x<b; f(x) > x} 


and xo = supA. The following situations may occur: 

(a) xo € A. By the definition of xo it follows that /(x o) > xo- If /(x o) = xo, then 
the proof is concluded. If not, we argue by contradiction and assume that 
/(x o) > xo. By the definition of xo we obtain /(x) < x, Vx > xo. On the other 
hand, for any xq < x < /(x o) we have x > /(x) > f(x o), contradiction, since 



Fig. 4.8 A fixed-point theorem that is true for increasing functions but that fails in the decreasing 


case. 
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x £ (xQ,f(xo)), that is, x < f(x o). It follows that the assumption /(x o) > xq is 
false, so / has a fixed point. 

(b) xo £ A. We prove that in fact, it is impossible to have xo £ A, so xo £ A, 
which reduces the problem to the case (a). If xo ^ A then there exists a seq- 
uence x„— >xo, x„ < xo, such that x n £ A. Since / is increasing, it follows that 
lim„— +oo/(x„) = xo- On the other hand, from /(x o) < xo we deduce that there 
exists x„ < xo such that f(x n ) > f(x o), contradiction with the fact that / is 
increasing. 

(iii) Consider the function 


if 0 < x < j , 

if- <x< 1. 

2 ~ ~ 

A related counterexample is depicted in Figure 4.8. 

We point out some simple facts regarding the hypotheses of the Brouwer fixed- 
point theorem on the real axis. 

(i) While a fixed point in [a, b] exists for a continuous function f : [a,b\—^[a,b\, it 
need not be unique. Indeed, any point x £ [a,b\ is a fixed point of the function 
/ : [a,b\^>[a,b\ defined by /(x) = x. 

(ii) The condition that / be defined on a closed subset of M is essential for the 
existence of a fixed point. For example, if / : [0, 1)— is defined by /(x) = 
(1 +x)/2, then / maps [0, 1) into itself, and / is continuous. However, / has 
no fixed point in [0, 1). 

(iii) The condition that / be defined on a bounded subset of R is essential for 
the existence of a fixed point. For example, if / : [1,°°)— >R is defined by 
/(x) = x + x -1 , then / maps [1,°°) into itself, / is continuous, but / has no 
fixed point in [1,°°). 

(iv) The condition that / be defined on an interval in K is essential for the existence 
of a fixed point. For example, if D = [— 2, — 1] U [1 , 2] and / : D—>R is defined 
by /(x) = —x, then / maps D into itself, / is continuous, but / has no fixed 
point in D. 

We have just observed that if / : [a,b\ — > [a,b\ is a continuous function then / 
must have at least one fixed point, that is, a point x £ [a,b] such that /(x) = x. 
A natural question in applications is to provide an algorithm for finding (or 
approximating) this point. One method of finding such a fixed point is by suc- 
cessive approximation. This technique is due to the French mathematician Emile 
Picard. More precisely, if x\ £ [a,b\ is chosen arbitrarily, define x n +i = /(x„), and 
the resulting sequence (x n ) n >\ is called the sequence of successive approximations 
of / (or a Picard sequence for the function /). If the sequence (x„)„>i converges to 
some x, then a direct argument based on the continuity of / shows that x is a fixed 
point of /. Indeed, 


/« = 


1 — x 

t * 

2 2 
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fix) = /^limx„j = /^limx„_ij = lim/(x„_i) = limx„ =x. □ 

The usual method of showing that the sequence (x n )„>i of successive approx- 
imations converges is to show that it satisfies the Cauchy convergence criterion: 
for every e > 0 there is an integer N such that for all integers j,k>N, we have 
| Xj — x*| < £. The next exercise asserts that it is enough to set j = k+1 in the 
Cauchy criterion. 

4.5.2. Letf : [a, b\ — * [a.b] be a continuous function. Letx\ be a point in [ a,b\ and 
let (x„)„>i denote the resulting sequence of successive approximations. Then the 
sequence (x„)„>i converges to a fixed point of f if and only if 
l\m n ^(x n+ i-x n ) = 0. 

Solution. Clearly lim„_ > M (x n +i — x„) = 0 if (x n ) n > i converges to a fixed point. 
Suppose lim n — ><*, {x n + 1 — x n ) = 0 and the sequence (x„)„>i does not converge. Since 
[a,b\ is compact, there exist two subsequences of (x„)„>i that converge to c,\ and 
c ,2 respectively. We may assume B,\ < Byi. It suffices to show that fix) = x for all 
x e (^i .fyi). Suppose this is not the case; hence there is some x* £ (§1,^2) such 
that /(x*) 7^ x*. Then a 5 > 0 can be found such that [x* — 8.x* + 5] c (^1,^2) and 
/(x) ^ x whenever x £ (x* — 8 , x* + 8 ) . Assume x — f(x) >0 (the proof in the other 
case being analogous) and choose N such that \ f n (x) — f n+ 1 (x) | < 5 for n > N. 
Since B , 2 is a cluster point, there exists a positive integer n > N such that f n (x) > x*. 
Let no be the smallest such integer. Then, clearly, 

/" 0_1 (x) <x*<f n °{x), 
and since /"° (x) — /" 0_1 (x) < 5, we must have 

/»o-t (x) _ /«o (*) > o, so that/” 0 (x) < f®- 1 (x) < x*, 
a contradiction. □ 

4.5.3. Let f : [0, 1]— >[0, 1] be a continuous function such thatf(0) = 0, /(l) = 1. 
Define /" := fofo ■■•of (n times) and assume that there exists a positive integer 
m such that f m (x) = x for all x 6 [0.1]. Prove that f{x) = x for any x £ [0.1]. 

Solution. Our hypothesis implies that / is one-to-one, so increasing (since / is 
continuous). Assume, by contradiction, that there exists x€ (0, 1) such that /(x) > x. 
Then, for any n £ N, we have /" (x) > /"“ 1 (x) > • • • > /(x) > x. For n = m we obtain 
a contradiction. A similar argument shows that the case /(x) < x (for some x) is not 
possible. □ 

4.5.4. Let a, b be real numbers, a < b, and consider a continuous function f : 

(i) Prove that if [a, b\c f ([a, b]) then f has a fixed point. 

(ii) Assume that there exists a closed interval I' C f( [a,b] ). Prove that I' = f(J), 
where J is a closed interval contained in [ a,b\ . 


158 


4 Continuity 


(in) Assume that there exist n closed intervals /o, ■ ■ ■ ,J n -i contained in [a, b] such 
that for all 0 < k < n — 2, I k+ i c /(/*) and 7o C /(/„_ i). Prove that /" has a 
fixed point (/" = / o • • • o f). 

Ecole Normale Superieure, Paris, 2003 

Solution, (i) Define f([a,b ]) = [m,M\ and let x m , xm € [ a,b\ be such that 
f(x m ) = m and /( xm ) = M. Since f(x m ) — x m < 0 and /(xm) — x m > 0, it follows 
by the intermediate value property that / has at least a fixed point. 

(ii) Set I' = [c, d\ and consider u, v £ / such that f(u) = c and /(v) = d. Assume, 
without loss of generality, that u<v. 

The set A = {x £ [u, v] ; f(x) = c} is compact and nonempty, so there exists 
a = max{x; x £ A} and, moreover, a £ A. Similarly, the set B={x£ [a, v] ; f(x) = 
d} has a minimum point J3 . Then /(a) = c, /(/ 3) =d and for all x £ (a,j3) we have 
f(x) 7^ c and f(x) ^ d. So, by the intermediate value property, [c,d] C /((a,/3)) 
and is an interval that contains neither c nor d. It follows that I' = /(/), 

where J = [a,/ 3]. 

(iii) Since Io C /(/„_ i), it follows by (ii) that there exists a closed interval 

Jft—i C 4_i such that 4 = /(/„- i). But 4-1 C I n - 1 C /(/„_ 2). So, by (ii), 
there exists a closed interval 4-2 C J n -2 such that 4-t = Thus, we 

obtain n closed intervals Jo,- ■■ ,4-1 such that 

4 C J*, for all 0 < k < n — 1 , 
and 

■4+1 = /( 4) j for all 0 < J < n — 2 and Jo = /(4-i) ■ 

Consequently, 4 is included in the domain of the nth iterate /" and Jo C Jo = /" (4) ■ 
By (i) we deduce that /" has a unique fixed point in 4- □ 

We have already seen that if / : [a, ft] — ► [a. b] is a continuous function, then / 
has at least one fixed point. One method of finding such a point is by successive 
approximation, that is, for a point Xq in [a, b \ , define x n+ \ = f(x n ) , and the resulting 
sequence (x„)„>o is called the sequence of successive approximations of /. If the 
sequence (x„)„>o converges, then it converges to a fixed point of /. 

The usual method of showing that the sequence (x„)„>o of successive approx- 
imations converges is to show that it satisfies the Cauchy convergence criterion. 
The next result establishes that this happens if and only if the difference of two 
consecutive terms in this iteration converges to zero. The American mathematician 
Felix Browder has called this condition asymptotic regularity. 

4.5.5. (i) Let (x„)„>o be a sequence of real numbers such that the sequence 
(x n+ 1 —x„) converges to zero. Prove that the set of cluster points of (x n ) n >o is a 
closed interval in M, possibly degenerate. 


Barone’s theorem, 1939 
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(ii) Let f : {a,b\—>[a,b\ be a continuous function. Consider the sequence (x n ) n >o 
defined byxo £ [a,b\ and, for any positive integer n, x„ = f(x n - 1 ). Prove that 
(x n )n > o converges if and only if (x n+ \ — x n ) converges to zero. 

Hillam’s fixed-point theorem, 1976 

Solution, (i) Set £- := liminf„— ^x„, i+ := liminf„— >^x n and choose a £ 
{£-,£+). By the definition of £-, there exists x n] < a. Let n% be the least integer 
greater than n\ such that x „ 2 > a (the existence of no follows by the definition of 
£ + ). Thus, x n2 - 1 < a < x„ 2 . Since £- < a, there exists a positive integer no, > «2 such 
that x„ 3 < a. Next, by the definition of £+, there exists an integer N 4 > nj such that 
xa r 4 > a. If «4 denotes the least integer with these properties, then x„ 4 _i <a<x M . 
In this manner we construct an increasing sequence of positive numbers (« 2 jfc)^>i 
such that for all k > 1, x„ 2k -i <a< x n2k . Using the hypothesis we deduce that the 
sequences (x n 2 k -i ) k>1 and (x n2k ) k>] converge to a, so a is a cluster point. 

(ii) Assume that the sequence of successive approximations (x n )n>o satisfies 
x n+ \ — x n — >0, as n— >°°. With the same notation as above, assume that t- < £+. 
The proof of (i) combined with the continuity of / implies a = f(a), for all 
a £ ( £-,£ + ). But this contradicts our assumption £- < £ + . Indeed, choose 
£- < c < d < £+ and 0 < e < (d — c)/3. Since x n+ \ — x n — >0, there exists 
N e such that for all n > N e , —e < x n+ i — x„ < e. Let N 2 > N\ > N e be such 
that x k j ] < c < d < xn 2 ■ Our choice of e implies that there exists an integer 
n £ {N\ W 2 ) such that a := x n £ ( c,d ). Hence x n+ \ = f(a) = a, x n+ 2 = a, and 
so on. Therefore xn 2 = a, contradiction. □ 

The reverse assertion is obvious. 

The following result is a particular case of a fixed-point theorem due to 
Krasnoselski (see [61]). 

4.5.6. Letf : {a,b\—>[a,b} be a function satisfying \f(x) — f(y)\ < |x — y|, for all x, 
y £ [a,b\. Define the sequence (x„)„>i by x\ £ [a, b] and, for all 
n > 1 , x n+ \ = [x n + f(x n )\ /2. Prove that (x„)„>i converges to some fixed point off. 

Solution. We observe that it is enough to show that (x„)„>i converges. In this 
case, by the recurrence relation and the continuity of /, it follows that the limit of 
(x n )n> 1 is a fixed point of /. We argue by contradiction and denote byA the set of 
all limit points of (x„)„>i, that is, 

A:= {£e [a,b}\ there exists a subsequence(x Wit )*>io/(x n ) n >isuch that x„ k ~^£} . 

By our hypothesis and the compactness of [a,b\, we deduce that A contains at least 
two elements and is a closed set. 

We split the proof into several steps. 

(i) For any £ G Awe have /(£) f t. Indeed, assume that £ £ A and fix e > 0 and 

n k £ N such that \x„ k — £\ < e. Then 
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I l + /(l) _ x n k +f{Xn k ) I 

| 2 2 I 


2 2 




and so on. This shows that |x„ — < £, for all n > n^. Hence (x n )„>i converges to 

£, contradiction. 

(ii) There exists £q G A such that f(£ o) > £o- Indeed, arguing by contradiction, 
set £- = min ^ £. Then £- G A and f{£~) < £ ■ The variant f{£~) = l- is 
excluded, by (i). But f{£~) < £- imphes that [£- + f {£-)]/ 2 G A and [£_ + 
f {£-)]/ 2 < £-, which contradicts the definition of £-. 

(iii) There exists £ > 0 such that | f{£) —£\>e, for all £ G A. For if not, let £„ G A 
be such that | f(£ n ) — t n \ < 1 /«, for all n > 1. This implies that any limit point 
of (£n)n>l (which lies in A, too) is a fixed point of /. This contradicts (i). 

(iv) Conclusion. By (ii) and (iii), there exists a largest £+ G A such that 
f{£+) > £+■ Let £' = [£ + +f(£ + )\/2 and observe that f{£+) >£'>£+ and 
/(£') < £' . By (iii), there exists a s ma llest £" G A such that £" > £ + and 
f(£") < £" ■ It follows that l + < £" < /{£+)■ Next note that f{£") < £+', for 
if not, £"' := \£" +/{£")}/ 2 satisfies 1+ < £'" < £" and, by definitions of £+ and 
£", it follows that /(£'") = £"' , contrary to (i). Thus f(£”) <£+< £" < f{£+). 
It then follows that \f{£") — f{£+) \>\£" — £+\. This contradicts the hypothesis 
and concludes the proof. □ 

Remark. The iteration scheme described in the above Krasnoselski property 
does not apply to arbitrary continuous mappings of a closed interval into itself. 
Indeed, consider the function / : [0, 1]— >[0, 1] defined by 



Then the sequence defined in the above statement is defined by X 2 „ = 1/2 and 
X 2 n+i = 1 /4, for any n > 1. So, (x n ) n >\ is a divergent sequence. 

The contraction mapping theorem states that if / : R— (or / : [a,°°)— ►[a, 00 )) 
is a map such that for some /tin (0, 1) and allx andy inR, \f(x) — f(y)\ <k\x—y\, 
then the iterates f n = f o ■■■ o f (n terms) of / converge to a (unique) fixed 
point t, of /. This theorem can be accompanied by an example to show that the 
inequality cannot be replaced by the weaker condition \f(x) — /(y)| < |x — y|. 
The most common example of this type is f(x) = x+ 1/x acting on [1,°°). Then 
f(x) > x, so that / has no fixed points. Also, for every x, the sequence x, f(x), 
f 2 {x ), ... is strictly increasing and so must converge in the space [— °°, +°°] . In fact, 
f n (x) — *• +°o, for otherwise f n (x) — > a for some real a , and then f(f n (x)) — > f(a) 
(because / is continuous), so that f(a) = a, which is not so. Thus we define /(+°°) 
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to be +°° and deduce that this example is no longer a counterexample. The fol- 
lowing property clarifies these ideas and provides an elementary, but interesting, 
adjunct to the contraction mapping theorem. We just point out that a mapping 
/ : R — ► K satisfying \f(x) — f(y) | < |x — y | for all x ^ y is called a contractive 
function. 

4.5. 7. Suppose that f : M — > R satisfies \ f(x) — f{y) \ < \x—y\ whenever xfy. 
Then there is some q in [— °°, +oo] such that for any real x, /" (x) — > q as n — > °°. 

A.F. Beardon 

Solution. We suppose first that / has a fixed point, say iq , in R. Then, from the 
contracting property of /, >q is the only fixed point of /. We may assume that q = 0, 
and this implies that |/(x)| < |x| for all nonzero x. Thus, for any x, the sequence 
\f n (x) is decreasing, so converges to some nonnegative number p(x). We want to 
show that ju(x) = 0 for every x, so suppose now that x is such that ji (x) > 0. Then / 
maps ju(x) and —p(x) to points y\ and >’ 2 , say, where yj < p. (x) | for each j. Thus, 
since / is continuous, there are open neighborhoods of ±jti(x) that are mapped by 
/into the open interval I = (—fl(x),/u(x)) that contains y\ and >’ 2 . This implies that 
for sufficiently large n, f n (x) lies in /, which contradicts the fact that \ f n (x) \ > ji(x) 
for all n. Thus, for all x, p(x) =0 and /" (x) —> 0. 

Now suppose that / has no fixed point in R. Then the function f(x') — x is con- 
tinuous and nonzero in R. By the intermediate value theorem, f(x') > x for all x, or 
f(x ) < x for all x. We may assume that fix) > x for all x, since a similar argument 
holds in the other case. Now the sequence f n (x) is strictly increasing, hence con- 
verges to some h, in RU {+°°}. Moreover, ^ / M; otherwise, would be a fixed 
point of /. Thus f (x) -> for all x. 

We say that a function / : [a, b \— satisfies the Lipschitz condition with constant 
L > 0 if for all x and y in [a,b\, \f(x) — f{y) < L\x — y\. A function that satisfies 
a Lipschitz condition is clearly continuous. Geometrically, if / : [a,b ]— satisfies 
the Lipschitz condition 

I/M - f(y ) I < L\x ~y\ for all x, y G [a, b ) , 
then for any x, y e [a.b\, xf^y, the inequality 

! /(•*) ~/(y) I 

x-y | 

indicates that the slope of the chord joining the points (x,/(x)) and (y-fiy)) on the 
graph of / is bounded by L. □ 

Using the fact that the real line is totally ordered, the following more general 
theorem with much more elementary proof is possible. 

4.5.8. Let f : [a,b\-^[a,b\ be a function that satisfies a Lipschitz condition with 
constantL. Letx\ in [a, b] be arbitrary and define x n+ ] = (1 —X)x n + Xf[x n ), where 
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X = 1/(L + 1). If (x„) n >] denotes the resulting sequence, then (x n )„>i converges 
monotonically to a point z in [a, b] where f(z ) = z. 

Solution. Without loss of generality we can assume f(x n ) ^ x n for all n. Suppose 
f(x i) > x\ and let p be the first point greater than x\ such that f(p) = p. Since 
f(x i) > x\ and f(b) < b, the continuity of / implies there is such a point. 

Next, we prove the following claim. If x\ <X 2 < ■■■ <x n < p and /(*<) > x; for 
i = 1,2, . . . ,n, then f{x n+ \ ) > x n+ \ and x n+ \ < p. Indeed, suppose p < x n+ \ ; then 
x n < p < x n+ \ ; hence 0 < p — x n < x n+ \ — x n = X (f(x n ) — x n ) . Therefore 


0<j\x„-p\ = (L+ 1) \x„ — p\ < \f(x n )-X n \ 
< \f(x n )-f(p)\ + \p-x n \. 


It follows that 


L\x n ~p\ < \f(x n )-f(p)\ 


which contradicts the fact that / is a Lipschitz function. Thus x n+ \ < p and 
f(x n+ 1 ) > x n+ \ by the choice of p, and the claim is proved. 

Using the induction hypothesis it follows that x„ < x n+ \ < p for all integers n. 
Since a bounded monotonic sequence converges, (x n )n> i converges to some point z. 
By the triangle inequality it follows that 


\z-f{z)\ < \z-x n \ + \x n -f(x n )\ + \f(x n )-f(z)\ 

= \z-x n \ + j\xn+i-x n \ + I f(x n ) - f(z) I ■ 


Since the right-hand side tends to 0 as «— >°°, we conclude that f(z) = z. 
If f(x i) < x\, a similar argument holds. 

Applying a somewhat more sophisticated argument, one can allow X to be any 
number less than 2/(L+ 1), but the resulting sequence (x n ) n >\ need not converge 
monotonically. The following example shows that this last results is best possible. 


Let / : [0, 1] — ►[0, 1] be defined by 



where L > 1 is arbitrary. Note that / satisfies a Lipschitz condition with constant 
L. Let X = 2/(L+ 1) and let x l = {L- l)/2 L. Then x 2 = (1 - X)x x +Xf(x l ) = 
(L + 1)/2L, x 3 = ( 1 — X)x 2 + Xf{x 2 ) = (L — 1) /2 L, etc. □ 

4.5.9. Let f : [0, 1] — >[0, 1] be a function such that \f(x) — f(y ) | < \x — y| for all 
x, y € [0, 1]. Prove that the set of all fixed points of f is either a single point or an 
interval. 


M. W. Botsko, Math. Magazine, Problem Q982 


4.6 Functional Equations and Inequalities 


163 


Solution. Let F = {x £ [0, 1]; f(x) = x}. Since F is continuous, it follows that 
F is compact. Let a be the smallest number in F and b the largest number in F. 
It follows that Fc [a.b\. Fix arbitrarily xq € [a, b] . Since a is a fixed point of /, 

we have 

f(x o) ~a< |/(x 0 ) - a\ = |/(x 0 ) - f(a) \ < x 0 - a . 

Therefore, f(x o) < xq. Similarly, 

b - f(x 0 ) < | b- /(x 0 ) | = | f{b) - /(x 0 ) | <b-x 0 , 

which shows that f(x o) > xq. It follows that f(x o) = xo, so xq is a fixed point of /. 
Thus, F = [a,b\. □ 


4.6 Functional Equations and Inequalities 


. . . the source of all great mathematics 
is the special case, the concrete 
example. It is frequent in mathematics 
that every instance of a concept of 
seemingly great generality is in 
essence the same as a small and 
concrete special case. 

Paul Halmos (1916-2006), I Want to 
be a Mathematician 

Cauchy’s functional equation is the equation 

f(x + y) = f(x) + f(y) for all x, y e K . (4.2) 

A function with this property is said to be additive. 

A. Cauchy proved in 1821 in his celebrated Cours d’ Analyse de I’Ecole Royale 
Polytechnique that a function satisfying equation (4.2) is either continuous or totally 
discontinuous. Moreover, if / is continuous, then there is a real number a such 
that /(x) = ax for any x 6 M. In 1875, G. Darboux showed [21] that the continuity 
hypothesis can be replaced by continuity at a single point, and five years later, he 
proved that it is enough to assume that / has constant sign in a certain interval 
(0, 5). Darboux also proved that if / satisfies equation (4.2) and is bounded in some 
interval, then / is continuous and of the form /(x) = ax. In 1905, G. Hamel proved 
[39] that there are noncontinuous solutions of the Cauchy functional equation using 
the axiom of choice and Hamel bases. Hamel also proved that if / is a solution of 
(4.2) that is not of the form /(x) = ax, then the graph of / has a point in every 
neighborhood of every point in the plane M 2 . The fifth of Hilbert’s problems is a 
generalization of Cauchy’s functional equation. 

We are first concerned with equation (4.2) and other related functional equations. 
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4.6.1. Letf : R— >R be a continuous function satisfying 

f(x + y) = f(x) + f(y) for all x,y 6l. 


Prove that there exists a real number a such that fix) = ax for all x G R. 

Show that the same conclusion holds if the continuity assumption is replaced by 
that of monotonicity. 

Solution. We observe that /( 0) = 0. Set a = /( 1 ) . By recurrence we deduce that 
f(n) = na for any integer n. Fix r G Q, r = m/n with m € Z and n G NR Then 



which implies f(r ) = ra. 

Fix r€l\Q and take (r n )„>i C Q such that r„— >x as n— By continuity we 
deduce that 


f(x) = Urn /(r„) = hm r n a = ax. 


Assuming now that / is monotone (say, nondecreasing) and xSl\Q, we con- 
sider two sequences of rational numbers ( p n )n>\ and (q n )n> t such that p n / x and 
q n \ x as Then f(p n ) < f(x) < f(q n ), that is, p n a < f(x) < q n a. Passing to 
the limit as n— >°°, we conclude that fix) = ax. □ 

4.6.2. Let f : R— >R be a continuous function satisfying 


f(x + y) = f(x)f(y) for a Ux,y£WL. 


Prove that either f = 0 or there exists a real number a such that fix) = e ax for all 
x G M. 

Solution. We first observe that / can take only positive values. Indeed, for any 

x G M, 



Assuming that there is some xo G M such that f[x o) = 0, then 

fix) = f(x -xo + xo) = f(x - x 0 )f(x 0 ) =0 for all x G M. 

If not, setting g(x) = In f(x), we observe that for allx, y G R, g(x+y) = g(x) +g(y). 
Thus, g(x) = ax for some aGl, which implies that f(x) = e ax . 

With a similar argument one can show that if / : (0, °°) — > (0, °°) is continuous and 
satisfies the functional equation 


fix y) = f(x)fiy) for all x,y e (0, «) 


then f{x) = x°, where aGl. □ 

4.6.3. Letf : R— >R be a function satisfying 
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f(x+y)=f(x) + f(y) for all, yeR. 

If f is bounded on an interval [ a,b \ , then it is of the form f(x') = ax for some real 
numbera. 

Solution. We show first that / is bounded on [0 ,b — a]. Suppose that for all 
y G [a.b], |/(y)| < M. If x G [0,b — a], then f(x + a) G [a,b\, so that from f(x) = 
/( x + a) — f(a), we deduce that 


I/M <M+\f{a)\. 

Accordingly, if b — a = c then / is bounded in [0,c]. Let a = /(c) /c and set 
g(x) = f(x) — ax. Then g satisfies the same functional equation, that is, g(x + y) = 
g(x) + g(y). We have g(c') = /(c) — ac = 0. It follows that g is periodic with period 
c and 

g{x+c) = g(x)+g(c) = g(x) . 

Further, as the difference of two bounded functions on [0,c], the function g is 
bounded on [0, c]. Hence, by periodicity, g is bounded on R. 

Suppose there is some xq G R such that g(xo) / 0. Then g(nx o) = ng(x o). Thus, 
we can make \ng(xo)\ as large as we wish by increasing n, which contradicts the 
boundedness of g. Therefore g(x) = 0, or f(x) = ax. 

With a similar argument we can prove that the only solutions of 


f(xy)=f(x) + f(y) 


bounded on an interval [l,a] are of the form fix) = k\ogx. Let g(x') = f(x) — 
/(u)(logx)/(loga). Instead of periodicity, show that giax) = gix), which implies 
that g has the same bound in each interval [ 1 , «] , [a, a 2 ], .... But g(x") = ng(x), 
which forces g = 0. 

In particular, the above exercise implies that if / : R— is continuous and 
satisfies 

f{x + y) = f{x) + fiy) for all x, y G K , 

then there exists oGt such that f(x) = ax for any x G R. In fact, the main conclusion 
remains true if / is additive and is continuous at a single point pGR. Indeed, in 
such a case, / is bounded in some neighborhood of p, and it suffices to apply the 
above conclusion. □ 

4.6.4. Prove that there exists no function f : (0,+°°) — » (0,+°°) such thatf 2 (x) > 
fix+y) if{x) +y) for a nyx, y > 0. 

International Mathematics Competition for University Students, 1999 


Solution. Assume that such a function exists. The initial inequality can be written 
in the form 


fix)- fix+y) > fix) - 


fix) 

fix)+y 


fjx)y 
fix)+y ' 
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Obviously, / is a decreasing function. Fix x > 0 and choose a positive integer n such 
that nf(x + 1) > 1. For k = 0, 1, ... ,n — 1 we have 



Summing these inequalities, we obtain 


f(x+l)<f(x) 


2 


Thus, f(x + 2m) < fix) — m for all positive integers m. Taking m > fix), we get a 
contradiction to the condition f[x) >0. □ 

4.6.5. Find all functions f : M + — > ffi + such that for all x, y £ M + , 
f(x)f(yf(x))=f(x+y). 

International Mathematics Competition for University Students, 1999 

Solution. We first assume that /(x) > 1 for some i€t'. Setting y = x/f(x) — 1, 
we obtain the contradiction f{x) = 1. Flence f(x) < 1 for each x £ M + , which 
implies that / is a decreasing function. 

If f(x) - 1 for some x £ K 1 , then f(x + y) = f(y) for each y £ K + , and by the 
monotonicity of /, it follows that /si. 

Let now f(x) < 1 for each x £ M + . Then / is strictly decreasing, in particular 
one-to-one. By the equalities 


f(x)f(yf(x)) =f(x+y)=f{yf{x)+x+y{\-f{x))) 

= f(yf(x))f((x+y(i - f(x)))f(yf(x))) , 

we deduce that x = (x + y{ 1 — f{x)))f{yf{x)). Setting x = 1, z = x/(l ), and 
a = 1 — /(!)//(!), we obtain /(z) = 1/1 +az. 


Combining the two cases, we conclude that f(x) = 1/1 + ax for each x £ M + , 
where a > 0. Conversely, a direct verification shows that the functions of this form 
satisfy the initial equality. □ 

4.6.6. Letf : [— 1 , 1 ]— be a continuous function such thatf(2x 2 — 1) = 2 xf{x), 
for all x £ [—1,1]. Prove that f equals zero identically. 

Solution. For any real number t that is not an integer multiple of n we define 
g(t) = f (cost) /sin t. It follows that g(t + n) = g(t). Moreover, by hypothesis, 


S(2f) 


/( 2 cos 2 1— 1 ) 2 cos tf( cos t ) 


8(t). 


sin2f 


sin 2t 


In particular, 


g(l + nit/l*) = g(2 k + nn) = g(2 k ) = g(l). 
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By the continuity of / we deduce that g is continuous on its domain of definition. 
But the set 

{l + nn/2 k - n,keZ} 

is dense in M. This implies that g should be constant on its domain. But g is odd, 
so g(t) = 0 for every t that is not an integer multiple of it. Therefore f(x) = 0, 
Vx G (—1,1). Taking now x = Q and x = 1 in the functional equation in the hypoth- 
esis, we deduce that /(—l) = /(l) = 0. □ 

4.6.7. Let a andb be real numbers in (0,1/2) and f :R— a continuous function 
such that f (f (x)) = af(x) + bx, forallx. Prove that there exists areal constantc such 
that f(x) = cx. 

Solution. We first observe that if f(x) = /(y) then x = y, so / is one-to-one. So, 
by the continuity of /, we deduce that / is strictly monotone. Moreover, / cannot 
have a finite limit L as x — > + °°. Indeed, in this case we have /(/(-*)) — af{x) = bx, 
and the left-hand side is bounded, while the right-hand side is unbounded. Similarly, 
/ cannot have a finite limit as x— * — Next, since / is monotone, we deduce that 
/ is onto. 

Let a'o be arbitrarily chosen and x n+ \ = f(x n ), for all n > 0 and x„_i = f~ 1 (x„) 
if n < 0. Let r\ = (a + Va 2 + 4b ) /2 and r 2 = (a — \J a 2 + 4 b) /2 be the roots of 
xr — ax — b = 0, so r\ > 0 > r 2 and |n| > \ri\. Thus, there exist ci,C 2 G Z such that 
x n = ci + C 2?2 f° r all n £ Z. 

Let us assume that / is increasing. If c\ ^ 0, then x„ is dominated by r%, provided 
that n < 0 is small enough. In this case we have 0 < x n < x n+ 2 , contradiction, since 
f(x„) > f(x n+ 2 ). It follows that C 2 = 0, so Xq = c\ and x\ = C\r\. Hence f(x) = r\x 
for all x. Analogously, if / is decreasing then f(x) = r 2 X. □ 

4.6.8. Let g : R — > M be a continuous function such that lim^co g(x) —x = °° and 
such that the set {x; g(x) = x} is Unite and nonempty. Prove that if f : R — > M is 
continuous and f°g = f, then f is constant. 

C. Joifa, Amer. Math. Monthly, Problem 10818 

Solution. (Robin Chapman) Let x\,...,x n with x\ < ■■■ < x n denote the val- 
ues of x such that g(x) = x. Define intervals /o, ■ ■ ■ • I n as follows: /o = (— °°,xi ), 
/, = (x r , x r+ 1 ) for 1 < r < n, and I n = (x n ,°°). The sign of g(x) — x is constant on 
each I r . Define e r = (g(x) — x) /\g(x) — x\ for x £ I r . 

Suppose that / : M — > R is continuous and f°g = f. We first show that / takes 
the value f(x n ) on all of I n . Since lim x ^oo(g(x) — x) =°°, we have e„ = 1 for large 
x. Choose yo > x n . Since g(x n ) = x n and g(yo) > yo> the intermediate value prop- 
erty yields yi with x n <y\ < yo and g(yi) = yo- Repeating this argument yields 
a decreasing sequence (y m ) m >o of elements of /„ with g{y m + 1 ) = >'»! ■ Therefore, 
fiym) = f{g(y m + 1 ) ) = f{y'm+ 1 ) ■ Consequently, /(y 0 ) = f(y m ) for each m. 

Since (y m ) m >o is a decreasing sequence bounded below by x n , it tends to a limit 
y<„ with y„ > x n . Continuity of g yields g(y°°) = lirn m ^oo^(y m ) = lim m _ >00 y m _i = y M . 
Therefore, y M = x n and /(y~) = f(y m ) = /(yo) ■ It follows that /(y) = f(x n ) 

for ally G 
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We now show by descending induction on r that / has value f(x n ) on all of I r . 
Suppose that for some re [O.n — 1], we have f(y) = f(x n ) fory € I s with r <s<n. 
By continuity, /(y) = f(x n ) for y e [x r + \ ,°°). We divide this into cases accord- 
ing to whether e r is 1 or — 1. Suppose first that e r = 1. For y e I r , consider the 
sequence (y m )m > o with >’o = >’ and y m +\ = g(y m )■ If all the y m lie in I r , then the 
sequence (y m )m> o is increasing and bounded above by x r +\. It tends to a limit y„ 
with y„ < x r +\ and g(y<*,) = y». Therefore, y*, = x r +\ . On the other hand, we also 
have f(y m+ i) = f{g(y m )) = f(y m ), so the sequence {f{y m )) m > 0 is constant. Con- 
sequently, f(y ) = /(>’o) = /'(>'oo) = f(x r+ 1 ). Hence / is constant on I r with value 
/(•*«)• 

Suppose that e r = — 1 . It will be shown that g{I r ) 3 I r . For r > 0, this is automatic 
from the intermediate value property. For r = 0 and y £ Io, one has g(y) < y < 
xo = g(x o). By the intermediate value property, there exists y' £ (y,x) with g(y') = 
y. We now mimic the argument used in the case r = n. Given y £ Iq, there is a 
sequence (y m ) m > 0 with y 0 = y and g{y m+ \) = y m for each m, since g{y 0 ) < y 0 . By 
the intermediate value property, there exists y\ such that g(yi) = yo- This sequence 
is increasing and tends to a limit y^, with < x r+ 1 . Again, g(y^) = y<*,. Thus, 
y~ = X r +i- The sequence {f(y m )) m > o is constant, and so f(y) = f(y 0 ) = f{y„) = 
f{x r+ \ ) = f(x„) . Again we conclude that / is constant on I r . □ 

4.6.9. Prove that there is no continuous function f : [0, 1]— >R such that 
f{x)+f(x?)=x for all x £ [0,1]. 

Solution. Assume that there is a continuous function with this property. Thus, 
for any n > 1 and all x £ [0, 1], 

f(x) = x - fix 1 ) = x - (x 1 - f{x A )) = X - x 2 + (x 4 - /(x 8 )) = • • • 

= x _^+/_... + ( _i r ( x 2"_ / ( x 2" +1 j) . 

Since /( 0) = 0 and lim„— >00 x 2 " +1 = 0 for any x£ (0, 1), it follows by the conti- 
nuity of / that lim n — >«,/ ^x 2 " + ' j = 0, hence 

f(x) =x-x 2 +x 4 + (-l) n x? n + •" , 


for any x £ (0, 1). 

Fix xq G (0, 1) and define, for any n > 1, x n = yJx n -\. Then (x„)„>o is an increas- 
ing sequence converging to 1. So, by the continuity of /, lim„— ^/(x,,) = /( 1) = 
1 /2. Since /(x) +f(x?) = x for all x G [0, 1] , we deduce that / is not constant; hence 
there exists xo G (0, 1) such that /(xo) ^ /( 1 ) = 1/2. Assume /(xo) = a + 1 /2, with 
a > 0. 

Using now f(x„) =x n — /(x„-i), we deduce that for all n > 1, 
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/(*2n+l ) = XI ~ X2 + x 3 - X 4 + ■ ■ ■ + X 2n - l~X 2n + X 2n+ l - f(x 0 ) . 


But x 2 k- 1 — x 2 k < 0 for any k G {1, . . . .n} and x 2n+ \ < 1. Therefore 


f{x 2 n+ 1 ) < 1 - f(x o) = ^ “ a ■ 


We deduce that 

\ = /(!) = Jim /(x 2n+ i) < ~ ~ a , 

a contradiction. This shows that there is no function with the required properties. □ 


4.7 Qualitative Properties of Continuous Functions 


I am interested in mathematics only as 
a creative art. 


Godfrey H. Hardy (1877-1947), A 
Mathematician’s Apology 


4.7.1. Letf,g : [0, 1]— >[0, 1] be continuous functions such that 

max f(x) = max e(x) . 

*e[0,i] *e[0,i] 


Prove that there exists to € [0, 1] such that f 2 (to) + 'if (to) = g 2 fo) + igfo)- 

Solution. Let M be the common supremum of the functions / and g. Since / and 
g are continuous on [0, 1], there exist a,[l G [0, 1] such that f(a) = g(fi) = M. The 
function h := f — g satisfies h(a) =M—g(a) > 0, h([ 3) = — 0. Since h is 

continuous, there exists to £ [a, j3] such that h(to) = 0. It follows that f(to) = g(to), 
so f 2 (to) + if (to) = g 2 (to) + 3g(f 0 ). □ 

4.7.2. (i) Prove that there exists no continuous and onto map f : [0, 1] — >-(0, 1) . 

(ii) Find a continuous and onto map f : (0, 1)— >[0, 1]. 

(Hi) Prove that a mapping as in (ii) cannot be bijective. 

Solution, (i) Assume that there exists / : [0, 1] — >(0, 1) continuous and onto. Let 
(x n ) C [0, 1] be a sequence such that 0 < f(x„) < 1 /«. By the Bolzano- Weierstrass 
theorem, we can assume that (x n ) converges to some x G [0, 1], By continuity we 
find that f(x) = 0, contradiction. Consequently, such a function does not exist. 

(ii) Take f(x) = | sin 2nx\ . 

(iii) Let g : (0,1)— >[0,1] be continuous and bijective. Let xq.xi G (0,1) be such 
that g(xo) = 0 and g(x i) = 1. We can assume without loss of generality that 
xo < x\ (if not, consider the mapping 1 —g). Since g has the intermediate value 
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property, it follows that g([x o,xi]) = [0, 1], But xo,Xj G (0, 1). So g is not one- 
to-one, a contradiction. □ 

4.7.3. Prove that there exists no continuous function / : M— >R such that 

/(r)eQ^/(r+ 1)GR\Q. 

Solution. Consider the continuous function g(x) = f(x+ 1) — fix). By our 
hypothesis it follows that g has only irrational values, that is, g is constant. Let 
a G R \ Q be such that g(x) = a, for all x6l. This means that f(x + 2) — f(x) = 
2a G R \ Q, Vx G R. On the other hand, let xo G R be such that /(x o) € Q. We obtain 
that f(x o + 2) G Q, so /(x o + 2) — /(xo) G Q. This contradiction shows that such a 
function cannot exist. □ 

4.7.4. Let f : [0,°°)— »R be a continuous function. Let A be the set of all real 
numbers a such that there exists a sequence (x„) C [0,°°) satisfying a =lim„— >co/(x„). 

Prove that if A contains both a and b (a<b), then A contains the whole interval 

[ab- 
solution. Let a < c < b and x„,y n G [0,°°) be such that a = lim„— ^f(x n ), 
b = lim„— >~/(yn). We can assume without loss of generality that f(x n ) < c and 
f{y n ) > c, Vn G N. Using the intermediate value property for /, we find some z n 
between x n and y„ such that fiz n ) = c. We conclude that c G A. □ 

4.7.5. Letf : R — be a function having lateral limits at all points. Prove that the 
set of discontinuity points of f is at most countable. 

Solution. Let E be the set of discontinuity points of / and 

El = {x G E- f(x~) = /(*+) </(*)}, E 2 = {xGE; f(x~) > f(x+) } , 

£ 3 = {x G £; /(x-) = /(x+) > /(x)}, £4 = {x G £; /(x-) < /(x+)}. 

Obviously, £ = £1 U £2 U £3 U £ 4 . 

For any x G £ 1 , let a* G Q be such that /(x— ) <a x < /(x+). Choose G Q 
such that b x <x<c x and 

b x <t <c x , x^t implies f(t ) < 

The map q> : E\— xQxQ defined by <p(x) = ( a x ,b x ,c x ) is one-to-one, since 
(a X) b X) c x ) = (a y ,by,Cy) implies /(y) <a x < f(y) for all x / >\ This means that the 
set £1 is at most countable. 

If x G £ 2 , let a x G Q be such that fix—') > a x > f(x+) and choose b x ,c x G Q 
satisfying b x <x<c x and 


b x <t < x implies /(f) > a* 


and 


t <c x implies /(f) < □ 
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With the same arguments as above, the mapping £2 1— * ► Q X Q X Q is one-to-one, so 
£2 is at most countable. 

Similar arguments apply for £3 and £4. It follows that £ is at most countable, as 
the finite union of at most countable sets. 

4. 7. 6. Let f : R— >R be a continuous function that maps open intervals into open 
intervals. Prove that f is monotone. 

Solution. We argue by contradiction and assume that / is not monotone. Thus, 
without loss of generality, we can suppose that there exist a < b < c such that 
f(a) < f(b) > f(c). By Weierstrass’s theorem, / achieves its maximum M on [a, b\ 
at a point that is different from a and b. It follows that the set f((a,c)) cannot be 
open because it contains M, but does not contain M + a, for any a > 0 less than 
some e. So, necessarily, / is monotone. □ 

4.7.7. Let f : R— >R be a continuous function such that \ f(x) — f(y) \ > \x — y\, 
for all x.y G R. Prove that f is surjective. 

Solution. By hypothesis it follows that / is one-to-one. Hence / is strictly mono- 
tone, as a continuous and one-to-one mapping. So, / transforms open intervals into 
open intervals, so the image of / is an open interval. 

Let y„ = f(x n ) be such that y„— >y G R. The sequence ( y n ) is thus a Cauchy 
sequence, so the same property holds for the sequence (x n ). Let x = lim„^ M x„. By 
the continuity of / we obtain 


/(*)=/( limx n ) 


lim f(x n ) =y. □ 


It follows that the image of / is a closed set. Since /( R) is simultaneously open and 
closed, we deduce that /( R) = R, that is, / is surjective. 

4.7.8. Let f : [1,°°)— >-(0,°°) be a continuous function. Assume that for every 
a > 0, the equation fix) = ax has at least one solution in the interval [1 , °°) . 

(i) Prove that for every a>0,the equation f(x) = ax has infinitely many solutions. 

(ii) Give an example of a strictly increasing continuous function f with these 
properties. 


SEEMOUS 2008 


Solution, (i) Suppose that one can find constants a > 0 and b > 0 such that 
/( x) f ax for all x e [ b , °°) . Since / is continuous, we obtain two possible cases: 

(1) f{x) > ax for x £ [b,°°). Define 



xE[l,b\ X Xq 


Then, for every xG [1 , °°) one should have 


/(*)> 


min(a,c) 


■x, 


2 
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a contradiction. 

(2) /( x) < ax for x G Define 


C = max 

xe[i,b] 


/« 


/(* o) 

*0 


Then, /(x) < 2max(a,C)x for every x G [1,°°), and this is again a contradiction. 


(ii) Choose a sequence 1 = xi < X 2 < • • • < x„ < • • • such that the sequence 
(y n )n>i defined by y n = 2 ncosnK x n is also increasing. Next define f(x„) = y„ and 
extend / linearly on each interval [x„_ i , x„] , that is, /(x) = a„x + b„ for suitable 
a n , b„. In this way we obtain an increasing continuous function /, for which 
lim„^ 00 /(x2„)/(2n) = °o and lim„_ >«,/(x2„-i)/(2n - 1) = 0. It now follows 
that the continuous function /(x) /x takes every positive value on [1 , °°) . □ 


Let / : / — + M be an arbitrary function, where I is a bounded or unbounded inter- 
val. We say that / has a horizontal chord of length A > 0 if there is a point x such 
thatx, x + A G [a,b\ and/(x) =/(x+A). 

Examples, (i) The function /(x) = 1 defined on the entire real line has horizontal 
chords of all lengths. 

(ii) The function /(x) = x 3 — x + 1 has a horizontal chord of length 2 and two hori- 
zontal chords of length 1. 

(iii) The function /(x) = x 3 has no horizontal chords. 

The next exercise provides a class of functions having horizontal chords of any 
length. 

4.7.9. Letf : R— >R be a continuous and periodic function. Prove that f has hor- 
izontal chords of all lengths. 

Solution. Let T be the period of /. Fix arbitrarily A > 0. We must prove that there 
exists t, Gl such that /(^ ) = /(^ + A ) . To see this, consider the continuous function 
g(x) =/(x+A) — /(x) and choose x m , Xm G [0,T] such that f(x m ) = min^pj-] /(x) 
and /(xm) = max xe [ 0; r] fix). Then g(x m ) > 0 and g(xM) < 0. Thus, by the interme- 
diate value property, there exists £ G [0, T] such that g(^ ) = 0. 

Notice that the above property is no longer true if we replace the continu- 
ity assumption with the intermediate value property. Indeed, consider the function 
/ : R— defined by 


COS ( g L.) + |(- 1)M*3 ifx/7T0Z, 
0 ifx/7TGZ, 


where [x] denotes the largest integer less than or equal to x. Then / is periodic with 
period 2n and has the intermediate value property. However, / has no chord of 
length n. □ 
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We prove in what follows that continuous periodic functions have particular 
chords of any length, not necessarily horizontal. 

4.7.10. Let f : R— >R be a continuous and periodic function. Prove that f has a 
chord of any length, not necessarily horizontal, with midpoint on the graph of f. 

Solution. Let T > 0 be the period of /. Fix X > 0 arbitrarily and consider the 
continuous function g(x) = fix + X) — 2 f{x) + f(x — X). Let x m , xm G [0, T] be 
such that f{x m ) = min^rj /(*) and f(x M ) = max*e[ 0) r ] /(*) . Then g(x m ) > 0 and 
g(xw) < 0. Thus, by the intermediate value property, there exists c, G [0, T] such that 
g( E , ) = 0. This means that 

f (t+x)-m=m-f(i;-x), 

which concludes the proof. □ 

4.7.11. Let f be continuous and periodic with period T . Prove that f has two hor- 
izontal chords of any given length X, with their left-hand points at different points 
of[0,T). 

Solution. Consider the function g(x) = fix + X ) — fix). Then giT) = g(0) and 
g changes sign between 0 and T . Thus, g vanishes at least twice in [0, T), say at E, 
and 7]. It follows that f{E, +X) = /(£), f{r\ + X) = f{r \ ) (£; ^ p). This completes 
the proof. □ 

For functions that are continuous but not periodic, the situation can be quite dif- 
ferent. A continuous function may have no horizontal chords, as for example, a 
strictly increasing function. However, the following horizontal chord theorem holds. 

4. 7. 12. Suppose that the continuous function f : [0, 1] — > R has a horizontal chord 
of length X . Prove that there exist horizontal chords of lengths X/n, for any integer 
n> 2, but horizontal chords of any other length cannot exist. 

Solution. Without loss of generality we assume that /( 0) = /(l), hence X = 1. 

Fix an integer n > 2 and consider the function g(x) = fix + 1/n) — fix), so 
that g has domain [0, 1 — 1/n], We show that there exists E, such that y(| ) = 0, 
hence f{E, + 1 /n) = f{E>). This shows that / has a horizontal chord of length 1/n, 
as required. Arguing by contradiction, we deduce that g is either positive for all 
x G [0, 1 — 1/n] or negative for all x G [0, 1 — 1/n], Otherwise, by the intermediate 
value property, we obtain that g vanishes at some E, , as required. Assume g > 0 in 
[0, 1 — 1/n], Taking x= 0, 1/n, 2/n, . . . , (n — l)/n, we have 

f(0) < /(V») < /(2/«) < ' ' ' < /((« - !)/«) </(!)= /(0) , 

a contradiction. 

We show in what follows that there exists a continuous function that has a hor- 
izontal chord of length 1, but none of length p for all p G (0, 1/2) \ { 1/n; n > 2}. 
The following example is due to Paul Levy. Let a G (0,1) be fixed with o / 1/n, 
n > 2. Consider the function 


f(x) = sin 2 (7rx/a) — xsin 2 (n/a) . 
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Since /( 0) = /(l) = 0, /(l) = 0, we deduce that / has a horizontal chord of length 
1 . Next, if / has a horizontal chord of length a, then there is some a such that 
f(a) = f (a + a), that is, 

sin 2 (7roc/a) — asin 2 (n/a) = sin 2 (7r(o: + a)/a) — (a + a) sin 2 (7r/a) . 

Thus, asin 2 (7t/a) = 0, hence n/a = tin, where n is a positive integer, which yields 
a = 1/n. This contradicts the choice of a. 

The next exercise establishes an interesting property of continuous functions and 
is sometimes referred to as the Croft lemma. As a consequence, if / : (0,°°)— 
is a continuous function such that lim„— >00 /(x/«) = 0 for all x > 0, then 

lim*— > 0 +/M = 0 . □ 

4.7.13. Let f : M— be a continuous function such that lim„— >«,/(n5) = 0 for 
all 5 > 0. Prove that lim x — >o*f(x) = 0. 

Solution. Replacing / with |/| if necessary, we can assume / > 0. Next, we 
claim that if 0 < a < b, then U“ =1 (na.nb) contains an interval (xo,°°), for some 
xo > 0. Indeed, there is a positive integer no such that a/b < n/(n+ 1) for any 
n > no- This shows that the intervals ( na,nb ) and ((n + l)a, (n + 1 )b) have a com- 
mon point, provided n > no- Since nb^°° as n — it follows that U ™ =no (na,nb) = 
(noa,°°). 

Arguing by contradiction, we assume that lim x —>. <x ,f(x) is not 0. Thus, there exist 
e > 0 and a sequence {x n ) n >i such that x„>n and f{x n ) > E. Since / is continuous, 
there is an interval /„ = [a n , b n ] such that x n € (a n , b„) and f(x') > e for all x e /„ . We 
define inductively a sequence of bounded and closed intervals {J n )n> i as follows: 
J\ = I \ ; J 2 C J\ and there are positive integers m 2 and «2 such that m 2 X g /„ 2 for 
all x £ J 2 - More generally, for any k > 2, we assume that Jt C Jk- \ and there are 
positive integers m* and n* such that > m^- \ , n* > n^-i, and m^x £ I„ k for all 
x£Jk- We remark that this construction is possible in virtue of the above claim. 

Fix xo £ n^Jn. Since m^x 0 £ In k for all k > 1, it follows that /(m^x 0 ) > £ for any 
k> 1. On the other hand, m*— as k— Thus, by hypothesis, lim^_j.„,/(m*xo)=0, 
a contradiction. This concludes the proof. □ 

The following property is due to R.R Boas [9] and is a source for new inequali- 
ties, as we will illustrate subsequently. 

4.7.14. Let f be continuous with domain 0<x<l or 0 < x < 1, /( 0) = 0, 
/( 1) > 1 (including the possibility that /( 1) = +°°). Let g be continuous with 
domain in the range of f, and g( 1 ) < 1. Assume that f(x)/x and g(x) jx are 
strictly decreasing on their domains and f(x) ^ x for 0 < x < 1. Prove that 
f(g(x))<g(f(x))for 0<x<l. 

Solution. We observe first that since /(x) /x decreases, then if 0 < y < 1 we have 
f(xy)/ (xy) < f(x) /x for 0 < x < 1 (or 0 < x < 1), and consequently 


f(xy) < yf(x) for all 0 < x < 1,0 < y < 1 . 


(4.3) 
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By continuity and since /( 0) = 0 and /( 1) > 1, there exists £i G (0, 1) such that 
f(e i) = 1 and fix) > 1 for x G [fii , 1). Since / increases strictly (because f(x) jx 
increases), there is a unique £i with the above property. Next, we determine e„ 
(n > 1) recursively: /(e n +t) = £n and f(x) > £„ for x G [£ n+ i,l). Then (£„)„>i 
is a decreasing sequence of positive numbers; hence it converges to some limit £. 
If £ > 0, we would have /(e) = lim„— +„/(£„) = £, by continuity. Since we have 
assumed fix) f x for x > 0, we deduce that £ = 0. 

Let £o = 1. Since £„— >0, each x G (0, 1) is in one of the intervals [£ n +i , £«], where 
n > 0. In this interval we have f(x) > £„, by the way in which the £„ were con- 
structed. Then relation (4.3) gives us 


/(*(*)) = f(x ■ g(x) A) < f(x)g{x) A for any x G [£ n+ i , £„] . (4.4) 


We observe that (4.3) is applicable because 

g(x)/x<g( 1)/1<1. 


(4.5) 


In the interval (£i,l) we have /(x) > 1 and so g( 1)/1 < g(f(x)) / f{x) because 
g(x ) /x increases. If we substitute this into (4.5) and then (4.5) into (4.4), we obtain 
f(g(x)) < g(f(x)) forx G (£i, 1). 

If n > 1, then since g(x') /x increases, we can continue (4.4) to obtain 


f(g(x))<f(x)g(8 n )/£ n , 

since x < £„. But £„ < f(x) and g increases, so that 

/(*(*)) < /(x)g(/(x))//(x) = g(f(x)) , 


for any x G [£„+i Since n is arbitrary, it follows that this equality is true for all 
xg(0,1). □ 

We illustrate this property with some concrete examples. 

Example 1 . Let 


/(x) = -log(l-x), g(x)=x a , a> 1. 


Then 



Put x = 1 — e y , y > 0. We obtain the inequality 


log 


1 — (1 — e~y) a 


< y a for all y > 0 and a > 1 . 


Example 2. Let 
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f(x) = - tan — 
n 2 


sto=*°, a> 1. 
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If we replace x by 2y/n we obtain 


tan 



< 



(tanyf. 


In particular, if a = 2, we obtain 



7T 


< 


2 , 
— tan“y 
n 


for ally G [0 , tt/2) . 


Example 3 . Let 


/(*) = -log(l-x), g(*) = 


e x — 1 
e— 1 


We obtain the inequality 


i e ^ 1 ^ x 

° S e — e* “ (l-*)(e-l) 


for all [0,1). 


4.7.15. Let (0 : [0,°°] — > E be a continuous function such that (o(x)/x= 0. 
Let (c„)„> i be a sequence of nonnegative real numbers such that ( c n /ri) n>l is 
bounded. Prove that lim„_>,» t o(c„)/n = 0. 

D. Andrica and M. Piticari 


Solution. We distinguish the following situations. 

Case 1 . There exists lim„— ><*, c„ and it is +°°. In that case we have 

I <P(c B ) I = I C„ o(c„ ) I ^ M 
| n I I n c n |- 

whereM= sup {c n /n : n > 1}. Since lim*-,*, 03 (x) jx = 0, from relation (4.6) it fol- 
lows that lim„_><*, \co(c n )/n\ = 0, hence the desired conclusion. 

Case 2. The sequence (c„)„> i is bounded. Consider A > 0 such that c n < A 
for all positive integers n > 1, and define K = sup x6 j 0 A <a(jc)|. It is clear that 
|ft)(c„)/n| <K/n for all n > 1, that is, lim^^ co(c„) /n = 0. 

Case 3. The sequence (c„)„> i is unbounded and lim does not exist. 
For e > 0 there exists 5 > 0 such that |g>(jc)/x| < e/M for any x > 8, where 
M = sup {c„/n : n> 1} . Consider the sets 

A s = {n G N* : c„< 5} and Bg = {n G N* : c n > 5}. 

If one of these sets is finite, then we immediately derive the desired result. 
Assume that Ag and Bg are both infinite. Since lim„ e ^ g (o{c n )/n = 0, it follows that 


I <B(Cn) I 


(4.6) 
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there exists N\ (e) with the property \co(c n )/n\ < e for all n gA§ with n>N\ (e). 
For n e Bg, we have 

10^)11 CO{Cn)_ Cn\ L M = £ 

| n | | c n n | M 

Therefore I ^ I < e for any « > iVi (e) . □ 


4.8 Independent Study Problems 


The infinite! No other question has 
ever moved so profoundly the spirit 
of man. 

David Hilbert (1862-1943), The World 
of Mathematics 


4.8.1. Find all continuous functions f : R— >R such that 

xi-x 2 eQ<=> f(xi)-f(x 2 ) gQ. 

Answer. f(x ) = ax + b, with a € Q. 

4.8.2. LetM be the set of all continuous functions f : [0, 1] — satisfying /( 0) = 

/(i) = o. 

Find the set of all positive numbers a such that for any f £ M there exists a 
straight line of length a joining two points on the graph of f that is parallel to the 
Ox axis. 

4.8.3. Let C >0 bean arbitrary constant. Find all continuous functions f : K— 
satisfying f(x) = f(x 2 + C) , for allx 6l. 

4.8.4. Let f : M— >K be an arbitrary function satisfying /(0) > 0, /(l) < 0 and 
there exists a continuous function g such that f + g is increasing. Prove that f van- 
ishes at least once. 

4.8.5. Let f : [0, 1]— >R be a continuous function such that /( 0) ^ /( 1) and f 
achieves each of its values finitely many times. Prove that at least one of the values 
of f is achieved by an odd number of values. 

4.8.6. Letf: R — be a continuous and decreasing function. Prove that 

(a) f has a unique fixed point; 

(b) the following alternative holds: either the set 


{xeR; (fof)(x)=xj 
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is infinite or it has an odd number of elements. 

4.8. 7. Let f : R— >R be a continuous function such that its nth iterate has a unique 
fixed point xq. Prove that f(x o) = xq. 

4.8.8. Letf : [a,b]—*[a,b] be a function such that 


\f(x)-f(y)\<\x-y\, Vx,ye [ap- 


prove that the sequence (x n ) defined by x n+ \ = (x n + f(x n ))/2 converges to a fixed 
point of f. 

4.8.9. Let f, g : (a, b )— >R be continuous functions such that at least one of these 
functions is monotone. Assume that there exists a sequence (x„) C ( a,b ) such that 
f(x n ) = g(x„- 1 ). Prove that the equation fix) = g(x) has at least one solution in 
(a,b). 

4.8.10. Let (a„) and (b n ) be sequences of real numbers converging to zero and 
such that a n ^ b n , for all n. Letf : R— >R be a function such that for anyx G (0, 1) 
there exists N = N(x) G N satisfying f(x+ a n ) = f(x + b„), for all n > N. 

If 0 <b n < a n , can we assert that f is constant? The same question forb n = —a n . 

4.8.11. Let f n : R— >R (n> 1) be functions satisfying the Lipschitz condition 
with constant L. Let f : R— >R be a continuous function with the property that for all 
x £ R there exists an integer n such thatf(x) = f n (x). Prove that f is also a Lipschitz 
function with the same constant L. 

Hint. A function / satisfies the Lipschitz condition of constant 1 if and only if the 
mappings x + fix) and x — fix) are increasing. 

4.8.12. Find all continuous functions f : R— >R satisfying f(2x+ 1) = f(x), for 
all x e R. 

Hint. Observe that if xo = x and x n+ \ = (x n — l)/2, then \im n -^^x n = — 1. This 
implies that any function with the required properties must be constant. 

4.8.13. Letf : R— >R be a continuous function at the origin. Solve the functional 
equation f(x) = f(x/ ( 1 — x) ) , for all x 1 . 

Answer. The constant functions. 

4.8. 14. Find all continuous functions f : R— >R such that for any geometric pro- 
gression (x„) the sequence ( f(x n )) is a geometric progression, too. 

4.8. 15. Find all continuous functions f : R— >R such that 



Answer. f(x) = (x? -x 2 - l)/(2x(x- 1)). 

4.8.16. Find all continuous and bijective functions f : [0,1]— >[0,1] such that 
f(2x — f(x)) = x, for any x 6 [0, 1] . 

Answer. The identity map. 
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4.8. 1 7. Let a ^ 0 be a real number. Find all continuous functions f : R— »R satis- 
fying f(2x - f(x) /a) = ax, for allxeM. 

4. 8. 1 8. Find all continuous functions f : (0,1) — >R such that 


Inx — lny 


J(x)+f(y) 


Vx,ye (0,1), x^y. 


Answer. The constant functions. 

4.8.19. Find all continuous functions f : (— 1 , 1 )— >R such that 


f 


x+y 
1 +xy 


= f(x)+f(y), Vx,y e (—1,1). 


Hint. Make a change of variable to obtain the Cauchy functional equation. 

4.8.20. Let kbea real number. Find all continuous functions f : R— >R such that 

f(x+y ) = f(x) + f(y) + kxy, Mx,y e R. 


Answer. f(x) = kx 2 /2 + cx, where c = /(l) — k/2. 

4.8.21 . Let n>2bea positive integer. Find a function f : R— >R such that f(x) + 
/( 2x) + ■ ■ ■ + f{nx) = 0 for allxeM. and f(x) = 0 if and only ifx = 0. 

4.8.22. Let f : R— +R be a function satisfying the intermediate value property 
such that f o / = 1 R . Prove that either the set of fixed points of f is R or it contains 
a unique element. 

St. Alexe 

4.8.23. Let f : R— >R be a function such that f attains neither its maximum nor 
its minimum on any open interval I C R. 

(a) Prove that if f is continuous then f is monotone. 

(b) Give examples of nonmonotone functions satisfying the above property. 

C. Stoicescu and M. Chirifa 

4.8.24. Let /„ : R— >R, n e N, be functions satisfying, for all x,y € R and any 
n 6 N, | f n (x) —f n (y) | < \x — y | . Assume that there exists a continuous function f : 
[0, 1]— >R such that for all x e Q fl [0, 1] we have lim „_>,*, /„(*) = f(x) . Prove that 
this limit holds for any real x € R fl [0, 1] . 

4.8.25. Let f : [0, 1]— +R be a continuous function. Compute lim „— n x n f(x)dx. 

4.8.26. Solve the simultaneous functional equations 
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f(x+y) = 



g{x+y) 


g(*)g{y) 


" [1-/W/M] 2 ' 

J.L. Riley, Amer. Math. Monthly, Problem 2759 


4.8.27. Let f : [0, 1]— >R be a continuous function. Find all real numbers a for 
which A a (f ) := lim„— >cx,n a f(j e~ nx f(x)dx exists. If the limit A a (f) exists, com- 
pute it. 

4.8.28. Let f : R— >R be a continuous function such that for any real x and any 
positive integer n, f(x + n~ 1 ) > fix — « _1 ). Prove that/ is an increasing function. 

4.8.29. Letf : R— >R be a nonconstant function such that there exists a continuous 
strictly monotone function g : R— >R such that lim ; — »*/(f) = g(f(x)), for all x G R. 
Prove that there is a nondegenerate interval of fixed points ofg. 


G. Dospinescu 


4.8.30. Let I C R be an interval and consider a continuous function f : I — >R such 
that for all iG / there exists a positive integer n x with f n * (x) = x. [We have denoted 
by f p the pth iterate of f, that is, f p = f o • • • o / (p times)]. 

(a) Prove that if I = [a,°°) then f is the identity map. 

(b) Prove that if f is not the identity map fori = (a,°°) then lim x — >«>/(x) = a. 


D. Schwartz 


4.8.31. Prove that the function fix) = cosx 2 is not uniformly continuous on R. 

4.8.32. Letf : R—»R be a uniformly continuous function. Prove that there exist 
positive constants a and b such that \f(x) \ < a\x\ + b for all x G R. 

4.8.33. Consider the function 


xsini 

0 


ifx > 0, 
if x = 0 . 


m = 


Prove that \ f(x) — f{y)\/\x— y\ a is bounded for x, y G [0, 1] if and only if a < 1/2. 


J.H. Curtiss, Amer. Math. Monthly, Problem 3939 


4.8.34. Let f : (0,°°)— >R be a continuous function such that for all £ > 0, 
]im^^ +M (f(x + i) — f(x ) ) = 0. Prove that for any 0<a<b, 
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4.8.35. Letf : [0, 1 ]— be a continuous function. Prove that 


4.8.36. (Rising Sun Lemma) Let f : [a,b]—fR be a continuous function and 
define the set 

S = {x G [a,b]; there exists y> x such thatf(y) > f(x ) } . 

Prove that if ( c,d ) cSbutc,dg S, then f(c) = f(d). 


Chapter 5 

Differentiability 


Isaac Newton was not a pleasant man. His relations with other 
academics were notorious, with most of his later life spent 

embroiled in heated disputes A serious dispute arose with 

the German philosopher Gottfried Leibniz. Both Leibniz and 
Newton had independently developed a branch of mathematics 
called calculus, which underlies most of modem physics. . . 
Following the death of Leibniz, Newton is reported to have 
declared that he had taken great satisfaction in “breaking 
Leibniz’s heart". 

— Stephen Hawking, A Brief History of Time, 1988 

Abstract. The concept of derivative is the main theme of differential calculus, one 
of the major discoveries in mathematics, and in science in general. Differentiation 
is the process of finding the best local linear approximation of a function. The idea 
of the derivative comes from the intuitive concepts of velocity or rate of change, 
which are thought of as instantaneous or infinitesimal versions of the basic differ- 
ence quotient ( f(x ) — f(x o)) /(x — xo), where / is a real- valued function defined in 
a neighborhood of x$. A geometric way to describe the notion of derivative is the 
slope of the tangent line at some particular point on the graph of a function.This 
means that at least locally (that is, in a small neighborhood of any point), the graph 
of a smooth function may be approximated with a straight line. Our goal in this 
chapter is to carry out this analysis by making the intuitive approach mathemati- 
cally rigorous. Besides the basic properties, the chapter includes many variations of 
the mean value theorem as well as its extensions involving higher derivatives. 

5.1 The Concept of Derivative and Basic Properties 


Data aequatione quotcunque fluentes 
quantitae involvente fluxiones invenire 
et vice versa. [“Given an equation 
which involves the derivatives of one 
or more functions, find the functions.”] 
Sir Isaac Newton to G.W. Leibniz, 
October 24, 1676 


The above quotation is the decipherment of an anagram in which Newton points 
out that differential equations are important because they express the laws of 
nature. 1 It is now fully recognized that the origins of the differential calculus go back 

1 Newton sent his letter to Henry Oldenburg, secretary of the Royal Society, and through him to 
G.W. Leibniz in Germany. Oldenburg was later imprisoned in the Tower of London for correspond- 
ing with foreigners. 

T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 183 

DOI: 10.1007/978-0-387-77379-7_5, 

© Springer Science + Business Media, LLC 2009 


184 


5 Differentiability 


to the works of Sir Isaac Newton (1643-1727) and Gottfried Wilhelm von Leibniz 
(1646-1716). However, when calculus was first being developed, there was a con- 
troversy as to who came up with the idea “first.” It is thought that Newton had 
discovered several ideas related to calculus earlier than Leibniz. However, Leibniz 
was the first to publish. Today, both Leibniz and Newton are considered to have 
discovered calculus independently. 

The concept of derivative has been applied in various domains and we mention 
in what follows only some of them: 

- velocity and acceleration of a movement (Galileo 1638, Newton 1686); 

- astronomy, verification of the law of gravitation (Newton, Kepler); 

- calculation of the angles under which two curves intersect (Descartes); 

- construction of telescopes (Galileo) and clocks (Huygens 1673); 

- search for the maxima and minima of a function (Fermat 1638). 


Let / be a real function with domain I C R. If xq £ I is an interior point of /, then 
the limit 


lim 


/(*)-/(* o) 
x-x 0 


when it exists, is called the derivative of / at xo. In this case we say that / is dif- 
ferentiable at xo and the value of the above limit is called the derivative of / at xo 
and is denoted by f'(x o). If / is an open interval and if / is differentiable at every 
Xo G /, then we say that / is differentiable on I. We point out that the notation f(x o) 
is a descendant of notation introduced by Newton, while Leibniz used the notation 
(df! dx) (xo) . The nth-order derivative of / is denoted by p n ' . 

We notice that the Newton quotient 


/(x)-/(x o) 
x x 0 



Fig. 5.1 Tangent and chord. 


5.1 The Concept of Derivative and Basic Properties 


185 



Fig. 5.2 Graph of the function f(x) = \fk. 


measures the slope of the chord of the graph of / that connects the points ( x,/(x )) 
and (xo,f(xo)) (see Figure 5.1). 

The one-sided derivatives of / at xo (if they exist) are defined by 

lim /W - /(J|1) and /(«+) „ to MxIM . 
x/xq X — Xq x\xq X — Xo 

Moreover, / is differentiable at xq if and only if /'(x o— ) and f'(x o+) exist, are 
finite, and f (xo— ) = f (xo+) . The point Xo is said to be an angular point if f (xq— ) 
and /'(X 0 +) are finite and f(x o— ) ^ /'(xo+). We say that xo is a cusp point of / 
if /'(x o— ) = ±°° and /'(xo+) = =F°° (see Figure 5.2), while we say that / has a 
vertical tangent at xo if f(x o— ) = f'{x o+) = ±°° (see Figure 5.3). 

The above definition implies that if / is differentiable at xo, then / is continuous 
at xo- The converse is not true, and the most usual counterexample in this sense is 
given by the mapping / : R— dR defined by /(x) = |x| (see Figure 5.4). Indeed, this 
function is continuous at the origin, but is not differentiable at xq = 0. Moreover, 



Fig. 5.3 Graph of the function f(x) = \f\x\- 
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Fig. 5.4 Graph of the function f(x) = \x\ 


f (0—) = — 1 and f (0+) = + 1 . A function / : R— >R that is everywhere continuous 
but nowhere differentiable is 


f(x) = Y, 2 ~ n sin " 2 x for all x e K. 

n= 1 

In fact, the first example of a continuous function that is nowhere differentiable is 
due to Weierstrass (1872), who shocked the mathematical world by showing that the 
continuous function 


/(x) = ^b n cos (a"x) (0 < b < 1 ) 

n = 1 


is nowhere differentiable, provided ab> 1 + 3k/ 2. 
The function r . 

/w=h + 

x“+x, if xe 


is discontinuous for all x 7 ^ 0 , but it is differentiable at x = 0 and f ( 0 ) = 1 . 

A related notion is the following. Let I C K be an interval. We say that a function 
/ : /— >R has a symmetric derivative in xq € Inti if there exists 


fs (x 0 ) : hm 


/(XQ + f)-/(XQ-f) 
2 1 


If there exist /'(xo+) and f (xo— ) , then there exists the symmetric derivative f' s (xo) 
and, moreover, 

/ / (xq+)+/'(xq-) 

2 

The converse is not true, as shown by the following counterexample: 


/(*) = 


x sin j , ifx^O, 
0 , if x = 0 . 
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We have already seen that Lipschitz maps are continuous. Of course, they do not 
need to be differentiable, as show by the absolute value map /(x ) =\ x\ (x G M), 
which satisfies 

| f(x) — f(y) |<| x — y | for all x,y € ffi, 

but which is not differentiable at the origin. The following question arises naturally: 
are there differentiable functions that are not Lipschitz? The answer is yes, and a 
function with such a property is 


x'! 2 sin \ , if 0 < x < 1 , 
0, if x = 0 . 


In 1872, Weierstrass shocked the mathematical world by giving an example of a 
function that is continuous at every point but whose derivative does not exist any- 
where. Consider the mapping (p : M— defined by 


if n is even and n < x < n + 1, 
if n is odd and n < x < n + 1 , 

1 © 

Then / defined as above is continuous at every real x but differentiable at no real 
x. The celebrated French mathematician Henri Poincare [L’ oeuvre mathematique 
de Weierstrass, Acta Math., vol. 22 (1899)] mentioned about this striking example, 
“A hundred years ago such a function would have been considered an outrage on 
common sense.” 

The derivative of a function is directly relevant to finding its maxima and minima. 
We recall that if / is a real function defined on an interval I, then a point xo £ I is 
called a local minimum for / if there exists 8 > 0 such that (xo — 5,xo + 5) Cl and 
f(x') > f(x o) for all x G (xo — <5,xo + 5). If xo is a local minimum of the function 
— /, we say that xo is a local maximum of /. 

The following Fermat test is an important tool for proving inequalities, and since 
it holds even in higher dimensions, it also applies in critical-point theory, in order to 
prove the existence of weak solutions to partial differential equations. This theorem 
was discovered by the French mathematician Pierre de Fermat (1601-1665) and 
expresses a geometrically intuitive fact: if Xo is an interior extremal point for / in 
I and if the graph of / has a tangent line at (xo,/(xo)), then such a line must be 
parallel to the x-axis. 

Fermat’s Theorem. Let / be real-valued function defined on an interval I. If f 
has a local extremum at an interior point xq of I and if f is differentiable atxo, then 

/(xo) = 0. 

A more precise answer can be formulated in terms of the second derivative. More 
exactly, if / : I — has a local maximum (resp., local minimum) at some interior 
point xq of I, then f"(x o) < 0 (resp., f"(x o) > 0). 


<p(x) = 


x — n, 
n+l-x, 


and set 


m := 
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Mean value theorems play a central role in analysis. The simplest form of the 
mean value theorem is stated in the next basic result, which is due to Michel Rolle 
(1652-1719). 

Rolle’s Theorem. Let f be a continuous real-valued function defined on the 
closed interval [a,b\ that is differentiable on ( a,b ). If f (a) = f(b), then there 
exists a point c e (a,b) such that f '(c) = 0. 

Geometrically, Rolle’s theorem states that if f(a) = f(b) then there is a point 
in the interval (a, b) at which the tangent line to the graph of / is parallel to the 
x-axis (see Figure 5.5). Another geometrical implication of Rolle’s theorem is the 
following. 

Polar Form of Rolle’s Theorem. Assume that f is a continuous real-valued 
function, nowhere vanishing in [6 ] , O2}, differentiable in (61,62), and such that 
f(6 1) = f(6i). Then there exists do G (61,62) such that the tangent line to the graph 
r = f(6) at 6 = do is perpendicular to the radius vector at that point. 

Taking into account the geometric interpretation of Rolle’s theorem, we expect 
that is would be possible to relate the slope of the chord connecting (a,f(a)) and 
(b,f(b)) with the value of the derivative at some interior point. In fact, this is the 
main content of a mean value theorem. The following is one of the basic results 
in elementary mathematical analysis and is known as the mean value theorem for 
differential calculus [Joseph-Louis Lagrange (1736-1813)]. Geometrically, this the- 
orem states that there exists a suitable point (c,f(c)) on the graph of / : [a,b\— 
such that the tangent is parallel to the straight line through the points (a,f(a)) and 
(b,f(b)) (see Figure 5.6). 

Lagrange’s Mean Value Theorem. Let f be a continuous real-valued function 
defined on the closed interval [ a,b \ that is differentiable on (a,b). Then there exists 
a pointed (a,b) such that 




Fig. 5.5 Geometric illustration of Rolle’s theorem. 
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b 


Fig. 5.6 Geometric illustration of Lagrange’s theorem. 


A simple statement that follows directly from the above result is that any differ- 
entiable function with bounded derivative is Lipschitz (compare with the comments 
at the beginning of this chapter!). 

A useful consequence of the Lagrange mean value theorem shows that computing 
the sign of the first derivative of a differentiable function suffices to localize maxima 
and minima of the function. More precisely, if / is differentiable on an open interval 
I, then / is increasing on I if and only if f'(x) > 0 for all x £ I. This property is 
also called the increasing function theorem. Furthermore, if f(x) > 0 for all x £ I, 
then / is strictly increasing in I. A direct consequence of this property is that if 
fix) < g'(x) on [a.b], then fix) — f{a) < g(x) — g(a) for all x £ [a,b\. This result 
is sometimes refereed as the racetrack principle: if one car goes faster than another, 
then it travels farther during any time interval. 

The converse of the property 


/> 0 in ( a,b ) => / strictly increasing in (a. b) 


is not true. Indeed, the function 



x(2 — cos(lnx) — sin(lnx)) if x £ (0, 1] , 


0 


is (strictly!) increasing on [0,1], but there are infinitely many points £ (0,1) such 
that /'(§) = 0 (see Figure 5.7). 

The definition of differentiability implies that if / : {a, b)— is differentiable at 
xq £ ( a , b) and f'(x o) > 0, then there exists S > 0 such that 


f(x) > f{x o) for all x e (x 0 ,x 0 + 5), 
f{x) < fix 0 ) for all x e (x 0 - S,x 0 ) . 
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Fig. 5.7 A strictly increasing function with derivative vanishing infinitely many times. 


The above statement does not imply that a function satisfying f(x o) > 0 is incr- 
easing in a neighborhood of xq. As a counterexample, consider the function (see 
Figure 5.8) 

, (x + x^sinX ifx^O, 

/(*) = S n x n 

10 ifx=0. 

This function is differentiable everywhere and satisfies /'( 0) = 1. However, for 
x X 0, the derivative 

12 1 

fix) = 1 + 2x sin — cos — 

x z x x 1 

oscillates strongly near the origin (see Figure 5.9). Hence, even though the graph of 
/ is contained between the parabolas yi = x — x 2 and y >2 = x + xr, there are points 
with negative derivative arbitrarily close to the origin. If /' (x) > 0 for all xG ( a,b ), 



Fig. 5.8 Graph of the function f(x) = x + £ sin( 1/jt 2 ), x =£ 0. 


0.4 
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Fig. 5.9 Graph of the function R \ {0} 3 I + 2x sin ^ | cos A . 


then / is increasing. Thus, this counterexample is possible only because / is not 
continuously differentiable. 

A much more elaborated notion of monotony is that of a completely monotonic 
function. This is a real-valued function defined on an interval / of the real line that 
satisfies (— 1 ) n f^ n \x] > 0 for all x € I and n G N*. Such functions do exist. An 
example is given by the mapping / : (1,°°)— defined by f[x) = y/x 2 — 1. An 
induction argument shows that for all x > 1, f^ n \x) > 0 for odd n and f^ n \x) < 0 
for even n > 0. 

Other immediate consequences of the mean value theorem establish that if / is a 
real- valued function that is continuous on [a, b] and differentiable on (a, b) , then the 
following hold: 

(i) if f (x) ^ 0 for all x G (a, b) then / is one-to-one on [a, b \ ; 

(ii) if f (x) = 0 for all x £ (a, b) then / is constant on [a,b]. 


The following example ( devil’s staircase ) shows that the last result is not as 
trivial as it might appear. If x £ [0, 1] has a representation in base 3 as, e.g., 
x = 0.2022002101220..., then f(x) is obtained in base 2 by converting all 2’s 
preceding the first 1 to a 1 and deleting subsequent digits. In our case, f(x) = 
0.101100011. In particular, f(x) = 1/2 on [1/3, 2/3], f{x) = 1/4 on [1/9, 2/9], 
f(x) = 3/4 on [7/9, 8/9], etc. This function / is continuous and nondecreasing. 
Moreover, / is differentiable with derivative f'(x) = 0 on a set of measure 


12 4 8 

3 + 9 + 27 + 8I**"- 1 ’ 


hence almost everywhere. Nevertheless, /( 0) ^ /( 1). 

A useful consequence of the Lagrange mean value theorem is the following. 
Corollary. Let f : [a,b)— be a differentiable function that is continuous at 
x = a and such that lim^ a f (x) exists and is finite. Then f is differentiable at x = a 
andf(a) = lim^ /'(*). 
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A generalization of the Lagrange mean value theorem is stated in the next 
result, which is due to the celebrated French mathematician Augustin-Louis Cauchy 
(1789-1857). 

Cauchy’s Mean Value Theorem. Let f and g be continuous real-valued func- 
tions defined on [ a,b ] that are differentiable on ( a,b ) and such that g(a) ^ g(b). 
Then there is a point c G (a, b) such that 


f(b)-f(d) _ f'(c ) 


g(b)-g{d) g’{c)' 


A geometric interpretation of Cauchy’s mean value theorem is that if 
p(x) = (f(x),g(x)) is a path in the plane, then under certain hypotheses, there must 
be an instant at which the velocity vector is parallel to the vector joining the end- 
points of the path. 

We point out that the mean value theorem is no longer valid if / takes values in 
M w , with N > 3. The mean value theorem is still valid in R 2 provided one states it 
correctly. Specifically, say that two vectors v and w are parallel if there is some non- 
trivial linear relation a\ + bw = 0, that is, if the span of v and w has dimension less 
than 2. Note that this is not an equivalence relation, since the zero vector is parallel 
to anything. Then for any C 1 function / : [«,£?]— >R 2 there is some c G (a,b) such 
that f'{c) and f(b) — f (a) are parallel. The result fails in R 3 and, more generally, 
in any M. N , where N > 3. Indeed, consider the function / : [0,27r]— >R 3 defined by 
f(x) = (cosx, sinx,x). Then/(27r) — /( 0) = (0,0, 27t) but/'(jc) = (— sinx, cosx, 1), 
for allx G [0, 2 tt] . 

In fact, the authentic sense of the mean value theorem is that of mean value 
inequality. For instance, if / is a real- valued function such that m< f'(x) <M on 
the interval [a, b\ , then 


m(x — a)< f(x) — f(a) < M(x — a ) , 


for all x in [a,b\. It is interesting to point out that before Lagrange and Cauchy, 
Ampere [34] saw the importance of the above mean value inequality and even used 
it as the defining property of the derivative. 

The following result, discovered by Gaston Darboux (1842-1917), asserts that 
the derivative of a real- valued function defined on an interval has the intermediate 
value property. 

Darboux’s Theorem. Let I be an open interval and let f : I— be a differen- 
tiable function. Then f has the intermediate value property. 

If f is continuous, then Darboux’s theorem follows directly from the intermedi- 
ate value property of continuous functions. But a derivative need not be continuous. 
Indeed, the function 



is differentiable at x = 0 but lim *— >0 f'(x) does not exist (see Figure 5.10). 
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Fig. 5.10 A differentiable function whose derivative is not continuous at x = 0. 


The standard proof of Darboux’s theorem is based on the fact that a continuous 
function on a compact interval has a maximum. This proof relies on considering 
the auxiliary function g(t) = f(t) —yot, where a,b £ I are fixed and yo lies strictly 
between f(a) and f'(b). Without loss of generality assume a < b and f(a) >yo> 
f'(b). Then g'(a) > 0 > g'(b), so a and b are not local maxima of g. Since g is 
continuous, it must therefore attain its maximum at an interior point Xo of [a.b\. So, 
by Fermat’s theorem, g'(x o) = 0 , and this concludes the proof. □ 

The following new proof of Darboux’s theorem is due to Olsen [86] and is based 
on an interesting approach that uses the Lagrange mean value theorem and the inte- 
rmediate value theorem for continuous functions. We present this elegant proof in 
what follows. Assume that yo lies strictly between f (a ) and f'(b). Define the con- 
tinuous functions f a , fb'- /— by 


and 


fa(t) 


m 


/'(«) 

for t = a, 


for 1 7^ a, 

f{b) 

for t = b, 

1 1 

for tf^b. 


Then f a (a) = f{a), f a {b) = fb{a), and fb{b) = f'(b). Thus, either yo lies between 
f a (a) and f a (b ) , or yo lies between fb (a) and fb(b). In the first case, by the continu- 
ity of f a , there exists s £ ( a,b\ such that 


yo=fa(s) 


f{s)-f{a) 


The Lagrange mean value theorem implies that there exists xo £ ( a , s) such that 

f(s)-f(a) 
yo = = 


s — a 


f(x o)- 
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In the second case, assuming that yo lies between fb(a) and fb(b), a similar arg- 
ument based on the continuity of /, shows that there exist s £ [a, b) and xo € (s, b) 
such that >’o = [/(.s) —/(h)] f{s — b) = f'(xo). This completes the proof. □ 

The significance of Darboux’s theorem is deep. Indeed, since f always satisfies 
the intermediate value property (even when it is not continuous), its discontinuities 
are all of the second kind. Geometrically, Darboux’s theorem means that although 
derivatives need not be continuous, they cannot suffer from jump discontinuities. 

Another important result is Taylor’s formula, which allows us to find approxi- 
mate values of elementary functions. It was discovered by the British mathematician 
Brook Taylor (1685-1731). We first recall that if / : {a,b)~ is n times differen- 
tiable at some point Xo £ (a, b), then the Taylor polynomial of / about xq of degree 
n is the polynomial P„ defined by 



Often the Taylor polynomial with center xq = 0 is called the Maclaurin polynomial 
[A Treatise of Fluxions, Cohn MacLaurin (1698-1746)]. 

Taylor’s Formula with Lagrange’s Reminder. Let / be an arbitrary function in 
C n+1 (a, b ) and xq £ ( a , b) . Then for all x £ (a, b ) , there exists a point t, in the open 
interval with endpoints xq and x such that 



f(x)-P n (x) = 


Related to this result, in 1797, Lagrange wrote a treatise that allowed him 
(as he thought) to assert that any C°° function / : (a,b)— >R is equal to its Taylor 
series about xq G (a,b), that is, it can be expressed as 



(5.1) 


Lagrange’s dream lasted some 25 years, until in 1823 Cauchy considered the func- 
tion / : M— defined by 



This function is continuous everywhere, but is extremely flat at the origin (see 
Figure 5.11), in the sense that /W (0) = 0 for all n [Hint: /M(x) = p„ (x _1 ) -e~ 1 ^ , 
for all x ^ 0 and n £ N, where p n denotes a polynomial with integer coefficients]. 
Thus, the Maclaurin series for the function f(x) is 0 + 0-1 and obviously con- 

verges for all x. This shows that relation (5.1) is wrong for xo = 0 and x f 0. 
A function / satisfying relation (5.1) for all x in some neighborhood of xq is called 
analytic at xq. This shows that the function / defined by (5.2) is not analytic at the 
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Fig. 5.11 Graph of the function defined by relation (5.2). 


origin, even if its associated Taylor series converges. A related remarkable result 
of Emile Borel (1871-1956) states that if (a„)„> o is any real sequence, then there 
are infinitely many differentiable functions / such that /M (0) = a„ for all integer 
n > 0. 

An important role in asymptotic analysis is played by the following notation, 
which is due to Landau: 

(i) f(x) = o(g(x)) as x-kx 0 if f(x)/g(x)->0 as x->x 0 ; 

(ii) f(x) = 0(g(x)) as x—>xo if f(x)/g(x) is bounded in a neighborhood of xq; 

(iii) / ~ g as x—>x 0 if f{x)/g(x)-> 1 as x—>x 0 . 

Using the above notation, we give in what follows the Taylor expansions of some 
elementary functions: 


x 2 x 3 

' = 1+ * + 2 + 3T- 


l»(l + *) = - T + T — + (—!)' , 

X 3 X 5 , x 2n+l 

.. + (-!) _ 

XT X 4 . X 2n 

cos,= 1 - s + --- + ( - 1 ) m 


- — + o(x") as x— >0, 
n\ 

x" ‘ 


+ o(x" +1 ) as x— >0, 

o(x 2n+2 ) as x— >0, 
+ o(x 2n+1 ) asx— >0, 


x 3 2X 5 17x 7 62x 9 1382X 11 21844x 13 , 

<mX=X+ 3 + l5 + 315 + 2835+ 155925 + 6081075 +<,{ * 1 aS ^°' 


lx 3 1-3 x 5 

arcsnur = *+-y + — y-f-- 

K l* 3 1-3X 1 

arccosx = — — x — - — - x— r t- 
2 2 3 2-4 5 

j3 „5 r^+l 

arctanx = x-^ + ----- + (-l)”-— - -- 
3 5 2«+ 1 


(2n — 1)!! x 2 " -1 " 1 , , n+2 . 

■+ 3.. ^ ~ + 0(X~” +2 


as x— >0, 


(2n)l! 2n+l 
(2n— 1)!! x 2n+1 , 

- (2 n)!! 2„+l + ” ( ^ 1 aS ^°' 


-o(x 2 ' 


as x— >0, 
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+ o{x U ) as X— >0, 


1 i « 

= 1 +x+xr+x?-\ \-x n + o(x n ) as x— +0, 

(1 +*)“ = 1 + C^x + Clx 2 + ^+(%x n + o(x n ) as x-+0 (oeR), 


1 


where the binomial coefficients are given by 


a(a- l)(a-2) ••• (a-n+ 1) 


The following theorem (whose “discrete” variant is the Stolz-Cesaro lemma for 
sequences) provides us a rule to compute limits of the indeterminate form 0/0 or 
°°/°°. This result is due to Guillaume Francois Antoine de l’Hopital, Marquis de 
Sainte-Mesme et du Montellier Compte d’Autremonts, Seigneur d’Ouques et autre 
lieux (1661-1704), who published (anonymously) in 1691 the world’s first textbook 
on calculus, based on Johann Bernoulli’s notes. 

L’Hopital’s Rule. Let I be a nonempty open interval in M, letxo 6 1U{— +°o} 
be one of its endpoints, and let f, g : I— 4R be two differentiable functions, with g 
strictly monotone and g'(x) ^ 0 for all x £ I. Assume that either of the next two 
conditions is satisfied: 


(i) f(x),g(x)^0 asx-^xo; 


(if) g(x)—> ±°° as x-^xq (no assumptions on f). 


Then the following implication holds: 



Some important comments related to THopital’s rule are stated below. 

(i) We can not assert that if lim*— >x 0 f(x)/g(x) exists, then lim *— > XQ f (x) / g 1 (x) 
exists, too. Indeed, consider the C“-functions 



Then lim x -+of(x)/g{x) = 0 but 



which implies that lim*— >o f(x)/g'(x) = 0 does not exist. 
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(ii) We are not entitled to draw any conclusion about lim *_ >* 0 /(x)/g(x) if 
lim x^x 0 f (, x ) / s' ( x ) does not exist. Strictly speaking, if g 1 has zeros in 
every neighborhood of xo, then f / g' is not defined around xo and we could 
assert that lim*— >* 0 f{x) /g' (x) does not exist. Stolz [108] discovered a strik- 
ing phenomenon related to the applicability of l’Hopital’s rule. More precisely, 
he showed that it is possible that f and g' contain a common factor, that is, 
f'(x) = A(x)f] (x) and g'(x) =A(x)g] (x), where A (x) does not approach a limit, 
but lim*— >*„ f\ {x)/g\ (x) exists. This means that under these circumstances, 
lim x-^xq f {x) / g! {x) may exist but lim *_ >* 0 /(x)/g(x) not exist. For instance, 
let us consider the example given by Stolz: 


M = - + 


sin 2x 


and 



e sinx 


Hence 

f(x) 2cos 2 x 

hm = lim 5 — t : - 

x—: g'(x) cosxe sm -' : (x + 2cosx+ sinxcosx) 

= Hm 2cosx = Q 

x— e smj: (x+ 2cosx + sinxcosx) 

However, lim*— ^ f(x)/g (x) does not exist. This is due to the fact that g' has zeros in 
every neighborhood of and consequently, we are not entitled to apply l’HopitaTs 
rule. 


(ii) Let / be differentiable on an interval containing x = a. Then 


f[d) = lim 


m-m 


and (since / is continuous at x = a) both the numerator and the denominator of the 
difference quotient approach zero. L’Hopital’s rule then gives 


/'(«)= hm/'(x), 


(5.3) 


a result that apparently shows that f is continuous at x = a. However, taking the 
function 


m 


x 2 sin i if x 0 , 
0 if x = 0 , 


we observe that not every differentiable function has a continuous derivative. The 
student should understand that because of the hypothesis of THopital’s rule, relation 
(5.3) is true in the sense that “if lim *_ > a /'(x) exists, then lim*— > a /'(x) = 

We conclude this section with the following useful result. 

Differentiation Inverse Functions Theorem. Suppose f is a bijective differen- 
tiable function on the interval [a, b] such thatf(x) ^ 0 for all x £ [ a,b\ . Then f~ l 
exists and is differentiable on the range off and, moreover, (/’ -l X [/(*)] = 1 / fix) 
for all x£ [a.b\. 
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5.2 Introductory Problems 


Nature not only suggests to us 
problems, she suggests their solution. 

Henri Poincare (1854-1912) 

The first problem in this section makes a point related to the notion of derivative of 
a real continuous function. More precisely, if / is continuous and if in the definition 
of the derivative of / at a point xq one looks only at rational displacements away 
from xo, then the function is differentiable at x = xq . Observe that a similar property 
does not hold for similar displacements of real functions in order to establish other 
properties, such as the continuity; consider, for example, the characteristic function 
1 q : R— defined by 1 q = 1 on Q and lq = 0 elsewhere. In this case, for any real 
xo we have lim/,_>o,fceQ [1q(*o + h) — 1q(xo)] = 0 , but 1q is not continuous at xo. 
We also point out the following two facts related to the result below: (i) the set Q 
of rational numbers can be replaced by any dense subset of R; (ii) for the result 
stated in the next exercise it is not sufficient that / be continuous at xo. Indeed, it 
suffices to consider the Dirichlet function (whose continuity points coincide with 
(R \ Q) U {0}), which is defined by 

ifx= p/q,p G 1>,q € N*,p and q tire relatively prime, 

0 , ifxeR\Q. 

5.2. 1 . Let f : M— >R be a continuous function such that for some xq G R, the limit 
limfc—^o.fceQl/txo + h) — f(xo)\/h exists and is Unite. Prove that f is differentiable 
inx o. 

Solution. Denote L := hm*_>o,fteQ[/( ;c o + ^) — f{ x o)]/h. Fix 0 < e < 1. Then 
there is a v > 0 such that for all h e Q n (— v, v) we have 

f(xo + h)-f{x 0 ) t \^£ 

h | < 3 ' 

Suppose 5 7 ^ 0 and 5 < v. Then by density of rationals and continuity of /, there 
is an h s e Q D (— V, v) such that 

< 3 ( 1 £ | 5 | L |) < 8 and |/(*o + S)-/(x 0 + A 5 )| < y ■ 

Then in the displayed inequality, the first term is at most e /3 and the second term is 
at most 

|^| \f(xo + h s )-f(x 0 ) T \ , \h 5 -S\ lrl , e\L\ ^ 2e 
\S\\ h 5 Tl ^ ]' W< 3 + 3(1+M < T- 
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Therefore for any <5 < v we have 

\f(xo + 8)-f(xo) 


— L\ <£, 


and since 0 < e < 1 was arbitrary, the conclusion follows. □ 

The definition of the derivative of a convenient function implies below an 
elementary inequality. 

5.2.2. Let f(x) = a\ sin* + ci 2 sin2xH b a n sin nx and assume that \f(x)\ < 

| sinx| , for allx€M.. Prove that \a\ + 2 a 2 H b na„ | < 1. 

Solution. Since /( 0) = 0 and \f(x)\ < \ sinx|, we have 

|/( 0 ) | = lim IMzMI = Ita, flffl I . = Ita IMI < 1 . 


This concludes the proof. □ 

The next exercise establishes a simple property of polynomials that are nonvan- 
ishing at some point. 

5.2.3. Letf{x) be a polynomial and a real number such that f (a) ^ 0. Show that 
there exists a polynomial with real coefficients g(x) such that p(a) = 1 , p'(a) = 0, 
and p"(a) = 0, where p{x) = f(x)g(x). 

Solution. Letg(x) =ao + ai(x— a)-\ b a n (x — a) n . This polynomial satisfies 

our assumptions because 


'/(«)’ 1 

/»£(«)- 


f'(a)g(a ) 

/(«) 

■2 fW(a) 


f(a) 


f(a) 

Act ) 2 ’ 

2 f(a) 2 -f"(a)f(a) 

/(«) 3 


□ 


Is the set of zeros of a differentiable function always finite? A sufficient condition 
is given in the following exercise. 

5.2.4. Let f : [0, 1]— >R be differentiable and such that there is no x with f{x) = 
f'(x) = 0. Show that the setZ := [x; f(x) = 0} is Unite. 

Solution. Arguing by contradiction, there exists a sequence (x„)„> i c [0, 1] such 
that f(x n ) = 0, for all n> 1. Since [0, 1] is a compact set, it follows that up to 
a subsequence, x „— >c £ [0, 1] as n— Then, by continuity, /(c) = 0. So, since 
f(x n ) = 0 for all n, we obtain 


f(c) = lim MxM = , im At* = 0. 


Hence /(c) = f'(c) = 0, a contradiction. □ 
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Nonexistence results are quite frequent in mathematics. An elementary example 
is stated below. 

5.2.5. Does there exist a continuously differentiable function f : M— >(0, °°) such 
thatf = f of? 

International Mathematical Competition for University Students, 2002 

Solution. Assume that there exists such a function. Then, by hypothesis, / is 
increasing. Thus, > /( 0) for all i6l. So, /( 0) is a lower bound for fix), 

and for all x < 0 we have f(x) < /( 0) +xf{ 0) = (1 +x)/(0). Hence, if x < — 1 then 
f(x) < 0, contradicting the property / > 0. Consequently, such a function cannot 
exist. □ 

We need only elementary knowledge of differentiability to solve the next system 
of functional equations. 

5.2.6. Find all differentiable functions f and g on (0,°°) such that f'{x) = 
-g(x) /x and g'{x) = -f(x) /x, for all x>0. 

B. Hogan, Math. Magazine, Problem 1005 

Solution. We observe that 


[*(/(*) + «(*))]' = */'« +xg'(x)+f(x) + g(x) = 0. 


So, there exists a real constant A such that fix) + g(x) = 2 A/x, for all x > 0. 
Similarly, we have 

| 7(*) - gW j ' _ xf{x) -xg!{x)-f{x)+g{x) _ Q; 

which shows that f(x) — g(x) = 2 Bx, for some real constant B. This yields 

A A 

f{x) = - + Bx and g(x) = Bx, 

for allx > 0, where A, B e M. □ 

How do we compute the second derivative of a function? A symmetric definition 
might sometimes be useful. 

5.2.7. Let f : (a,b)—>Wi be a function of class C 2 . Prove that 


fix+h)-2f(x) + f(x-h) _ „ 

h 2 W 


for all x e ( a,b ). 


Solution. Using Taylor’s formula we have 

f(x + h) —f{x) = f[x)h+ ^ ^ h 2 for some t € {x,x+h), h> 0 


f(x-h)-f(x) = -f(x)h + 



for some z G (x — h,x), h> 0. 


and 
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Adding these equalities, dividing by h 2 , and passing to the limit as /i— > 0 ( h > 0), our 
conclusion follows. Next, by the symmetry of the limit with respect to h we deduce 
that the same result holds if h— >0, h < 0. □ 

An algebraic equation with two unknowns is solved with differentiability argu- 
ments. 

5.2.8. Find all integers a and b such that 0 < a < b and a b = b a . 

Solution. Let f(x) = \nx/x. Then a b = b a if and only if f(a) = f(b). We have 
f(x) = (l-lnx)/* 2 , so / increases on (0,e) and decreases on (e,°°). So, in order 
to obtain /(a) = f(b ) we must have 0 < a < e (so, a £ { 1 , 2}) and b > e. For a = 1 
no solutions exist, while for a = 2 we obtain b = 4. Since / is decreasing, this is the 
unique solution. □ 

Next, we give a characterization of the constants fulfilling a certain inequality. 
As a consequence, what number is bigger: n e or e K l 

5.2.9. Show that a positive real number a satisfies 

e x >x a , forallx>0, 


if and only if a < e. 

Solution. Let /(x) = ef/x5, x > 0. Since f(x)— >°° as x — >0 and x — >°°, it follows 
that / achieves its minimum. Let Xo be the minimum point of /. So, by Fermat’s 
theorem, 


f(x 0 ) = e*°x 0 a (l - a/ xu) = 0, 

and the minimum occurs at xo = a and is f(a ) = e a /a a . This minimum is bigger 
than 1 if and only if a < e, and the conclusion follows. 

An alternative argument may be given by using the ideas developed in the previ- 
ous solution. Indeed, e* > x5 if and only if 1 /a> g(x) := (lnx) jx. We have already 
seen that the maximum of g is g(e) = 1/e, so the inequality holds for all x if and 
only if 1/a > 1/e, or e > a. □ 

Identities involving differentiable functions are important tools to deduce quali- 
tative properties. 

5.2.10. Letf : [0, 1]— >K be a C 2 function such that 

f"(x)=e x f(x), for all x G [0,1]. 

(a) Prove that if 0 < xq < 1, then f cannot have a positive local maximum value 
(a negative local minimum value) in xq. 

(b) We further assume thatf(0 ) = /( 1) = 0. Show thatf vanishes identically. 

Solution, (a) Assume that / has a local maximum point at xo and /(x o) > 0. Then 
f"(x o) < 0. But f" (xo) = e x °f(xo) > 0. This contradiction shows that / cannot have 
a positive local maximum point at Xo- A similar argument implies that / cannot have 
a negative local minimum point in the open interval (0, 1) . 
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(b) If there exists xo e (0, 1) such that f(x o) ^ 0, then by continuity arguments, / 
has a positive local maximum point or a negative local minimum point in (0,1), 
which contradicts (a). □ 

The derivative (when it exists!) is not necessarily continuous. A sufficient condi- 
tion is provided below. 

5.2.11. Let f be a real-valued function. Show that if f is defined at xq and if 
lim*— >xof'( x ) exists, thenf is continuous at xo- 

Solution. We have f (xq) = lim x — ^ [f{x) — f{x o)] /(x — xo) . But by THopital’s 
rule, the right-hand member equals lim*— >JCQ f'(x). This shows that f is continuous 
atxo. □ 

Taylor’s formula is also an instrument for deducing quantitative information for 
derivatives. 

5.2.12. Letf be a function that has a continuous third derivative on [0, 1]. Assume 
that f (0) = f (0) = /"(0) = /'(l) = /"(l) = 0 and f{ 1) = 1. Prove that there exists 
c in [a, b\ such that f "(c) > 24. 

M. Klamkin, Math. Magazine, Problem Q 913 

Solution. Consider the Taylor series expansions about the points x = 0 and x = 1 : 


f{x) = /(0) +/(0)x+ fflx 2 + ^Ix 3 , 
fix) = fW +/(1) (x-l) + m (x- l) 2 + tM( x - l) 3 , 
where 0 < ^ < x and x < rj x < 1. So, by hypothesis, 


fix) = 


f"'i& . 


and 


/(x) = l + ^(x- 1 f 


Setting x = 1 /2, we find that there exist t, and t] such that f" {!; ) + f" (r] ) = 48 . 
Thus at least one of f" (f ) and f" (77) is greater than or equal to 24. □ 

Here is another problem about computing limits of functions, this time with dif- 
ferentiability arguments. 

5.2.13. Letf : (0,°°)— >(0,°°) be a differentiable function. Prove that 


lim 

5 — >0 


f fjx+Sx) \ 

V fix) ) 


1/5 


exists, is finite, and is not equal to 0, for any x > 0. 


Solution. Fix x > 0 and 8 > 0. Since / has only positive values and “In” is a 
continuous function, 
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we have 


In lim 

5 — >0 


fjx+Sx) 

fix) 


1/5 


= lim In 
5 — >0 


f(x+8x) 


1/5 


= lim 
5 — >0 


In f(x+ 8x) — ln/(x) 


= lim 
5-»0 


fix) 

x(ln f(x+8x) - In f(x)) 


= x(ln /(*))' = 


xfix) 


Sx fix) 

The conclusion now follows by passing to the exponential map on both sides. 


Uniqueness results are generally hard to prove. An important tool is related to 
the qualitative analysis of diffentiable functions. 

5.2.14. (a )Letf: R— »R be a differentiable function. Assume that f(xf = 0 and 
f (x) > fix) for all iCK. Prove that f(x) > 0 for all x > xq. 

(b) Let a be a positive number. Prove that the equation ae x = 1 +x + x 2 /2 has a 
unique real root. 

Solution, (a) Let g(x) = e~ x f(x). Then g'(x) = e~ x (f(x) — fix)) > 0. Since g is 
increasing, we have g(x) > g(x o) = 0, for all x > xq. 

(b) Let / : K— be the function defined by f(x) = ae x — 1 — x — x 2 /2. We have 


lim f{x) = and lim fix) = <*>. 


It follows that / has at least one real root. On the other hand, for all rgl, 
/' 0) = ae x - 1 - x > ae x - 1 - x - x^/2 = fix) . 


Applying (a), we deduce that / has no other real roots. □ 

Derivatives are often involved in extremum problems. 

5.2.15. Suppose f is a differentiable real function such that fix) + f' (x) < 1 for 
all x, and /(0) = 0. What is the largest possible value of /(l) ? 

Harvard-MIT Mathematics Tournament, 2002 

Solution. Consider the auxiliary function g(x) := e x (f(x) — 1). It follows that 
g' (x) = e x (f(x) + f (x) — 1) < 0, for all ret. In particular, this implies that 
e(/(l) — 1) = g(l) < g(0) = — 1. Hence /(l) < 1 — e _1 . In order to find a func- 
tion for which /(l) achieves its largest possible value, we observe that g must be 
constant in [0, 1] , so f(x) + f (x) = 1 for all x 6 [0,1], Therefore, f(x) = 1 — e~ x . 

□ 

Sometimes there are not many functions satisfying even simple relations. 

5.2.16. Let f : [0, 1 ]— be continuous in [0, 1] and differentiable in (0, 1) such 
thatfi 0) = 0 and 0 < fix) < 2 fix), for all x £ (0, 1). Prove thatf vanishes iden- 
tically. 
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Solution. Let g : [0, 1]— >R be the function defined by g(x) = e 2x f{x) . Hence 
g l (x)=e- 2x (f'(x)-2f(x))<0, 

so g is decreasing. Since g(0) = 0 and g> 0, we deduce that g = 0 and the same 
conclusion holds for /. □ 

The sign of a function follows quite easily if one knows the behavior of the first 
derivative. What happens if the second derivative is involved, too? 

5.2.17. Letf : [0, 1]— be twice differentiable on (0, 1) such thatf(0) = /( 1) = 
0 and f + 2/ + / > 0. Prove that f< 0 in [0, 1] . 

Solution. Define g : [0, 1 ] — by g(x) = e x f(x). We have 

g"(x) = e x (f"(x) + 2/(x) + f(x)) > 0, 

so g is a convex function. It follows that the point (x,g(x)) lies under the straight 
line joining (0,g(0)) and (l,g(l)) = (1,0), for all x e (0, 1). So g(x) < 0, which 
implies f < 0. □ 

Next is another application to limits of functions. 

5.2.18. Define f : (0,°°)— by f(x) =xln(l+x -1 ) (see Figure 5.12). 

(a) Prove that f is increasing. 

(b) Compute the limits offatO and at infinity. 

Solution, (a) We have 


A,) = ln(l + 1) 


1 


and 



Fig. 5.12 Graph of the function f(x) =xln(1 +x 1 ). 
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f "^ x(x + 1) + (x + l) 2 x(x + l) 2 < °' 

Since /' is decreasing and lim*— >00 /'(x) = 0, we deduce that /'(x) > 0 for all x > 0. 
(b) By L’Hopital’s rule we have 


ln(x+l)-lnx r 1 /(jc+ 1) — 1/jc n 
x-KT W x — >o l/x x — >o -l/x 2 


On the other hand, 

S’-( 1+ i) =e - 

so lim*— f(x ) = 1 . □ 

We provide below a functional equation that implies boundedness. The sign of g 
is essential! Why? 

5.2.19. Let f : R — be a twice differentiable function satisfying 


fix) + f" (*) = -xg(x)f (x) , for all x £ R , 


where g(x) > 0, for all ieK. Prove that f is bounded. 

Solution. It is enough to show that / is bounded on [0,°°), because f(—x) satis- 
fies the same functional equation as f(x). We have 

^ ((/«) 2 + if{x)) 2 ) = 2/(*)(/« +/'(*)) = -2 xg(x)(f(x)) 2 < 0. 

We have 

f 2 (x) < f 2 { 0) + (/'(0)) 2 , for all x >0. 

It follows that / is bounded on [0, °°) . □ 

Is any critical point an extremum point? The sign of the second derivative is a 
useful criterion, but what happens if it also vanishes at that point? 

5.2.20. Suppose that f" is continuous on ( a,b ) and xq £ ( a,b ). If f{x o) = 
f"(x o) = 0 and f"(x o) ^ 0, show that f does not have a local extremum at xq. 

Solution. Without loss of generality, let us assume that f”(x o) > 0. Since f" is 
continuous and xq g ( a,b ), there exists 5 > 0 such that (xq — S.xq + 5) C (a,b) and 
/"'( x) > 0 for all x £ (jco — 5,xo + 5). This means that f" is strictly increasing in 
{xo~ 5,jco + 5). Thus, since /"(xq) = 0, we obtain that/' strictly decreases on (xo — 
<5,xo) and f is strictly increasing on (xo,xo + 5). So, by our hypothesis f'(x o) = 0, 
we obtain that / is strictly increasing in a neighborhood of xo, which means that / 
does not have a local extremum at xo. Similarly, if f" (xo) < 0, we obtain that / is 
strictly decreasing in some neighborhood of xq. 

A direct alternative argument is based on Taylor’s formula without reminder: 

fix) = f(xo) + ^/'"(xo)(x-x 0 ) 3 + o((x-x 0 )) 3 . □ 
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We give below an existence result that is valid for all three times differentiable 
functions. 

5.2.21. Let f : M— >R be a function of class C 3 . Prove that there exists «SR 
such that 


/(«)■/'(«)■/>)•/>)> o. 

Solution. If at least one of the numbers f{a), f'(a), f"(a), and f"(a) is zero, for 
some point a, the proof is concluded. Let us now assume that any of the numbers 
f(x), f'(x), f"(x), and f"(x) is either positive or negative, for all real x. Replacing 
if necessary fix) by —fix), we can assume that f" (x) > 0. At the same time, re- 
placing /(x) by /(— x) if necessary, we can assume that f"'(x) > 0. [Indeed, these 
substitutions do not change the sign of the product f(x)f'(x)f"(x)f"'(x).] From 
f"(x) > 0, it follows that f is increasing, while f"'(x) > 0 implies that f convex. 
Hence 

/'(x + a) > f{x) + af(x), for all a, x e R . 

Taking here a sufficiently large (for x fixed), we deduce that f (x + a) > 0. Since 
f{x) cannot change signs, it follows that fix) > 0, for all i6t. With similar 
arguments we deduce that fix) > 0 and f" (x) > 0 imply f(x) > 0, for all ret. 
We conclude that f(x)f (x)f" (x)/'" (x) > 0, for any x e R. □ 

First-order recurrent sequences are often treated by means of differentiable func- 
tions. Fixed-point arguments may be used to deduce the existence of the limit. 

5.2.22. Letf : [!,<»)— >R be the function defined by 


/« = 


sT* 


where [x] (resp., {x} ) signifies the integer part (resp., the fractional part) of the real 
numberx. 

(a) Find the smallest number z such that fix) < z, foraUx> 1. 

(b) Fix xo > 1 and define the sequence (x„) by x n = /(x„_i), for a 11 n> 1. Prove 
that lim„— > M x„ exists. 


Solution, (a) Let x = y + z, where y = [x] and z = {x}. Then, by the arithmetic- 
geometric means value inequality, / 2 (x) < 1 + 2 fyz/ (y+z) < 2. So 0 < /(x) < s/2, 
for all x > 1 . Taking y = 1 we obtain 

lim/ 2 (x) = lim ( 1 + = 2, 

x/2 z/\ \ 1 +Zj 

that is, sup{/(x); x > 1} = s/2. 

(b) We first observe that 1 < x n < 2, for all n > 1 . So, without loss of generality, 
we can assume that 1 < xo < 2. If x„ = 1 , then the sequence is constant and its 
limit equals 1 . If not, then /(x) = ( 1 + s/x— 1) / fx in ( 1 , 2) . At this stage, the 
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key point of the proof is to show that there exists a unique v £ (1,2) such that 
/(v) = v, f(x) > x if 1 < x < v, and f(x) < x for all v < x < 2. Let us assume 
for the moment that the result is true. An elementary computation by means of 
the derivative of / shows that / increases on (1,2). So, for any 1 <x<vwe 
have x < f(x) < /(v) = v. Consequently, for all 1 < xo < v, the sequence {x n } 
of the nth iterates of / is bounded and increasing, so it converges. The same 
conclusion is valid if v < x < 2. 

To conclude the proof, it remains to show that / has a unique fixed point v. Let 
x= 1 + n with u > 0. Then f(x) =xif and only if 1+2 sju + u = 1 + 3m + 3m 2 + m 3 , 
so m 5 + 6 n 4 + 13 m 3 + 12 m 2 + 4m — 4 = 0. Since the left-hand side is an increasing 
function with opposite sign values at 0 and 1, we deduce that the equation has a 
unique root u. Then it is enough to choose v = 1 + m . □ 

The next example is related to the sign of the Taylor polynomial of second 
order. 

5.2.23. Let f : R— > (0, °°) be a twice differentiable function. Show that there exists 
xo 6 M such that the Taylor polynomial of second order centered atx o is positive on 
the whole real axis. 

Note. We recall that the Taylor polynomial of second order centered atxo is defined 
byP/(x q) = /(x 0 ) +/'(x 0 )(x-x 0 ) + [/"(x 0 )] 2 (x-x 0 ) 2 /2. 

Solution. After completing the square of a binomial, we observe that xo has 
the required property if and only if either f(x o) = f"(x o) = 0 or f(xo)f"(xo) > 
[/'(xo)] 2 / 2. Let g(x) = so g'(x ) = f(x)/(2g(x)) and 

*"(*) = - (fix)) 2 / 2) / (2g 3 (x)). 

Assuming that there exists xo such that g"(x o) > 0, then this is the good xo. If not, 
then g"(x) < 0 for all x and the graph of g lies entirely under any tangent. Since g 
is positive, these tangent lines must be horizontal, so g and / are constant, and any 
point xo has the required property. □ 

A theorem of the German mathematician Hans Rademacher (1892-1969) asserts 
that Lipschitz functions are “almost” differentiable, in the following sense: If I is 
an open subset of R and / : I — »R is Lipschitz, then / is differentiable almost ev- 
erywhere in I. If / is only continuous, a sufficient condition that the same property 
hold is provided in the next problem. 

5.2.24. Let I C R be an open interval and consider a continuous function f : I — >R 
satisfying, for all x £ 7, lim y — >oy _1 [/(x + y) + f(x — y) — 2/(x)] = 0. Prove that the 
set of points at which f is differentiable is a dense subset of I. 

Solution. Fix a,b£l with a < b. It is enough to show that there exists x £ (a, b) 
such that / is differentiable at x. We split the proof into the following two steps. 

Step 1. If / has a local extremum in xo £ ( a,b ) then / is differentiable in xo 
and f(x o) = 0. Indeed, since xq is a local extremum point of /, then for all t > 0 
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small enough, the quantities f -1 [f(x o + 1) — f(x o)] and t~ l [f(xo — f) — f(x o)] have 
the same sign. Next, we use the identity 

t~ l \f{x o + 1) + f(x o - 1) - 2f(x 0 )\ = t~ l [f(x 0 +t)~ f(x 0 )] +r 1 \f{x 0 - 1) - f(x 0 )] . 
So, by hypothesis, 

lim /(*>+<)-/(*>) = i im /fa->)-/w =0 , 

t\0 t t\0 t 

Thus, f'(x o) = 0. 

Step 2. There exists a local extremum point xo £ ( a,b ) of /. Indeed, consider 
the linear function g(x) = cx + d such that g(a) = f(a) and g(b) = f(b). Then the 
function h:= f — g satisfies the same assumption as /, that is, for all x£ ( a,b ) , 

Hm h(x+y) + h(x-y)-2Ji(x) = Q 
y ^0 y 

Since h is continuous and h(a) = h(b) = 0, there exists a local extremum point 
xo e ( a , b ) of /j. According to the first step, h is differentiable in xq, and hence / has 
the same property. □ 

Functions with bounded first-order derivative are Lipschitz. Is the converse 
true? 

5.2.25. Let / : (0, 1)— be a differentiable function for which there exists a 
positive constant M such that for all x,y £ (0,1), \f(x) — f(y) \ <M\x — y\. Prove 
that for any x £ (0, 1), \f(x)\ < M. 

Solution. Fix x £ (0, 1) and consider t £ M \ {0} such that x + t £ (0, 1). Thus, 
by hypothesis. 




I /(* + *) -/(*)! , I f(x + t)-f(x) 


-f\ x )\ 


<M-\* 


l f( X +t)-m 


-A* 


Passing now at the limit as t— >0, we conclude the proof. □ 

We have seen that convex functions are continuous at interior points. What 
about the set of differentiability points of a convex function? The following prob- 
lem shows that there are many such points. The complementary deep theorem due 
to Denjoy shows that the result is true for larger classes of functions. 

5.2.26. Let / C M be an interval and assume that f : /— +R is a convex function. 
Prove that 

(a) f has one-sided derivatives at any interior point x of I, and moreover, f(x-) < 

/'(*+); 

(b) the set of points in I where f is not differentiable is at most countable. 
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Solution, (a) Fix xo £ Int/. For convexity reasons, the function g : 7\ {jto}— >M 
defined by g(x) = (f(x) — f(x o)) /(x — xq) is nonincreasing and continuous. Hence 
there exists f'(xo~) and f (xo+). Moreover, since for all x.y £ / with x < xo <y we 
have g(x) <g(y), it follows that the lateral limits of/' in xq are finite and f(x o— ) < 
f{x 0 +). 

(b) Set A := {x £ Int/; f(x—) < f(x+)}. For any x £ A, define 
I x = (f (x—) , f (x+)) . In order to prove that the set A is at most countable, 
it is enough to show that l x H l y = 0, provided that x,y £ A and xf^y. Indeed, 
this implies that A is a disjoint union of open intervals, so A is at most countable. 

Fix x.y £ A with x < y. Then 



By the definition of I x we deduce that I x f\I y = 0, and the proof is concluded. □ 

Remark. The French mathematician Arnaud Denjoy (1884-1974) proved the 
following result related to the set of points at which a function is differentiable. 

Denjoy ’s Theorem. Letf : I — >R be a function that admits one-sided derivatives 
at any point ofI\A, where A is at most countable. Then f admits a derivative at any 
point of /, excepting a set that is at most countable. 

Part (a) of the above exercise asserts that a convex function / : I — has one- 
sided derivatives at every interior point of I. So, according to Denjoy’s theorem, we 
obtain the result established in (b). 

The sign of the derivative ensures monotony properties of the function. Does the 
result remain true for the symmetric derivative ? We recall that a function / : /— 
(where / C R an interval) has a symmetric derivative at xq e Int/ if 


f{xo + t)-f(x 0 -t) 
2 1 


fs( x o) :== Um 


exists. 


5.2.27. Let I clan interval. Assume that f : /— >R is continuous and has a 
symmetric derivative at every interior point of I. 

(a) If the symmetric derivative off is positive in Inti, prove that f is nondecreasing 
in Inti. 

(b) If the symmetric derivative of f vanishes in Inti, prove that f is constant in 
Inti. 


A. Hincin, 1927 


Solution, (a) Arguing by contradiction, let x \ , *2 6 Int/ be such that x\ < xj and 
f{x i) > f(x 2 ) ■ Set A X| := [f(x\)+f(x 2 )] /2 and observe that /(xi) > A XliX2 . This 
enables us to define 


c := mf{x e [x\,x 2 y, f(x) <A XX2 } . 
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Then /(c) = A CX2 , and by the definition of c, there exists a sequence of positive 
numbers (t „) n > i such that for all positive integers n, 




f(c-t„)+f{x 2 ) 
2 


and 


Thus, for all n > 1, 


f{c + t„) < 


f{c + t n )+f{x 2 ) 
2 


f(c + t„)-f(c-t n ) 

2 1 „ 

which imphes that the symmetric derivative of / in c is nonpositive, a contradiction. 

(b) We will argue by contradiction. Replacing f(x) with ±/(±x) if necessary, we 
may assume there are xi,x 2 € Int/ such that x\ < x 2 and f(x \ ) < f(x 2 ). Fix 
o < E < \f{x 2 ) - f{x 0] /{x 2 - X\) and define g(x) := f(x) - e(x - x 0 ). Then, 
by hypothesis, the symmetric derivative of g is negative in Int/. So, by (a), g 
is nondecreasing in Int/. On the other hand, by the choice of £, g(xi ) > g(x 2 ). 
This contradiction shows that f(x i) = f(x 2 ). □ 

If / C R is an (unbounded!) interval, then a function / : /— is said to be subad- 
ditive if /(x+y) < f(x)+f(y) for all x.y e I. Are there any really useful subadditive 
functions? The answer is definitively yes, because the distance function given by the 
absolute value is a major representative of this class. What happens if differentia- 
bility properties are fulfilled? 

5.2.28. Let f : (0,°°)— dR be a differentiable function. 

(a) Prove that f(x)/x is decreasing on if and only if f (x) < f(x) jx on (0,°°). 

(b) Deduce that if f(x) < f(x) /x on (0,°°), then f is subadditive. 

(c) Prove that if f is subadditive on (0, °°) and if f(x) < —f(—x) for allx>0, then 
f is nonincreasing on (0, °°) . 

Solution, (a) The proof is immediate on observing that 
^f{x)J l _ xf(x)- f{x) 


(b) Follows from (a) and the observation that if f(x) /x is nonincreasing, then / is 
subadditive. 
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(c) Fix x, y e (0,°°). Thus, for any t > 0, 


f(x + y + t)-f(x + y) ^ f{x+y + x + t-x)-f{x+y) 
t ~ t 

< f(x+y)+f(x + t)+f(-x)-f(x+y) 

~ t 

^ f(x + t)-f(x) 

- t 

Taking now t \ 0 we obtain f(x + y) < f'{x). □ 

How much larger is (|a| + \b\) p than \a\ p + \b\ p l The ratio of course, should 
depend on p. 

5.2.29. Define the function f : [0, 1]->R byf(x) = (1 +x) p /\ +x p , p>\. Find 
the maximum and minimum values of f. Apply this result to prove the following 
inequalities: 

\a\ p + \b\ p < (|c| + \b\) p < 2 p ~ l (\a\ p + \b\ p ), for all 

Solution. A straightforward computation shows that for all x G [0, 1], /' (x) > 0. 
So, / is increasing in [0, 1] and the extreme values of / are 1 and 2 P_1 . Next, without 
loss of generality, we can assume that \a\ < \b\ and b f 0. Applying the inequalities 
1 < f(x) < 2 P ~ 1 and replacing x by |a|/|fe|, we deduce the conclusion. □ 

We prove below a very useful inequality. 

5.2.30. (Young’s Inequality). Let p > 1, q = p/p — 1, and consider the function 
defined by f(x) = \a\ p /p+ y — \a\xforallx > 0, a G M. Find the minimum off on 
[0,°°) and deduce that 


\ob\ <—F\b\^/q, foralla,beR. 

P 

Solution. The minimum of / is achieved inx = \a\ p ~ l and equals 0. In particular, 
this implies f(\b\) >0, which implies the conclusion. □ 

5.2.31. Letf be a C 3 (R) nonnegative function, /( 0) = /'(()) = 0, 0 < /"( 0). Let 



forx f 0 and g(0) = 0. Show that g is bounded in some neighborhood of 0. Does 
the theorem hold for f G C 2 (R) ? 

International Mathematical Competition for University Students, 1997 
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Solution. The hypothesis implies that 

/(*) = cx 2 + 0(x 3 ), /'(x) = 2cx+ 0(: c 2 ), f"{x) = 2 c + 0(x) , 
where c = /"( 0) [2. Therefore 

(/(*))* = 4c 2 x 2 + 0(x 3 ), 

2f(x)f"(x) = 4c 2 xr + 0(x 3 ) , 


and 

2(/' (x)) 2 VKx) = 2(4cV + D(x 3 )) |*| yfi+dtf. 
A direct computation shows that 


_ {ff-vf 
8 2(/') 2 V7 

Thus, the function g is bounded in some neighborhood of 0 because 


2(/M)V7M ^ 8t .v2^ 0 as „ 0 
Mr 

and /'(x) 2 - 2f{x)f"(x) = 0(x 3 ) as x->-0. 

The theorem does not hold for some C 2 functions. Indeed, consider the C 2 func- 
tion / defined by f(x) = (x + |x| 3 / 2 ) 2 = x 2 + 2x 2 i/jx[+ |x| 3 . For x > 0 we have 


n _l ( 1 V_ 1 1 3 J_ 

8[X> 2 + 2 (1 + %-Jx ) 2 ' 4 " y/x 


as x— >0. 


□ 


How can we find an optimal constant? Differentiability arguments are very pow- 
erful in such cases. 

5.2.32. Two differentiable real functions f and g satisfy 


g'(x) 

for all x, and/(0) = g(2003) = 1. Find the largest constant c such that f (2003) > c 
for all such functions f, g. 


Harvard-MIT Mathematics Tournament, 2003 

V = 


Solution. The main hypothesis may be rewritten, equivalently, ^e 

for all x G R. Thus, h(x) := — c~s( x ) = Const. Writing h( 0) = 

h( 2003) we obtain, by hypothesis, 


e-l-e-s(°) = e.-/( 2003 )-e-‘ 
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Thus, z- f (2003 ') = 2e~ l - e _ *(°) < 2e _1 = e“ 1+ln2 . This implies that the largest con- 
stant c such that /( 2003) > c for all such functions /, g is c = 1 — ln2. □ 

5.2.33. Let p be a continuous function on the interval [ a,b ], where a < b. Let 
X >0 be fixed. Show that the only function f satisfying 

[f'ix) + p(x)f(x)-Xf(x) = 0 for anyxG (a,b), 

\f(a)=m = 0, 

is f— 0. 

Solution. The equation implies that if f" exists, then f" must be continuous, so 
/ e C 2 [a, b] . Assume that / is not identically zero on [a.b\. Then there is a point in 
[a, b\ where / is either strictly positive or strictly negative. Without loss of generality, 
we can assume that we have the first case. Then the maximal value of / on [a,b] is 
positive, and it is attained at a point that is in the interior of [a,b\ \ let us call it xo. 
Then f(x o) = 0 and f"(x o) < 0. By hypothesis, 0 > f"(x o) = Xf(xf) > 0. This 
contradiction proves our statement. □ 

5.2.34. Suppose that the differentiable functions a, b, f, g: M — > M satisfy 


fix) > 0, fix) > 0, g(x) > 0, g\x) > 0 for all xG M, 
lim a(x) = A > 0, lim x ^„b(x) = B > 0, lim f(x) = lim g( x) 


and 



Prove that 



— g(x) A+r 


Solution. Let 0 < e < A be an arbitrary real number. If x is sufficiently large, then 
/( x) > 0, g(x) > 0, | a(x) - A\ < E, | b(x) -B\<e, and 


B — e<b{ 



< 


(A + e)(A + 1) f(x)(g(x)) A + A ■ f(x) • • fix) 


A 


iA+l)-( g (x)y-g'ix) 


(A + e)(A+l) (fjx) • (g(x)) A )' 

A ' ((?W) A+1 )' 


{fix)-(gjx)) A y A(B-e) 
iigix)) A+l )' (A + e)(A+l)' 


Hence 
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Similarly, for sufficiently large x, 

(/(*) • (gW) A ) ; A(B+e) 
((sM) A+1 )' (A-e)(A + l)- 

As e — + 0, we have 

lim (/(^feWf)' = _B_ 
((s«) A+1 )' A + r 

By l’Hopital’s rule we deduce that 


lim lim 

g{x) x-~ 


f(x)-(g(x)) A 

(g(x)) A+l 


B 

A+l' 


□ 


5.2.35. Prove that there is no differentiable f : (0, 1)— >R for which sup x6/ ,. /'(x) 
is finite, where E is a dense subset of the domain, and |/| is a nowhere differentiable 
function. 


P. Perfetti 


Solution. Assume that a nonempty interval (a, b) C (0, 1) exists such that f(x ) ^ 
0 for all x £ ( a,b ). Since / is differentiable on (a,b), thus continuous, / does not 
change sign on ( a,b ). Thus, either |/| = / on all of (a,b) or |/| = — / on (a,b). 
This shows that \ f\ is differentiable on (a, b), which is a contradiction. Therefore, 
in every nonempty subinterval of (0,1),/ vanishes at least once. This shows that 
/ is identically zero in (0, 1), hence |/| = 0, a contradiction. There is therefore no 
differentiable function / : (0, 1)— +M such that |/| is nowhere differentiable. □ 

5.2.36. Let f : (0, 1) — > [0,°°) be a function that is zero except at the distinct 
points a„,n> 1. Letb n = 

(i) Prove that if'Y7=i b n < 00 , then f is differentiable at least once in (0,1). 

(if) Prove that for any sequence of nonnegative real numbers (b n ) n > i, with 
X“=i b„ = there exists a sequence (a n )n>i suc ^ that the function f defined 
as above is nowhere differentiable. 


Solution, (i) We first construct a sequence (c„)„>i of positive numbers such that 
c„ — * °o as n—*°° and 5)”=i c nb n <1/2. Let B = 2^=1 b n , and for each k = 0, 1, . . . 
denote by Nk the first positive integer for which 


n=N k 4 


Now set c„ = 2 k / 5 B for each n,Nk<n< Nk+i . Thus, c„ - 


= and 


n-l k=0N k <n<N k+ i k= 0 n=N k k=0 


2 
5 ‘ 


5.2 Introductory Problems 


215 


Consider the intervals I„ = (a„ — c n b n , a n +c n b n ). The sum of their lengths is 
2Z«>1 c nb n < 1; thus there exists a point xo G (0, 1) that is not contained in any 
/„. We show that / is differentiable at xo and f'(x o) = 0. Since xo is outside of the 
intervals I„, then xo / a n for any n and /(x o) = 0. For arbitrary x G (0, 1) \ {xo}, if 
x = a n for some n, then 

| /(x)-/(x 0 ) I = f{a n ) - 0 < = j_ 

x — xo | \a„ — xo| ~ c n b„ c„ 

Otherwise, (/(x) —f(x o)) /(x—xq) = 0. Since c„ — > °°, thisimphes that for arbitrary 
E > 0 there are only finitely many x G (0, 1) \ {xo} for which 

| /(x)-/(xq) I <£ 

x-x 0 I 

does not hold. This shows that / is differentiable at xo and f(x o) = 0. 

(ii) We remove the zero elements from the sequence (b n ) n > t . Since /(x) = 0 exce- 
pting a countable subset of (0, 1), we deduce that if / is differentiable at some 
point xo, then /(x o) and /'(xo) must be 0. 

Let (fi n )n>\ be a sequence satisfying 0 < j3„ < b„, b n — > 0 as n— and 
ln=lPn = °°- 

Choose the numbers a n (n > 1) such that the intervals I„ = (a n — J3„, a n + J3„) 
cover each point of (0,1) infinitely many times (this is possible, since the sum of 
lengths is 2£“=i b n = °°). Fix xo € (0, 1) such that /(x o) = 0. For any e > 0, there 
exists n> 1 such that j3„ < e and xo G /„. Therefore 

l/(q n )-/(x 0 )| bn , 

K-Xo| Pn~ ’ 

hence / is not differentiable at xo. O 

5.2.37. Suppose f and g are nonconstant real-valued differentiable functions 
on (-°°,°°). Furthermore, suppose f(x + y) = f(x)f{y) -g(x)g(y) and g(x+y) = 
f(x)g(y) ~ g(x)f(y), for all x, y G R. 

Iff( 0) = 0, prove that (/(x)) 2 + (g(x)) 2 =1 for all x G R. 

Solution. Differentiating both sides of the first equation, we obtain 

f'(x+y) = /(x)f(y)-g'(x)g(y). 

Letting x = 0, letting g'(0) = k, and writing / as a function of another variable t, 
we have f(y) = — g'(0)g(y), hence f'(t) = —kg(t). Doing the same with the second 
equation, we deduce that g'(f) = kf(t). 
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Let h(x) := f{x) 2 +g{x) 2 . Differentiating with respect to x and substituting, we 
obtain 


2f{x)f[x)+2g{x)g'{x)=h'{x), 

2f{x) ■ {-kg(x}) + 2 g(x) ■ ( kf(x )) = ti(x ) , 

0 = h'{x). 

So, h is a constant function, say h = C. Using the two given equations, we compute 
h(x+y) and we obtain 

h{x+y)=f{x+y) 2 + g{x+y) 2 

= mm - mm) 2 + mm +mm ) 2 
= {m 2 +g(x) 2 ){m 2 +g{y) 2 ) 

= h(x)-h(y). 


We therefore arrive at the equation C = C 2 ; hence C = 1 or C = 0. If C = 0, then 
f{x) 2 +g{x) 2 = 0. Thus, f(x) = g(x) = 0, which violates the condition that / and 
g are both nonconstant. If C = 1, however, no such problems occur, and we have 
shown that h{x) = f{x) 2 + g{x) 2 = 1 . □ 

A bump function is a function / : K— that is both smooth (in the sense of 
having continuous derivatives of all orders) and compactly supported. The space of 
all bump functions on K is denoted by C^°(R) or C“(R). The next exercise gives 
two examples of bump functions. 

5.2.38. Let a <b be real numbers. Prove that the functions 


/« = 


e -l/(x-a)(b-x) 

0 


ifx e ( a,b ), 
ifxeR\(a,b), 


and 


m 


e -l/(x-a) e -l/(b-x) ifx€ ^ b f 

0 ifx £ M\ (a,b), 


are infinitely differentiable. 

Solution. For a<x<b we have 


fix) 


(b-x)-(x-a) 1/(x - a) ( b - x ) 

(. x-a) 2 (x-b ) 2 


An induction argument shows that there exists a sequence of polynomials (P n ) n >t 
and a sequence of positive integers ( k n ) n >\ such that for all x G (a, b). 


f {n \x) = 


P n{x) -1 l(x-a)(b-x) 

[{x-a){b-x)Yn 
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A straightforward computation shows that / is differentiable at x = a and at x = b 
and /M (a) = f (n> ( b ) = 0 for all n > 1 . □ 

Standard arguments apply to the function g. 

In Exercise 4.5.1 we have established that all continuous functions / : M— 
satisfying the Cauchy functional equation 

f(x+y)=f(x)+f(y) (5.4) 

are the linear functions f{x) = ax, for any a G t. In Chapter 4 we have also est- 
ablished that the same property holds if / is assumed to be continuous at a single 
point. Taking y = x in (5.4) we obtain 

f(2x)=2f(x). (5.5) 

The next property deals with the solutions of this functional equation, and it is due 
to Peter Lax [67], Abel Prize Laureate in 2005. 

5.2.39. Prove that every solution of (5.5) that is once differentiable at x = 0 is 
linear. 

Solution. Setting x = 0 in (5.5) shows that /( 0) = 0. Applying (5.5) n times gives 
/«=2"/(|r). (5.6) 

Since / is differentiable at x = 0, 

f(y)=my + ey, (5.7) 

where m = /'( 0) and e = e(y) tends to zero as y tends to zero. 

Set y = x/2" into (5.7) and use (5.6): 

/(x) = 2”(^ + £^)=mx + ex. 

As n— k>°, then e— >0, which yields f(x) = mx. 

The condition that / be differentiable at x = 0 cannot be replaced by requiring 
mere Lipschitz continuity. 

A continuous analogue of equation (5.5) is 

= (5.8) 

Clearly all functions of the form f(x) = ax + b satisfy (5.8). P. Lax [67] proved 
that a solution / of (5.8) that is infinitely differentiable at x = 0 is of the form 
f(x)=ax+b. □ 
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5.3 The Main Theorems 


It is very simple to be happy, but it is 
very difficult to be simple. 

Rabindranath Tagore (1861-1941) 

Continuous functions defined on [a,b\ with values in [a. b\ have at least a fixed 
point, by a celebrated result due to the Dutch mathematician L.EJ. Brouwer 
(1881-1966), which is obvious only on the real line! Is this fixed point unique? 
Elementary examples show the contrary. That is why we provide below a sufficient 
condition in this sense. 

5.3.1. Let f : [a,b\^[a,b\ be a continuous function that is differentiable on ( a,b ) 
and satisfying f (x) ^ 1 , for all x G {a.b). Prove that f has a unique fixed point. 

Solution. Consider the function g defined by g(x) = f(x) — x. It remains to 
apply the intermediate value property. By the Brouwer fixed-point theorem, / has at 
least one fixed point. We argue by contradiction and assume that there exist a < x\ 
<X 2 <b such that g(x i) = g(x 2 ) = 0. So, by Rolle’s mean value theorem, we can 
find c G {a.b) such that g'(c) = 0, that is, f{c) = 1. This contradiction implies the 
uniqueness of the fixed point. 

In the above solution we can avoid defining the function g by using the Lagrange 
mean value theorem instead of Rolle’s theorem. □ 

The next result is related to the existence of a fixed point for a higher-order 
derivative. 

5.3.2. Let f be a real function with n+ 1 derivatives on [ a,b\ . Suppose /W (a) = 
/W (b) = o for i = 0, l,...,n. Prove that there exists t; G {a.b) such that 

G.Q. Zhang, Amer. Math. Monthly, Problem E 3214 

Solution. We first assume that n = 0 and consider the function g{x) = e~ x f(x). 
By Rolle’s theorem, there exists q G {a. b) such that 0 = g'{^) = e~^ (/'((;) —/(<§)), 
that is ,/(€)=/(£). 

Next, we assume that n > 1 and define the function h(x) = Then 

h(a) =h(b) = 0 and h{x) — h'{x) = f{x) — f( n+l \x). Applying to the function h the 
result proven in the case n = 0, we conclude the proof. □ 

Differentiability arguments may be used even if such a property is not assumed 
in the hypotheses. 

5.3.3. Letf : [0, 1]— >[0, 1] be a nonconstant continuous function. Prove that there 
exist x i, X 2 G [0, 1], x\ 7 ^ X 2 , such that |/(xi) — f(x 2 ) | = |xi — X 2 \ 2 . 

R. Gologan 


Solution. We first prove the following auxiliary result. □ 

Claim. There exist a, b G (0,1] suchthat \f(a) — f(b) \ > \a—b\ 2 . 
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We argue by contradiction and assume that for all x, y £ (0, 1], x ^ y, we have 


I f(y)-f(x) 
y-x 


< \y-A 


Passing to the limit as y— >x we deduce that / is differentiable in (0, 1] and, moreover, 
f = 0 on this interval. Thus, / is constant in [0, 1], and this contradiction proves our 
claim. 

Next, we assume that |/(0) — /(1)| < 1 and consider the continuous function 
g : [0, 1]— >R defined by 


g(t) = - |[(1 -t)a + t }- (1 -t)b\ 2 . 


Using the claim, we deduce that g(0) > 0 and g( 1 ) < 0. Thus, there exists X £ (0, 1) 
such that g(X') = 0. This implies our conclusion, provided that x\ = (1 — X)a + X 
and *2 = (1 — X)b. 

The next result is an “almost” mean value theorem. 

5.3.4. Let/ be differentiable with f continuous on [a, b \ such that there exists xq 
in (a, b] with f (xo) = 0. Prove that there is some t, in (a, b) for which 

_/(£)-/(«) 

I[q) b-a ' 

Solution. Define the function g : [a, b\— >R by 


g(x)=/(x) 


f(x)-f(a) 

b—a 


We assume, without loss of generality, that f(x o) > f(a). Let x\ £ (a,xo] be such 
that/(xi) = max{/(x); x £ [c/,xo]}. It follows that/(xi) — f(a ) > 0 > (b — a)f(x\), 
which shows that g(x i) < 0. 

By the Lagrange mean value theorem, there exists X 2 £ {a,x \ ) such that 
f(x 2 ) = [/(xi) -f(a)\/(xi - a). Therefore 


g(x 2) = 


/(xi)-f(a) 
xi -a 


f(x 2 )-f(a) 

b-a 


>0>g(xi). 


So, since g is continuous, there exists q £ {x 2 ,x \ ) such that g(q ) = 0. This concludes 
the proof. □ 

Here are more problems on proving inequalities using differentiable functions. 
5.3.5. Prove that a b + b a > 1 , for alia, b> 0. 

D.S.Mitrinovic 


Solution. The inequality is obvious if at least one of the numbers a or b is greater 
than or equal to 1. So, it is enough to prove the inequality for a,b £ (0, 1). In this 
case we can write a= 1 — c, b = 1 — d, with c,d £ (0, 1). Consider the function 
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/(x) = (1 — cx) d , x G [0, 1], Applying Lagrange’s mean value theorem, there exists 
xq e (0, 1) such that 


Hence 


(l-c) d 


cd 

(1-cxo) 1 -^ 


<1 — cd. 


a b + b a = 


1 — c _ 1 -d 

(l-c) d + (l-d)c 


1 —c 1 —d 
1 — cd 1 — cd 


(l-c)(l-rf) 
1 -cd 


+ 1 > 1 . 


□ 


We always have to pay attention to the values of the exponents! An instructive 
example is provided in what follows (see Figure 5.13 for the graph of the associated 
function in a particular case corresponding to p = 5/2). 

5.3.6. Define the function f : (0, 1)->R by /(x) = (1 +x^p)p+ (1 -x l ^) p . 

(a) For any p> 2, prove the following inequahties for any 0 < x < 1 : 

(a,)/"(x) <0; 

(a 2 )/(x) < f(y) + (x-y)f(y), for ally e (0, 1); 

( a 3 ) f(x) < 2 p 1 (^+ 1 ); 

(b) Ifl<p< 2, show that the above inequalities are true with > instead of<. 
Solution, (aj) We have 


f"(x)=p-\i-p)x( i - 2 pvp^(i+x i /py 2 2 | < 0 , 


for all xe (0,1). 



Fig. 5.13 Graph of the function /(x) = (1 +X 2 / 5 ) 5 / 2 + (1 - x 2 / 5 ) 5 / 2 . 
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(ai) This property characterizes concave functions. Indeed, it is enough to use the 
fact that f is nonincreasing, in conjunction with the Lagrange mean value theorem 
applied to / on the interval [x,y] C (0,1). 

(a 3 ) A straightforward computation shows that the function g defined by g(x) = 
(. x+ 1) _1 f(x) is increasing in (0, 1], This yields the conclusion. □ 

(b) Apply the same ideas as above. Exercise! 

The mean value theorem and beyond! A first step to the true sense of this major 
result is the following exercise, which can, however, be viewed as a weaker version 
of the Lagrange mean value theorem. The nice part of our argument is that it avoids 
using the (somewhat subtle) fact that a continuous function attains its maximum on 
a closed interval. 

5.3.7. Let f : [a,b \— +R be a function that admits a derivative (not necessarily 
finite!) at any point of [a, b\ . Prove that there exists xq e [a, b] such that 

SI/MI. 


I. Halperin 

Solution. For any integer 0 < n < 10, set c n = a + ^ b ~^ >n . We have 

I f{b) ~ f{a ) | < X l/( c «+i “ /( c «) I • 

n = 0 

Thus, there exists an integer 0<k<9 such that 

\ f(c k+ i)-f(c k ) I > \ f(b)-f(a) I 
Ck+ 1 ~Ck | “ | b-a | ' 

Let k\ be the least integer with this property and define a\ = and h\ = c> ] + i . 

Next, we repeat the same arguments for the interval I \ : = [ci\,b\], and so on. Thus, 
we obtain a sequence of intervals I n := [a n ,b„\ such that b n — a n = 10 ~ n (b — a) and 

\ f(b n )-f(a n ) \\ f(b)-f(a) \ 
bn — Cln I _ I b — a | ’ 

Since I n are closed intervals, \I„\ = (b n — a n )— >0, and I\ D h D • • • , it follows by 
the Cantor principle that there exists a unique element *o € n„>i In particular, 
this shows that xo = lim„— a n = lim„— b n . We also observe that in relation (5.9) 
we can assume that either the a n or b„ are replaced by xq. This follows from (5.9) 
combined with the elementary identity 

f(b n ) - f{a n ) _ f{b„) - f(x q) b„-x 0 | /(x 0 ) - f(a„) x 0 - a n 
b n — a n b n — xq b n — a„ xq — a„ b„ — a„ 
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In conclusion, we can assume that relation (5.9) holds for infinitely many indices n k 
(k > 1) and, say, for a„ replaced by xq. Taking n^— and using the definition of the 
derivative of / in xo, we obtain the conclusion. □ 

Remark. Under the same assumptions, the above arguments apply to show that 
there exist X\,X 2 G (a.b) satisfying 



Actually, the Lagrange mean value theorem asserts that there exists c G (a, b) for 
which both of these inequalities hold simultaneously. Furthermore, a general mean 
value theorem holds for functions with values in arbitrary spaces endowed with 
a topology. However, the sense of this result is that it establishes a mean value ine- 
quality and not an equality, as in the one-dimensional case. The following property 
was discovered by the French mathematician Arnaud Denjoy in 1915, and it is usu- 
ally known as the Denjoy-Bourbaki theorem, due especially to the elegance of the 
proof given in 1949 by the Bourbaki group of French mathematicians. We refer to 
[75] for a history of the celebrated Bourbaki group. We state in what follows this 
result. 

Denjoy-Bourbaki Theorem. Let E be a normed vector space and consider the 
continuous function f : [a. b]—+E. Let (p : [«,&]— be a continuous nondecreas- 
ing function. Assume that both f and (p admit a right derivative at every point of 
[i a,b ) \A, where the set A is at most countable and, moreover, for all x G [a, b) \A, 
we have ||/'(x+)|| < <p'(x+). Then \\f(b)-f(d)\\ < tp(b) - tp(a). 

An important consequence of the Denjoy-Bourbaki theorem is the following: 

Corollary. Let f : [a, b\— be a continuous function that admits a right deriva- 
tive at every point of [a, b) \A, where A is at most countable. Assume that for all 
x G [a.b) \A we have f(x+) = 0. Then f is constant on [ a,b\ . 

Are there converses of the mean value theorem? 

5.3.8. (i) Letf be a twice differentiable function in [a,b\ such that f" (x) > 0 for 
all x G [a, b] . Prove that for each q G (a, b) , there exists xq G [a, b] such that either 


= M or - /(«)-/(* o) 



(ii) Letf be a twice differentiable function in [ a,b \ such that f(xo) = 0, for some 
xo G (a.b). Prove that there exists x\ G [a, b\ such that either f (a) = f(x \ ) or 
f(b)=f(x i). 


R.S. Luthar, Amer. Math. Monthly, Problem E 2057 


Solution, (i) Define the functions 
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Then g, h are continuous on [a,b\, and g(b) = h(a). Since f is increasing on [a,b\, 
we have g(a) < f(^) < h(b). If g(a ) < /'(§) < g(b), then by the continuity of 
g, there exists xq G ( a,b ) such that f{£,) = g(xo). Otherwise, we have g(b) = 
h{d) < /'( <§) < h(b). So, by the continuity of h, there exists xo G [a,b\ such that 
f (£; ) = h(x o) . Finally, we remark that the case xq = a cannot be excluded (see, e.g., 
/(x)=x 2 , [a,b\=[ 0,2], § = 1). 

(ii) This follows from (i) if one replaces xo in (ii) by t , , and replaces x\ in (ii) by xo. 

As above, the case xo = a (or xo = b ) cannot be excluded (see, e.g., /(x) = x 2 , 
= [-1,1], =0). □ 

The following problem presents a simple differential inequality that does not 
follow with elementary arguments. 

5.3.9. Let / : R— >R be a function of class C 3 such that /, f, f", and f" are all 
positive. Moreover, we assume that f"'(x) < f(x) for all xG R. Prove that f'(x) < 
2/(x) for any xgR. 

Putnam Competition, 1999 


Solution. We first observe that our hypotheses imply 
_lim^/'(x) = \mj"(x) = 0. 

Indeed, by Lagrange’s mean value theorem, there exists q n G (— n 2 , — n ) such that 
f(-n 2 )-f(-n) = (n-n 2 )f ’(!;„)< 0. 

By our assumptions, the hmits of / and f at — exist, and moreover, they are 
nonnegative. Arguing by contradiction, let us suppose that lim*— (x) > 0. Pass- 
ing to the limit at — in the above relation we obtain 0 = — °°, contradiction. Hence 
lim >-°°/ , (x) = 0. A similar argument shows that lim >._ ot ,/"(x) = 0. 

We shall apply the following elementary result several times in the proof. O 
Lemma. Let f : R— >R be a differentiable function such that \\m x —,- x f(x) > 0 
and f (x) > 0, for all x G R. Then /(x) > 0, for all x G R. 

Proof of the lemma. If there is some xo Gl such that /(x o) < 0, then by 
our assumption that f > 0, we deduce f(x) < /(x o), for all x < xq. Therefore 
lim^— ^-^/(x) < /(x o) < 0, contradiction. 

We continue the proof of our problem. By our assumption f"'(x ) < /(x) we 
obtain 


f(x)f"(x) </"(x)/(x) </"(x)/(x)+/ 2 (x), for all x G R . 

Using this inequality and applying the above lemma to the function /(x)/'(x) 
— 1 /2(/"(x)) 2 , we deduce that 

< /(x)/(x), for allx G R. 


(5.10) 
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On the other hand, by / > 0 and f" > 0 it follows that 

2/ [x )/" (*) < 2/ {x)f" {x) + 2 f(x)f" {x) , for all x G R. 
Applying the lemma again, we obtain 


f' 2 (x) < 2f[x)f" (x) , for all x G M. 


(5.11) 


Combining relations (5.10) and (5.1 1), we obtain 



<2 (/"W) 2 </W/'W. 


that is, f 3 (x) < 8 f (x ) , for all x € R. It follows that /' (x) < 2 f(x ) , for all r£l. 

We remark that it is possible to prove a stronger inequality than that in our state- 
ment, more precisely, with a constant less than 2. Indeed, adding 1 /2/'(x)/"(x) to 
both sides of (5.10) and applying then the hypothesis f"'(x) < f(x), we have 


\[f{x)f"{x) + {fix)) 2 } < f{x)f[x) + < \f[x)f[x). 


By the above lemma we deduce 


l -f'(x)f"{x)< 3 -f\x), for all x € R. 


Multiplying here by f(x) and applying again the lemma, we deduce that 


-f' 3 (x) < - f 3 (x) , for all x € M. 


Hence f'{x) < (3/2 ) 1 / 3 /(jc) < 2 f(x). 


We do not know at this stage the best constant satisfying the inequality in our 
statement. Using the fact that the function f(x) = e x satisfies our hypotheses, we can 
only assert that the best constant cannot be less than 1, so 1 is not a sharp bound. 
Let us define f{x) = 1 for x < 0 and f(x) = 1 /3e Jt + 2/3e~ JC / 2 cos(\/3v/2) for * > 0. 
Then f" has a singularity at x = 0, but “smoothing” (this is a standard procedure in 
higher analysis, say, by means of “mollifiers”) a little removes it without changing 
the basic result below. On x > 0, this / satisfies f" = /, so it is easy to check 
that / and its first three derivatives are nonnegative and that / > f". However, one 

can compute that f'(x)/f(x) = 1.01894. . . at x = 3.01674 Since other related 

examples can be built, it is difficult to think that the constant 1 .01894 ... is sharp. 

A qualitative property involving the symmetric derivative and the mean value 
theorem is stated below. 

5.3.10. Let f be a twice differentiable function on M with f, f, f" increasing. 
Fix numbers a and b with a<b. For each x > 0, define B, = (x) so that 


5.3 The Main Theorems 


225 


f(b + x)-f(a-x) _ , 
b-a + 2x J[q) 

by the mean value theorem. Prove that t, (x) is an increasing function of x. Can the 
hypothesis “f" increasing” be replaced with “f" positive”? 

M. McAsey and L.A. Rubel, Amer. Math. Monthly, Problem E 3033 


Solution. The equation 


«w=(/r 1 


( f[b + x)-f[a-x) \ 
V b-a + 2x ) 


shows that | is differentiable. Differentiating the equation defining yields 


f(b + x)+f(a-x)-2f(Z) 
b — a + 2x 




(5.12) 


Since f is increasing, f" > 0. Thus £.'(x) >0 would follow from (5.12), provided 
that 


f(b + x)+f(a-x) 
2 


>/'(£)■ 


(5.13) 


But f" increasing implies /' convex; hence (5.13) holds. However, this is not an 
obvious step, and we advise the reader to provide details for this statement. 

The condition that f" increases cannot be replaced with f" > 0. Indeed, if 
f[x) = nx/ 2+xarctanx — k^l + x 2 ) /2, then / and/' are increasing, f" > 0, but/" 
decreases on M + . Setting a = b = 0, we find that the equation defining q (x) becomes 

- = - + arctanq (x ) ; 


hence ^ (x) = 0. □ 

Are there changes if in the Rolle mean value theorem the hypothesis /(a) = f(b) 
refers to higher-order derivatives? 

5.3.11. (a) Let f : [a,b\— be a differentiable function such that f (a) = f'(b). 
Prove that there exists £ £ (a, b) such that 

m- m= &-*)?&)■ 


(b) Let f : [a,b\— be a twice differentiable function such that f"{a) = f"(b). 
Prove that there exists £ (a, b) such that 




tt-a ) 2 


/"(£)• 


2 


T. Flett 
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Solution, (a) Consider the continuous function g : [a,b\— dR defined by 


fJ ^, if *6 (a, 
fid), ifx = 


If g achieves an extremum at an interior point, say S, £ ( a,b ), then by Fermat’s 
theorem, g'(%) = 0 and we conclude the proof. □ 

Let us now assume the contrary, so the only extremum points of g are a and b. 
Without loss of generality we can suppose that for all x £ [a, b ] we have g(a) < 
g(x) < g{b) . The second inequality can be rewritten as 


f{x) < f{a) + {x- a)g(b) , for all x £ [a, b\ . 


This yields, for any x £ [a. b), 

fib) ~fjx) > fib) - f(a) - jx- a)gjb) = f(b)-fia) 
b—x ~ b—x b—a 

Taking x / b we obtain f(b) > gib). Using the hypothesis we obtain f (a) > gib), 
so g(a) > gib). This implies that g is constant, that is, g’ = 0 in (a.b). Thus, for all 
§£ (a,*), /(S)-/(fl) = ($-«)/(§). 

(b) We have left the details to the reader, since the proof applies the same ideas as 
above. A key ingredient is a good choice of the auxiliary function g. 


A “double” mean value theorem is provided below. The proof combines the stan- 
dard Lagrange mean value theorem with the basic property that the derivative has 
the intermediate value theorem (the Darboux theorem). 

5.3.12. Let a,b,c be real numbers with a <b <c and consider a differentiable 
function f : [a,c\— >M. Prove that there exist t, £ (a.b), tj £ [a.c), E, < rj, such that 
fid) -f{b) = (a-b)f'i£) andfia)-fic ) = (a-cr )/(i?). 

D. Voiculescu 


Solution. Applying the Lagrange mean value theorem, we obtain t, £ (a. b) and 
C £ ib , c) such that /(a) - fib) = (a - b)f'i£) and fib) - fic) = ib- c)/(C). 
Therefore 


fjc) ~ fja) 

c — a 


fic) -fib) 

c-b 


c — b | fjb) -fja) 
c—a b—a 




where t = (c — b)/ic — a). Since t £ (0,1), it follows that tf{Q + (1 — 1)/'(^) 
lies between /'(^) and f if ). So, by the intermediate value property, there exists 
r? £ (€,C) such that /'(r?) = (/(c) -/(a))/ (c- a). □ 

Given a differentiable function on an interval [a,b\, the next exercise provides 
lower and upper estimates of its derivative at a certain intermediate point c in terms 
of a — c and b — c. 
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5.3.13. Let a and b be real numbers witha<b and consider a continuous function 
/: [<a. fc>] — that is differentiable on ( a,b ). Prove that there exists c G ( a,b ) such that 


2 

a — c 


<f\c)< 


2 

b — c' 


Jose Luis Dfaz-Barrero and Pantelimon George Popescu 


Solution. We first assume that /' changes sign in (a.b). So, there exist x\ and 
X 2 in (a,b) such that f'(x i) > 0 and f(x 2 ) < 0. Thus, by Darboux’s theorem, there 
exists c between x\ and X 2 such that /'(c) = 0, and the conclusion follows. 

Next, we assume that f does not change its sign in ( a,b ) . Without loss of gener- 
ality, we can suppose that f > 0 in (a.b). Arguing by contradiction and observing 
that a— x< 0 for any x G (a,b), we deduce that 


/« > 


2 

i’ 


for all x G (a, b) . 


Define x„ = b — (b — a) /2", for any positive integer n. Then, combining the Lagrange 
mean value theorem with the above inequality, we obtain, for some c 1 G (a,x 1 ), 


/(*,)-/<«) =/ (^) -/<») =/m V a bhi ■ V s 1 - 

We construct a sequence (c„)„> 1 such that c n+ i G (x„.x„ + 1 ) and 

f(Xn+l)-f(x n ) = f(c n+ l)(x n+ i-x n ) > > 1 . 

D — C n +1 z 

Therefore f(x n ) — f(a) > n for any positive integer n, which implies that / is 
unbounded. This contradiction concludes our proof. □ 

The following result is a Rolle-type theorem for the second derivative on 
unbounded intervals. 

5.3.14. Let f : I = >M be a twice differentiable function such that 

lim^Q f(x) and lim*— f(x) exist. Assuming that these limits are Unite and equal, 
prove that there exists t; G / such that f"(q ) = 0. 

Solution. Set l := Hirq-x^/lY) = lim*— > + «,/(x). Replacing / by / — £, we can 
assume that i = 0. 

Arguing by contradiction, let us assume that for all x G 7, f" (x) ^ 0. Then, 
by the Darboux theorem, f" has a constant sign. Suppose that f" > 0 on I. 
Then f is increasing, so lim*— >. + ,*,/'(;c) exists. Since \\m x —, +0 of{x) = 0, it fol- 
lows that limjc— > +0 °f(x)/x = 0. Applying 1’HopitaTs rule, we deduce that 0 = 
lim*— > + „f(x) lx = lim x -^ + ^f'{x). Combining this with the fact that /' is increas- 
ing, we obtain f < 0, so / is nonincreasing. Using lim x ^ a /(x) = lim^— > +00 /(x) = 
0, we deduce that / = 0, contradiction. □ 
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of 


-20 



Afy&, i 


-0. 


-1. 


-1.4 


-1.7 


Fig. 5.14 Graph of the function /( x) = 


-2 

sin(2jc) sin(3x) 


We point out that the above result does not remain true if I is a bounded interval 
(give a counterexample!). 

A sharp double inequality involving trigonometric functions is stated below. 
5.3.15. Prove that 



for all 0 < a < b. 


J. Rosenblatt, Amer. Math. Monthly, Problem 1 0604 


Solution. Before starting the proof, we point out that the graph of the function 
i — > sin (ax) / ax — sin(fec) /bx in the particular case a = 2, b = 3 is depicted in 
Figure 5.14. 

Fix 0 < a < b and set X = a/b, f(x) = smx/x (x > 0), and fi(X.x) = [/(*)— 
/( Xx) \ / ( 1 — X ) . Since | f(x) \ < 1 for all x > 0, it follows that 


lM ( M |< r ? x < 4 


provided that 0 < X < 1/2. Next, by Lagrange’s mean value theorem, there exists 
e [Xx, x] such that pt(X,x)/x = f (&) . Now xf (£*) = (*/&) [cos & - /(§*)] , so 



for all 1/2 < X < 1. This proves that sup^o \/J,(X,x)\ < 4 for all X G (0, 1). 
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To prove the lower bound, we observe that 




sin(A7t) 
A(1 -k)n 


/t(l - A,7t ) . 


This means that it is enough to consider the case A G (0,1/2], Since / is decreasing 
on (0,7t/2], we obtain 


ju(A,7r) > 


1 sinn/2 
1 - A n/2 



for all A G (0, 1/2], □ 

What about the bounded increasing and convex functions? Do they have a 
common property? 

5.3. 1 6. Let f : (a, <»)— be a nonconstant bounded twice differentiable function 

such that f > 0 and f" > 0 on Prove thatlim x — »«,/(*) = 0. 

Solution. By hypothesis, the functions / and f are nondecreasing, so they have 
limits at+°°. Set £ := limj-> + „/(r). So, by l’Hopital’srule, 0= lim*— > +c *,f(x)/x = 
lim*— f (x) . Thus, since f> 0 is nondecreasing, it follows that f = 0 on (a.°°). 
Thus, / is a constant map, a contradiction. □ 

There are not many positive concave functions defined on the whole real axis! Is 
the last assumption really important? 

5.3.17. Let f : K— >[0,°°) be a twice differentiable function such that f" < 0. 
Prove that f is constant. 

Solution. Since f" < 0, it follows that f is nonincreasing, so f has a limit at 
— °° (resp., at +°°). Denote by i- (resp., by 1+) this hmit. Applying l’Hopital’s rule, 
we obtain i- = hm x -^-^f(x)/x = lim*— >_<*,/'(*) and i + = \\m x —, +0 of{x ) /* = 
\\m x -^, +m f(x). Since f > 0, we deduce that f(x)/x < 0 if x < 0 and f(x)/x > 0 
if x > 0. Hence l- < 0 < l+, which implies l- = £ + = 0. On the other hand, f is 
monotone. Hence / is constant. 

The following alternative proof is based on Taylor’s formula. Fix rgM arbitrar- 
ily. It is enough to show that f'(x) = 0. Indeed, for any real number t, there exists t, 
between x and x + t such that 

f( x + t)=f{x)+tf{x) + tf"tt). 

By hypothesis, for any jc, t G M, 

0 <f(x+t)<f(x)+tf(x). 

Since t is arbitrary, it follows that f(x) =0. □ 

The next example illustrates how mean value arguments may be used to compute 
limits. 
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5.3.18. Let f : (0, 1 )— be differentiable on (0, 1) such that such that the func- 
tions f and xf (x) have limit at the origin. Prove that xf (x) tends to zero as x tends 
to zero. 

Solution. Set i := lim^o */*(*) and assume, by contradiction, that l f 0. With- 
out loss of generality we can suppose that i > 0. Thus, there exists 8 > 0 such that 
for any x G (0, 5), f (x) > tj (2x). On the other hand, by the mean value theorem, 
we deduce that 






>£, 
“ 4 


for any 0 < j < n . 


By summation we obtain 


which yields a contradiction as n— >°°. □ 

A refined asymptotic behavior is deduced below with differentiability arguments. 

5.3.19. Define the sequence (a n ) n > 2 by 


_ (n 2 + 1) (n 2 + 2) • • • (n 2 + n) 
Un ~ (n 2 — l)(n 2 — 2) • • • (« 2 — n) ' 
Prove that lim„— a„ = e and find lim„— n(a n — e) . 


Z. Sasvari, Amer. Math. Monthly, Problem 1 0650 


Solution. Define the function / : (0,1)— by f(x') = In ((1 +x)/(l —x)). Then, 
by Taylor’s formula, 

l/(*)~2*| < for all (0,1). 

Since lna„ = Y!l=\ ff/n 2 ), it follows that 




a„ = e( H \-0[ -x 


as n — Therefore 


which implies that lim„— a n = e and lim„_ >«, n(a„ — e) = e. □ 

Independent Study. Find a sequence (x n ) n >\ such that <*,*,, (e — n(a„ — e)) 
is finite. 


5.3.20. Let f be twice continuously differentiable on (0, +°°) such that 
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lim f{x) = — oo and lim f"[x ) = +°°. 

x-^0+ V ’ x->0+ V ’ 


Show that 


= 0 . 


Solution. Since f tends to and f" tends to +°° as x tends to 0+, there exists 
an interval (0,r) such that f(x) < 0 and f" (x) > 0 for all x £ (0,r). Hence / is 
decreasing and f is increasing on (0, r) . By the Lagrange mean value theorem, for 
every 0 < x < xo < r we obtain 

f(x) - f{x 0 ) =f'(%)(x-xo)> 0 , 

for some t, £ (x.Xq). Taking into account that f is increasing, /' (x) < f'(^ ) <0, 
we have 


f(x ) ( ° )_ f(x) °’ 


Taking limits as x tends to 0+, we obtain 

ft V) f(x\ 

—xn < liminf —— < lim sup — < 0. 

^ 0 + f(x) - ^0 + fix) - 

Since this happens for all xq £ (0 , r) , we deduce that lim^_ > o+ fi x ) / f ( x ) exists and 
limjE->o+ f(x) /f{x) = 0. □ 

5.3.21. Let f : M — > R be twice differentiable such that /( 0) = 2, /'( 0) = —2, 
and/(l) = 1. Prove that there exists £ (0, 1) such thatf(^) ■ f {Q + f" {£,) = 0. 

International Mathematics Competition for University Students, 1997 

Solution. Define the function 

gix) = \ fix) + fix). 

Since g(0) = 0 and f(x) ■ f (v) + f" (x) = g' (x) , it is enough to prove that there exists 
a real number 0 < r] < 1 such that g(r)) = 0. 

We first assume that / has no zero. Set 

h(x)= l~M: 

Because h{ 0) = h( 1 ) = —1/2, there exists a real number 0 < 17 < 1 such that 
fi'(rj) = 0. But g = f ■ h! , and we are done. 

Next, we suppose that / has at least one zero. Since the set of the zeros of a 
function is closed, we may assume that zi is the smallest zero of / and z .2 is the 
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largest one. Thus, 0 < zi < Z 2 < 1. The function / is positive on the intervals [0,zi) 
and (z2j 1 ] ■ Thus, f'(zi) < 0 and f{zi) > 0. 

Then g(zi) = f(zi) < 0 and g(zi) = /(Z2) > 0, and there exists tj G [zi ,Z2] such 
thatg(t])=0. □ 

5.3.22. Let f : (0, °°) — > M be a twice continuously differentiable function such 
that 

\f"(x) + 2xf'(x) + (x 2 +l)f(x)\<l 
for all x. Prove that \\m x ^ x f(x) = 0. 

Solution. We first point out that l’Hopital’s rule is valid if the denominator con- 
verges to infinity, without any assumption on the numerator. Thus, by l’HopitaTs 
rule applied twice to the fraction /We" 2 / 2 /©* 2 / 2 , we deduce that 


lim fix) = lim 


/We " 2 / 2 

e" 2 / 2 


- hm (/W+^/W) e ^ /2 

xe" 2 / 2 


= lim 


(/"W + 2xf(x) + (a~ + l)f W)e A ~/ 2 
W+l)e" 2 / 2 


- lim f " {x) + 2xf{x) + + 1)/W - 0 

W + 1) 


The following alternative solution uses just elementary knowledge of integral 
calculus. Indeed, we first set g(x) = f (x) + xf(x ) ; hence 

f" W + 2xf{x) + W + 1)/W = g\x) +xg(x) . 


We claim that if h is a continuously differentiable function such that h! W + xh(x) 
is bounded, then lim^ h(x) = 0. Applying this lemma for h = g then for h = /, 
the statement follows. In order to prove our claim, let M be an upper bound of 
\h'(x) +xh(x) | and let p{x) = h{x)^l 2 . Then 

\p'(x)\ = \h'(x) +xh{x)\e^/ 2 < Me" 2 / 2 


and 

u, m I^W I _ \p(0) + foP'(t)dt W |p(0)|+M/ 0 "e' 2 / 2 * 
e " 2 / 2 I " e -'- 2 / 2 

Since lim*^, e" 2 / 2 = °° and, by 1’HopitaTs rule, lim*-** Jq e' 2 / 2 dtje^l 2 = 0, we 
conclude that lim*-** h(x) = 0. □ 

5.3.23. Letf(x ) be a continuously differentiable real-valued function onM. Show 
that iff W 2 + / 3 W“>° as + °°> then /0)-+0 as £—* + 
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Solution. There are three cases to be considered. 

(i) Suppose /(x) changes sign at x n , x n —> + Then f(x) has a maximum or min- 
imum at x„<f, n < x n+1 , /(!;„) = 0, |/(x)| < \f(£n)\ for x n <x< x n+u 

l/(&.)l-o./(*)-o. 

(ii) f(x) does not change sign for x>u, say f(x) > 0 for x > u. Then f(x )—> 0 for 

(iii) f(x) < 0 for x > u. Set g = — /, then g' 2 — g 3 — >0, and since (g' 2 — g 3 ) is 

arbitrarily small for sufficiently large x, g( x) differs arbitrarily httle, for suffi- 
ciently large x, from h(x) for which h' 2 -h 3 = 0, or (ti - h 3 > 2 ) (ti + h 3 / 2 ) = 0. 
If h! + h 3 1 2 / 0 at some x, then h! + h 3 / 2 ^ 0 on an interval 1\ , so h! — 
h 3 / 2 = 0 on I\. If I is finite, then there is an abutting interval h on which 
h! + h 3 ! 2 = 0. Thus, h(x) = (-l/2x + ci)“ 2 on h and h(x) = ~{\/2x + 
C 2)- 2 on I 2 . Also h\x) = (— 1/2jc+ ci) -3 on I\, h'(x) = — (l/2x+ C 2) -3 
on I 2 . At the point x = a where I\ and h abut, we have (— l/2a + ci) -3 = 
—{\/2a + C 2 )~ 3 \ hence c\ = — C 2 and h(x) = (1/2 x+c)~ 2 on I\ Uh- It fol- 
lows that h(x) = (1/2 x + c)~ 2 for all x; hence h(x)-> 0, g(x)->0, f(x)-> 0 
as x — > + 00 . □ 

5.3.24. Let f be differentiable with f continuous on [ a,b\ . Show that if there is 

a number c in ( a,b ] such that f '(c) = 0, then we can find a number t, in ( a,b ) such 

that /(|) m-m 

b — a 

S. Penner, Math. Magazine, Problem 987 


Solution. For x in [a,b\, define 

g(x)=/'(x)- 


b — a 


Assume first that /(c) > f(a). Choose d in (a, c] such that f(d) is a maximum 
for / in [a, c], and let e be a point in (a.d) such that f'(e) = ( f(d)—f(a )) 
/(d — a). Then g(e) > 0 > g(d) , so, since g is continuous, there is a point t, in (e,d) 
such that g(% ) = 0. A similar argument takes care of the cases /(c) < f(a) and 

/(c) = f(a). □ 

5.3.25. Show that £“=i (— 1)" _1 sin(logn) /«“ converges if and only if a > 0. 
Solution. Set f(t) = sin(logf) /t a . We have 


/'( f ) = -^T sin (logt) + 


cos(logf) 


It follows that |/'(f) | < (1 + a) /t a+1 for any a > 0. Thus, by the mean value theo- 
rem, there exists G G (0, 1) such that 


|/(n+ 1) - /(n)| = !/'(« + 0)| 
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Since £“ =1 (1 + «) /n a+l < +°° for a > 0 and f{n) — > 0 as n — >°°, we deduce that 


X(- 1 )" V(«) = X(/( 2n_1 ) _ /( 2n )) 

n = 1 n=l 

converges. 

Next, we prove that sin(logn)/n“ does not converge to 0 for a < 0. It suffices 
to consider a = 0. We show that a„ = sin(logn) does not tend to zero. Assume the 
contrary. Then there exist a positive integer k n and A„ e [— 1/2, 1/2] for n > e 2 such 
that log n/n = k n + h,. Then \a„\ = sin7r|A„|. Since a„ — > 0, we obtain A„ — > 0. We 
have 


k n + 1 ~k„ = 


log(n+ 1) — logn 


- (A n+1 - X*) = - log 1 + - - (A „+1 - kn) 


Then \k n+ \ —k n \ < 1 for all n big enough. Hence there exists no such that k„ = k„ 0 for 
n > no- So logn/7t = k„ 0 + A„ for all n > no. Since A„ — > 0, we obtain a contradiction 
to log n—>°° as n — □ 

The geometric interpretation of the following straddle lemma is that if the points 
u and v “straddle” z, then the slope of the chord between the points ( u,f(u )) and 
(v,/(v)) on the graph of / : [a,b\— dR. is close to the slope of the tangent line at 
(z,m. 

5.3.26. Let f : [a, b) — be differentiable atz€ [a,b\. Prove that for each e > 0, 
there exists 8 > 0 such that 


\f(v)-f(u)-f'(z)(v-u)\<e(v-u) 
wheneveru< z < v and [ u,v ] C [a,b] fl (z— 5,z+ 8). 

Solution. Since / is differentiable at z, there exists 8 > 0 such that 





< £ 


for 0 < \x— z\ < 8, x € [a,b\. If z = u or z = v, the conclusion is immediate, so 
suppose u < z < v. Then 


\f{v)-f{u)-f\z)(y-u)\ 

< |/(v) - f(z) - f (z) (v - z) | + \m ~ /(«) - f\z) (z-u)\ 
<e(v-z)+e(z-n) =e(v-n). 


This concludes the proof. 0 


5.4 The Maximum Principle 

5.4 The Maximum Principle 


235 


Nature to Newton was an open book. . . 
In one person he combined the 
experimenter, the theorist, the 
mechanic, and, not least, the artist in 
exposition. Newton stands before us 
strong, certain, and alone. 

Albert Einstein (1879-1955) 

The maximum principle is one of the simplest tools in nonlinear mathematical anal- 
ysis. It is very efficient in the qualitative study of wide classes of ordinary differen- 
tial equations, as well as in the treatment of partial differential equations. 

The maximum principle can be described very easily in elementary terms. We 
give in what follows two different statements of this basic property. 

Weak Maximum Principle. Let u : [a,b\— be a twice differentiable convex 
function. Then u attains its maximum on [a.b] either in a or in b. In particular, if 
u{d) < 0 and u(b ) < 0, then u < 0 in [a, b] . 

Strong Maximum Principle. Letu : [«, i >] — be a twice differentiable convex 
function such that u(ci) = u(b ) = 0. Then the following alternative holds: either 

(i) u = 0 in [a,b] 
or 

(ii) u <0 in (a. b) and, moreover, u'(a ) < 0, and u'(b) > 0. 

The purpose of this section is to present some variants of the maximum prin- 
ciple and to illustrate the force of this method in the qualitative analysis of some 
ordinary differential equations or differential inequalities. We refer to the excellent 
monograph [94] for more details and examples on this subject. 

5.4.1. (The Maximum Principle). Letf : [a,fc ]— be a continuous function that 
is twice differentiable on (a, b) such that for all x € (a, b ) we have f" ( x ) = ocf(x) , 
for some constant a > 0. Prove that 

I/Ml <max{|/(a)|,|/(fe)|}, for all xG [a,b\. 

Solution. The continuous function / is bounded, so it achieves the minimum and 
the maximum on the compact interval [a,b\. The idea of the proof is to show that 
/ can have neither a positive maximum nor a negative minimum in ( a,b ). Fix xo G 
[a,b\ and without loss of generality suppose f(x o) > 0. Let M = max*^^ /(x) > 
/(x o) > 0. If this maximum is attained at xm € {a.b), then f" { xm ) < 0 and hence 
M = /(x/w) < 0, a contradiction. Thus the maximum is attained at either a or b and 

/(x 0 ) <M = max{/(a) , /(*) } < max{ \f(a) \ , \f{b ) | } . 

Since xq is arbitrary, the result follows. □ 
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5.4.2. (The Maximum Principle) Let f : (a,b)— be a bounded function and 
let u : (a,b)— >M be a function satisfying 

u" (x) + /(x) u' (x) > 0, for all x G (a,b). 

Assume that u(x) < M, for all x G (a, b) . Prove that if there exists a point c in (a, b) 
such that u(c ) = M, then u = M in (a, b) . 

Solution. Assume by contradiction that u(c)=M and there exists d G (a, b) such 
that u(d ) < M. Let us suppose that d > c. Define the function <p(x) = e a ( x ~ c ) — l, 
where a > 0 is a constant to be determined. Observe that tp(x) < 0 for all a < x < c, 
<p(x) > 0 if c<x<b and <p(c) = 0. We have 

0 v (x) := tp" (x) + f(x)(p' (x) = a[a+ f{x)\e a{ ~ x ~ c ^ . 


Choose a > 0 sufficiently large that 0 V (x) > 0 for any a < x < d. In other words, we 
choose a such that a > —f(x), for all xG ( a,b ). This is possible, since /is bounded. 
Define w(x) = u(x) +e<p(x), where e > Ois chosen such that e <(M— u{d))/(p{d). 
Such a choice for e is possible due to u(d) <M and (p(d) > 0. Since tp < 0 in (a, c) 
we have w(x) < M, for all a < x < c. By the choice of e we obtain 

w(d) = u(d) +£(p(d) < u(d) +M— u(d). 

Hence w(d) < M. On the other hand, 

w(c) = u(c ) + £<p(c) = M. 

It follows that w has a maximum value greater than or equal to M, and this maximum 
is attained in an interior point of (a, d) . But 

0 w (x) = 0 u (x) + £0<p(x) > 0, for all x G (a,d). 

This shows that there is no xo G (a,d) such that w'(xo) = 0 and w"(x o) < 0. Thus, 
w cannot achieve its maximum in (a,d), contradiction. 

If d < c, then we use the auxiliary function <p(x) = e~ a ( x - c ) — ] , with a > f(x) 
for allx G (a,c). □ 

5.4.3. Let f : (a,b )— be a function that is bounded on every closed interval 
contained in ( a,b ) and let u be a nonconstant function satisfying the differential 
inequality u" (x) + f(x)u' (x) > 0, for all x G ( a,b ). Moreover, we suppose that u has 
one-sided derivatives in a and in b. 

(i) Assume that the maximum of u is achieved at x = a and that f is bounded from 
below nearx = a. Prove that u'(a+ ) < 0. 

(ii) Assume that the maximum of u is achieved a tx = b and that f is bounded from 
above nearx = b. Prove that u'(b—) > 0. 
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Solution, (i) Assume that u(a) = M and u(x)<M for all a < x < b. Let d e (a, b) 
be such that u(d) < M. Consider the auxiliary function <p(x) = e a ^ x ~ a ^ — 1, with 
a > 0. Choose a>-f{x), for alia <x< d. Hence ® (p (x) := <p"(x)+f(x)q>'(x} >0. 
Let w{x) = u(x) + £(p(x), where 0 < e < ( M — u{d )) /(p(d). Since O w (x) > 0, it 
follows that the maximum of w in [a.d] is achieved at one of the endpoints. Since 
w{d) = M> w{d), the maximum is achieved for x = a. So, the right derivative in 
a cannot be positive, so w/(a) = u'(a) + £(p'(a) < 0. But <p'(a) = a > 0. Therefore 
u! (a) < 0. 

(ii) Apply the same arguments as above. □ 

We give in what follows a variant of the maximum principle for nonlinear 
differential inequalities. More precisely, the nonlinearity is u — u 3 , and this goes 
back to the Ginzburg-Landau theory arising in superconductivity. 

5.4.4. (a) Fix R > 0 and let u, = u,{r) : [7?,°o)— >[3 -1 / 2 ; oo) (i = 1,2) be twice 
differentiable functions satisfying 

—u” — -u'l + ^U\ — Mi(l — u\) > 0 > — u '2 --u' 2 + \u 2 ~ W 2 (l — « 2 ) • 

We also assume that u\[R ) > u 2 (R) and limsup,.—^ (u\ — u 2 ) (r) > 0. Prove that 
u\ > u 2 on [7?, 00 ). 

(b) Let f = /(r) be a twice differentiable function such that lim inf r ^ M /(r) = 1 


and 


~f" - ^ / 2 ) w(0,~). 


Prove that 



Solution, (a) Set u:=u\ — u 2 . Then 


-«"(r)--«'(r) + a(r)M(r)>0 for all r e (R , °°) , 
r 


where a(r) := u\ (r) + u 2 (r) + u\ ( r)u 2 (r ) + r~ 2 — 1. Our hypotheses imply a(r) > 0 
on (R,°°),u(R) > 0, and limsup r _j, eo M(r) > 0. So, by the maximum principle, u > 0 
on [/?,<»), which concludes the proof. 

(b) Define, for all r > 0, <p(r) = 1 — (2 r 2 ) -1 — 2 -3 9r -4 . For a positive constant C, 
set u\(r) = <p(r)+Cr“ 5 andu 2 {r) = cp(r) — Cr~ 5 . Then M| (R) > u 2 {R) > 3 -1 / 2 , 
provided that R > 0 is sufficiently large. We fix R with this property and choose 
C>0 such that mi (R) > f(R) > fi(R). Thus, the pairs (u\-,f) and (u 2 ,f) satisfy 
the hypotheses imposed at (a). Hence mi > / > U 2 in {R,°°). In particular, this 
implies that for all r > R, |<p(r)— f(r)\ < Cr~ 5 , and the conclusion follows. □ 


238 


5 Differentiability 


5.5 Differential Equations and Inequalities 


In mathematics you don’t understand 
things. You just get used to them. 

John von Neumann (1903-1957) 

The key role played by differential equations is synthesized as follows by the 
famous contemporary Russian mathematician Vladimir I. Arnold [2]: “Differen- 
tial equations are one of the basic tools of mathematics. They were first considered 
systematically by Sir Isaac Newton (1642-1727), although problems leading to dif- 
ferential equations had in fact arisen earlier. Before Newton, however, only such 
geniuses as Christiaan Huygens (1629-1695), president of the French Academy of 
Sciences, and Isaac Barrow (1630-1677), a mathematician and theologian, who was 
Newton’s teacher, could solve them. Today, thanks to Newton, many differential 
equations are solvable by college students and even school children.” 

We start with a differential inequality involving the second-order iterate of a 
differentiable function. 

5.5.1. Prove that there does not exist a positive continuously differentiable func- 
tion f on [0,°°) such that f (x) > f(f(x)), forallx> 0. 

Solution. Assume that / is such a function. Since f'(x) > /(/(*)) > 0, / 
is increasing, so that f'(x) > /(/(*)) > /(/( 0)) > 0. This means that f'(x) is 
bounded away from 0, and so lim*— ><*,f(x) = °°. Hence lim*— >°° /(/(*)) = and 
so lim*— ^f\x) = Set g(x) := f(x) — x— 1. Then g'(x) also approaches which 
implies that g(x) approaches °o. Thus there exists some xq such that f(x o) > xq + 1. 
Next, applying the mean value theorem to the interval [xo,/(xo)], we obtain a point 
£ G (x 0 .f{x 0 )) for which 

/(/(* o)) = f{xo)+f(S)(f(xo)-xo) > /'(<?) (f{x o) -* 0 ) 

> /(/(£)) (/(* o) -*o) > f(f(x o)) (f(x o)-xo) > f(f(x o)), 

which is a contradiction. □ 

The following inequahty asserts that if a twice differentiable function / : IR— >R is 
bounded together with its second derivative, then the derivative of / is bounded, too. 
In 1932, the British mathematicians Godfrey Harold Hardy (1877-1947) and John 
Edensor Littlewood (1885-1977) [42] extended this inequality to larger classes of 
functions. 

5.5.2. (Landau’s Inequality, [63]). Letf : R— be a function of class C 2 . Ass- 
ume that both f and f" are bounded and set 

M 0 = sup | f(x) | , M 2 = sup |/" (» | . 

je€M xeR 


Prove thatf is bounded and, moreover, 
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sup |/'(x) I 
x€R 


Solution. We first observe that if M 2 = 0, then the only functions satisfying our 
hypotheses are the constant mappings. So, we can assume without loss of generality 
that M 2 > 0. 

Let rgl and fix arbitrarily h > 0. By Taylor’s formula, there is some t £ (x,x + 
2 h) such that 

f(x+2h) = f{x) + 2hf'{x) + 2 h 2 f"(t), 

that is, 

/ ( *)- /( * + aT /(j) -*rw. 

Taking the modulus, and applying our hypothesis we obtain 

| f'{x) | < ^ +M 2 h for all x e R . 

Choosing now h = (Mo /M 2 ) '/ 2 , we obtain our conclusion. □ 

Remark. Applying Taylor’s formula twice, namely between x and both x±h, we 
can obtain (exercise!) the better estimate 

sup|/'(x)| < v /2M 0 M 2 . 

xes. 

We also point out that the above Landau inequality establishes that 


where || • ||z,~(h.) denotes the norm in the Banach space L°°(R) and is defined by 
IMIl~(r) :=sup|m(x)|. 

*eR 


The above L°° -inequality was established in the so-called L 2 framework by Hardy 
and Littlewood [42] as follows: 

jT I fix) 1 2 dx < 2 ] /f~\fix)\ 2 dx ] /f~\f»ix)\ 2 dx. 

Hardy and Littlewood’s inequality has been given considerable space and even 
several proofs in the famous book [43], and has subsequently attracted further atten- 
tion. 

A variant of the above inequality for higher-order derivatives is stated in what 
follows. This result is due to the Russian mathematician Andrey Nikolaevich 
Kolmogorov (1903-1987), who is known for his major contributions in probability 
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theory and topology. The Landau and Kolmogorov inequalities are extended in what 
follows. 

5.5.3.(Kolmogorov’s Inequality). Let f : M— be a function of class C 3 . Ass- 
ume that both f and f” are bounded and set 

M 0 = sup | f(x) | , M 3 = sup | f" (x) | . 

x€R jc€R 

(a) Prove thatf is bounded and, moreover, 

sup I/' Ml < i(9M^M 3 ) 1/3 . 

jteR z 


(b) Is f" bounded, too? 

Solution, (a) Fix rgl and h ^ 0. Applying Taylor’s formula between x and 
x + h, we obtain, successively, 


I f(x+h) - /M - hf\x) - h —f"{x) I < M 3 h - 


and 


Therefore 


I f(x — h) — f(x) + hf'(x) - h -f" M I < M 3 h - . 


2h\f(x)\ = | ( f(x-h)-f(x)+hf'(x) - -f M 


- (f(*+h)-f(x)-hf(x) - |/'m) +f[x+h)-f[x-h ) | 


<\f( x -h)-f{x) + hf'{x)- h ^f"(x)\ 


+ \f{x+h)-f(x)-hf\x) - -f M + \f(x + h)\ + \f(x-h)\ 


M 3 h 3 


-2Mq. 


Hence 

But \ /(h) = — ^jr + 3 ^, which shows that yr achieves its minimum for 
ho = 1 ) 1//3 . Since y/(/t) = 2 _1 (9MqM 3 ) ^ 3 , our conclusion follows. 

(b) By hypothesis and (a), the functions f and f" = (/')" are bounded. Applying 
Landau’s inequality to these functions, we deduce that f" is bounded. □ 
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5.5.4. (Landau-Kolmogorov Generalized Inequalities). Let / : K— be a 

nonconstant function of class C n such that both f and /- 1 are bounded. 

(a) Prove that/^" -1 ) is bounded. 

(b) Deduce that all the derivatives /w are bounded, 1 < k< n — 1 . 

For any integer 0 < k<n, set M^ = sup Jt€M |/W (*) | . 

(c) Show that Mf. > 0, for any integer 0 <k<n. 

(d) Using the functions 0 < k < n, as needed, prove that 

M k <2^ n - k )/ 2 M 1 ~ k/n M k n /n . 


Solution, (a) The Taylor formula implies 


j=i 


<2M 0 # 


M n r 


Hence 


*=1 J=1 4 * 




which implies 


j i *-i 


Using the elementary formula 


< X C n-l( 2M 0 + 




i(-i r-^=(° ifl5 ^ w - 1 > 

*=i [m! if;' = m, 

we observe that all the terms on the left-hand side of the above inequality are zero, 
excepting that corresponding to j = n — 1. It follows that for all x £ M we have 


|/ ( *- l) MI< XC*_! 2M 0 f 


M n k n 


(b) We use a standard argument by induction. 

(c) If Mfc = 0 then / is a polynomial of degree at most k— 1. Since / is bounded, 
it follows that / must be constant, which is excluded by our hypotheses. So, 
Mb > 0 for all 0 < k < n. 

(d) Applying Landau’s inequality, we obtain M \ < \J2M^_ \M^ \ for all 1 < k < 
n — 1 . This inequality shows that u\ < U 2 < • • ■ < u„, which yields 

( UlU 2 ■ ■ ■ Uk) n < (u\U 2 ■ ■ ■ u n ) k . 
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Applying this inequality in our case, we obtain 


2 nk(k-l)/2 K < 2 kn{n- 1)/2 

MR- M k ’ 


which concludes the proof. □ 

The function g in the next example behaves like at least like a superlinear power 
at +°°. So, the next problem involves a second-order differential inequality with 
superlinear growth in the nonlinear term. 

5.5.5. Let g : (0, +°°)— ►((), +°°) be a continuous function such that 

Urn ^|=+~, (5-14) 

x 1+ “ 

for some a > 0. Let f : R— > (0, +°°) be a twice differentiable function. Assume that 
there exist a > 0 and xq e R such that 

f"(x) + /'(x) > ag{f(x)), for all x > x 0 . (5.15) 

Prove that lim x ^ +00 /(x) exists, is Unite and compute its value. 

Vicenpu Radulescu, Amer. Math. Monthly, Problem 11024 

Solution. If x\ > xo is a critical point of /, then by (5.15), f"(x \ ) > 0, so x\ is 
a relative minimum point of /. This implies that f(x) does not change sign if x is 
sufficiently large. Consequently, we can assume that / is monotone on (xo, +°°); 
hence i := lim*— > +oc ,/(x) exists. 

The difficult part of the proof is to show that i is finite. This will be deduced after 
applying in a decisive manner our superlinear growth assumption (5. 14). Arguing by 
contradiction, let us assume that i = +°°. In particular, it follows that / is monotone 
increasing on (xo,+°°). Define the function 

u(x) = e x/2 f(x), x>x 0 . 

Then u is increasing, and for any x > Xo, 

u"(x) = \u{x) + e*' 2 {f(x) +/'(x)) > ^m(x) + ae x/2 g{f{x)). (5.16) 

Our hypothesis (5.14) and the assumption i = +°° yield some x\ > xo such that 

g(/(x))>/ 1+ “(x), for all x > xi . (5.17) 

So, by (5.16) and (5.17), 

m"(x) > ^u(x) + Cu{x)f a {x) > Cu(x)f a (x), for all x > x u 


(5.18) 
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for some C > 0. In particular, since £ = +°°, there exists X2 > x\ such that 

u"(x) > u(x), for all x > x 2 . (5.19) 

We claim a little more, namely that there exists Co > 0 such that 

u" (x) > C 0 u l+a/2 (x) , for all x > x 2 . (5 .20) 

Indeed, let us first choose 0 < 8 < min{ e - * 2 w (X2) j e~* 2 k' (xa) } • We prove that 

u(x) > 8e x , forallx>X2- (5.21) 

For this purpose, consider the function v(x) = u(x) — 8e x . Arguing by contradiction 
and using v(x2) > 0 and v' (X2) > 0, we deduce the existence of a relative maximum 
point X3 > X2 of v. So, v(x3) > 0, v' (X3) = 0, and v"(x3) < 0. Hence 5e* 3 = u'(x 3) 
< u(x 3). But by (5.19), u"(x 3) > u(x 2 ), which yields v"(x3) > 0, a contradiction. 
This concludes the proof of (5.21). 

Returning to (5.18) and using (5.21), we obtain 

u"{x) > Cu l+a l 2 {x)u a l 2 (x)e- ax l 2 > Com 1+0[ / 2 (x), for all x > X2, 

where Co = C8 a ! 2 . This proves our claim (5.20). So 

u (x) u" (x) > Cou l+a / 2 (x) u (x) , for all x > X2 . 

Hence / 

Qm' 2 (x) - C|W 2+/3 (x)'j > 0, for all x > x 2 , 

where C\ = 2Co/(4 + a) and fi = a/2 > 0. Therefore 

u ,2 (x)>C 2 + C 3 u 2+p (x), forallx>x 2 , 

for some positive constants C 2 and C3. So, since u is unbounded, there exists X3 > X2 
and C4 > 0 such that 


u (x) > C 4 u' +r (x), for all x > X3, 

where y = j 3 /2 > 0. 

Applying the mean value theorem, we obtain 

u~ r (x 3) - u-Y(x) = y(x — X3) iT 1 ^ 1 (^x) u' (%x) > C 4 y(x-x 3 ), for allx >x 3 , 

where 8, x G (X3 , x) . Taking x— > + °° in the above inequality, we obtain a contradiction, 
since the left-hand side converges to u~^{x 2 ) (because i = +°°), while the right-hand 
side diverges to +°°. This contradiction shows that £ = lim*— > +0 o /(x) must be finite. 

We prove in what follows that £ = 0. Arguing by contradiction, let us assume that 
£ > 0. We first observe that relation (5.15) yields, by integration, 

/ 0) - f (*o) + f(x) ~ f(x 0 ) > a [ g(f(t))dt. 

JXQ 


(5.22) 


244 


5 Differentiability 


Since £ is finite, it follows by (5.22) that lim*— > +00 / , (x) = +°°. But this contradicts 
the fact that lim*— > +00 /(x) is finite. □ 

Remark. The result stated in our problem does not remain true if g has linear 
growth at +°°, so if (5.14) fails. Indeed, it is enough to choose /(x) = e x and g 
the identity map. We also remark that “l is finite” does not follow if the growth 
hypothesis (5.14) is replaced by the weaker one lim*— ^g(x)/x = +°°. Indeed, if 
g(x) = xln|l +x) and /(x) = e* 2 , then £ = +°°. 

The next problem is inspired by the following classical framework. Consider the 
linear differential equation g" + g = 0 on [0, °°) . All solutions of this equation are of 
the form g(x) = C\ cosx+ C 2 sinx, where C\ and C 2 are real constants. In particular, 
this implies that there are no solutions that are positive on the whole semiaxis [0, °°) . 
The purpose of this problem is to find a class of functions / such that f(x ) /x ^ Const 
for all x > 0 and the nonlinear differential equation g" + fo g = 0 has no positive 
solution on the positive semiaxis. 

5.5.6. Find a class of positive continuous functions f defined on (0,°°) that are 
not a multiple of the identity map and such that there is no positive twice differen- 
tiable function g on [0. satisfying g" + f o g = 0. 

Solution. The equality g" + / o g = 0 can be rewritten as 


combined with 


g' = h on[0,°°) 
h' + fog = 0 on[0,°o). 


(5.23) 

(5.24) 


The following situations can occur. 

Case 1: there exists xo G [0,°°) such that h(xo) < 0. Thus, by (5.24), h(x) < h(x 0 ) 
for all x > xq. Then, by integration in (5.23), we obtain 


g(x) < g(x 0 ) + h(x 0 ) (x - x 0 ) , for all x > x 0 . 

So, since h(x 0 ) < 0 and g > 0 in (xo,°°), the above relation yields a contradiction, 
for x sufficiently large. 

Case 2: h(x 0 ) = 0, for some xo > 0. Thus, by (5.24), it follows that h is decreas- 
ing in (xo,°°). In particular, we have h < 0 in (xo,°°). With the same arguments as 
in Case 1 we obtain again a contradiction. Consequently, Cases 1 and 2 can never 
occur. 

Case 3: h > 0 in [0,°°). In this situation, by (5.23), it follows that 
g{x) > g(0) > 0, for all x > 0 

We will assume that 

liminf /(x) >0. 

So, by (5.25) and (5.26), there exists some A > 0 (sufficiently small, but positive) 
such that f{g(x)) > A for all x > 0. Thus, by (5.24), 


(5.25) 

(5.26) 


h{x) <h{ 0) - Ax, for all x > 0, 
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a contradiction, since h is positive. In conclusion, the required sufficient condi- 
tion is formulated in relation (5.26). We point out that this condition is not nec- 
essary. A necessary and sufficient condition is f(t)dt = +°°. To see this, define 
F(x) = /o f(t)dt. Then multiplying by 2 g' and integrating gives (g r ) 2 + 2F o g = C, 
where C is a constant. Rearranging gives 

, S M -a-i 

VC~2F(g) 

Taking the positive case (that is, assuming that g is increasing) and integrating gives 
f«(f) du _ f 

•4(0) ^/C-2F{u) ~ 

If Jq f{t)dt < oo, then F is bounded, and taking C > 2supF(«) gives a solution 
(upon rearranging). On the other hand, if /J° f(t)dt = +°°, then F is unbounded, 
and hence there is some uo with F(uq) = C/2. Then by Taylor’s theorem (without 
remainder). 


F ( u ) = 2 +/(mo)(m-mo) + o((m-m 0 ) 2 ) as 


Hence we see that 


du 


-- = to < ° 


J g(0) \JC—2F(u) 

Thus, at t = to we will have g'(to) = 0, and since g" (x) < 0, g will be decreasing for 
t > to. Hence for t > to we have 

l 

Since 


du 


g(t ) \]C—2F{u) 
du 


= t-t 0 . 


-- = h < c 


Jo V C-2F(u ) 

we have g(to + 1 \ ) = 0 and g(t ) < 0 for t > to + fi . Thus there is no positive solution. 

□ 

We study in what follows a singular (at the origin) second-order differential equa- 
tion of Ginzburg-Landau type. 

5.5.7. Let/ : (0, 1 )— be an arbitrary solution of the differential equation 

_ / " W _ffl + /W =/W (i_ / 2 W ) fr( 0) l). 


(a) Assume that there exists xo £ (0, 1) such that /(xo ) > 1 and f(x o) < 0. Prove 
that limj\o/(x) = +°°. 

(b) Prove that the same conclusion holds if f > 1 and f > 0 on a certain interval 
(0,x 0 ). 
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Solution. We first observe that the function g : (— °°,0)— defined by g(x) = 
f(e x ) satisfies 


*"(*) = [l +e 2x (g 2 (x) - 1)] *(jc), for all x < 0. (5.27) 

The above differential equation implies the following “logarithmic convexity” prop- 
erty of g. Set 

ffl = {(r,()sl 2 ; 1 +e 2x (f 2 - 1) < 0 } . 

Then either g is convex and positive or g is concave and negative, excepting the case 
in which the graph of g is in co. 

(a) We first claim that / > 1 on the whole interval (0,xo) or, equivalently, g > 1 
on (— oojlnxo). Arguing by contradiction, there is a local maximum x\ in this 
interval with g(x i) > I , g'(x \ ) = 0, and g"(x \ ) < 0, a contradiction. Hence it 
follows that g" > g > 1 on (— °o,lnxo). 

For any fixed a < lnxo and x < a we have 

g'(a)-g'{x)= f g"(t)dt> j dt = a — x. 

Hence g'(x)—* -=»as x—> — °o. Using now g(a) — g(x) = g'(t)dt, we deduce that 
g(x)— * + °° as x— *• — oo, which implies lirn*\o/W = +°°- 

(b) Since g > 1 in (— ao , Inxo), it follows that (x.g(x)) £ co, for all x e (O.xq). The 
logarithmic convexity of g imphes that g > 1 and g" > 0 in (— °°,lnxo). From 
now on, with an argument similar to that used in the proof of (a) we obtain the 
conclusion. □ 

We are now interested in the behavior of a function satisfying a nonlinear second- 
order differential equation. 

5.5.8. Let (p be a continuous positive function on the open interval and 

assume that f is a C 2 -function on (A,°°) satisfying the differential equation 

/"(0 = (l + 9«(/ 2 (0 -!))/«• 

(a) Given that there exists a £ (A,°°) such that f(d) > 1 and f(a) > 0, prove that 
there is a positive constant K such that fix) > Ke x whenever x > a. 

(h) Given instead that there exists a £ such that f'(d) < 0 and f(x) > 1 

if x > a, prove that there exists a positive constant K such that f(x) > Ke? 
whenever x > a. 

(c) Given thatf is bounded on (A,°°) and that there exists a> 0 such that tp(x) = 
0(e - ( 1+a )*) as x-^>°°, prove thatlim x -^' X ,e x f(x) exists and is finite. 

Vicenjiu Radulescu, Amer. Math. Monthly, Problem 11137 

Solution, (a) We first claim that / > 1 in [a,°°). Indeed, assuming the con- 
trary, it follows that / has a local maximum point xq > a such that f(x o) > 1, 
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f'(x o) = 0, and f"(x o) < 0. Using now the differential equation satisfied by /, we 
get a contradiction. 

In particular, the above claim shows that f > f in [u,°°). Set g := f — f. 
Then g' + g> 0 in [u,°°) and the function h(x) := g(x)e x satisfies h! > 0 in [a,°°). 
We deduce that for all x > a we have g(x) = f'(x) — fix) > g(a)e a ~ x . Setting 
v(x) := f(x)e~ x , we obtain v'(V) > g(a)e a ~ 2x on [a,°°). By integration on [a, jc] , 
we obtain, for all x>a. 



(5.28) 


= f{a) +f{a) c x-a l f{a)-f'{a) C c 


2 2 


This shows that there exists a positive constant C such that f(x) > Ce A , for any 
x > a. 

(b) Our hypothesis implies f" > f in [a,°°). However, since f(a) + f (a) is not 
necessarily positive, estimate (5.28) does not conclude the proof, as above. For 
this purpose, using the fact that f" > 1 in ( a , °°), we find some xq> a such that 
f(x o) > 0. Since / is positive in [xo,°°), we can repeat the arguments provided 
in (a), using xo instead of a in relation (5.28). Thus, we find C > 0 such that 
f{x) > Ce*, for any x > jcq. Choosing eventually a smaller positive constant C, 
we deduce that the same conclusion holds in [a, °°) . 

(c) Make the change of variable e~ x = t £ (0,e -A ) and set g(t) = f(x). Then g 
satisfies the differential equation 



for all? € (0,e -A ). (5.29) 


We observe that the above equation is equivalent to the first-order differential sys- 
tem 



(5.30) 


The growth assumption on (p can be written, equivalently, <p(— lnt) = 0(t 1+a ) 
as t — >0, where a is a positive number. This implies that the right-hand side of the 
second differential equation in (5.30) is integrable around the origin, and moreover. 


h{t) = 0{ 1) asf\0. 


(5.31) 


On the other hand, since g is bounded around the origin, the first differential equa- 
tion in (5.30) implies 



(5.32) 
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Relations (5.31) and (5.32) imply that g(t) = 0(t) as t \ 0. Since tg'(t) + g(t) = 
th(t), we deduce that 


g'(t) = 0( 1) as f \ 0. 


(5.33) 


Let g and y i be two arbitrary solutions of (5.29). Then 

{* W(t)gi (t) ~g(t)g'i(t)] }' = ^ ^ g(t)gi(t) (g 2 (t)-gi(t)) , t e (0,e _A ). 

(5.34) 

Relation (5.33) and the growth assumption on <p imply that the right-hand side of 
(5.34) is 0(t 4+a ) as t \ 0. So, using again (5.34), 

g'(t)8i(t)-8(t)g'i(t) = 0(t 4+a ) as f \ 0. (5.35) 

Next, we observe that we can choose g\ such that g \ (t) ~ t as t \ 0. Indeed, this 
follows from the fact that the initial value problem 

IV' (0 + ^ - f = *^g{t) (g 2 (t) - 1) , 

\g(0)=0,g'(0) = l, 

has a solution defined on some interval (0, 8). Thus, by (5.35), lim^o (g(0 /gi {*))' = 
0. Hence, for any sequence {t n } n > i of positive numbers converging to 0, the seq- 
uence {g(t„) / g\ (?«)}„> | is a Cauchy sequence. So, there exists lim,^og(r)/gi(r) = 
(gl. Since gi (t) ~ t as t \ 0, we deduce that lim f ^o<?(OA = ^ or > equivalently, 
lim*— > ^e x f(x) = i. □ 

Remarks, (i) The conclusion stated in (c) does not remain true for general 
potentials (p (as in (a) or (b)). Indeed, the function f(x) = x~ x satisfies the ass- 
umption f(x) G (—1,1) for all x £ (1,«>) and is a solution of the differential equa- 
tion f"= [1 + <p(/ 2 — 1)]/, provided that cp(x) = (x 2 — 2)(x 2 — l) -1 . In this case, 
\\m x — ta! ,e x f(x) exists but is not finite. 

(ii) Under the growth assumption on (p imposed in (c), our result shows that an 
arbitrary solution / of the differential equation f"= [1 + <p(f 2 — 1)]/ in (A, °°) 
satisfies the following alternative: either 

(i) / is unbounded and, in this case, f(x ) tends to +°° as x— > + °° (at least like e x , 
for general positive potentials (p ) 

or 

(ii) / is bounded, and in this case, f(x) tends to 0 as x — > + °° (at least like e - *)- 

A uniqueness result related to the radial Ginzburg-Landau equation is the 
following. 
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5.5.9. Assume that there exists a smooth positive function f on (0, 1) satisfying 
the differential equation 


( 0 , 1 ) 

r r z 

together with with boundary conditions /( 0) = 0 and /( 1) = 1. Prove that f is 
unique. 

Solution. We give an argument of I. Shafrir [6] that is based on a method 
introduced by H. Brezis and L. Oswald[12], Let f ) and be two positive functions 
satisfying the hypotheses. Dividing the differential equation by / and subtracting 
the corresponding equations, we obtain 

-f + f -KH) 

Multiplying the above equality by r(jf — /| ) and integrating over (0, 1) yields 

/o'( /l “t /2 ) rdr+ l'( A -fi A ) '<>'■■ 

Therefore /i = fi on (0, 1 ). □ 

The next property is very useful for proving uniqueness results. 

5.5.10. Let f,g : [a. b] — be functions such that f is continuous, g is differen- 
tiable, and g vanishes at least once. Assume that there exists a real constant A ^0 
such that for allx S [a,b\, \ f(x)g(x) +Xg'(x) | < |g(x)|. Prove that g = 0 in [a,b\. 

Solution. Arguing by contradiction, there exists xq G ( a,b ) such that g(x o) > 0. 
Let V = ( c , d) C [a, b] be a neighborhood of xq such that g > 0 on V . Since g vanishes 
at least once on [a, b], we can assume that g(c ) = 0. 

For any x G V we have, by hypothesis. 


I g'C*) I 

I 8(x) I 


W\\v m 




It follows that the mapping V 9 x i — > hig(x) is bounded. Observing that g(x)—> — °° 
as x \ c, we obtain the desired contradiction. 

The above property implies the following classical result, which is very useful to 
establish the uniqueness of the solution in the theory of differential equations. □ 
Gronwall’s lemma. Let I Cl be an interval. Assume that f : /— is a differ- 
entiable function that does not have a constant sign on I and satisfying, for all x £ I, 
\f(x) | < C \f(x)\, where C is a positive constant. Then f = 0 on I. 
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The following second-order differential equation with cubic nonlinearity has 
only bounded solutions. 

5.5.11. Consider the differential equation x"{t) + a(f)x 3 (t) = 0 on 0 < t < 
where a(t) is continuously differentiable and a(t) > k > 0. Ifa!(t) has only finitely 
many changes of sign, prove that any solution x(t ) is bounded. 

Ph. Korman, Math. Magazine, Problem 1577 


Solution. For any t > 0, define the function 

Using the differential equation, we obtain 

E\t) = a'{t) X ^. (5.36) 

Assuming that a'{t) < 0 for all t £ [ft, £ 2 ], then E'(t) < 0 on [t\,t 2 ]. Thus, 
E(t) < E(t\) for all t £ If a'{t) > 0 on [hdi], then E'(t)/E(t) < a'{t)/a{t), 

for all t\ <t < f 2 . Hence 

E(t) < ^r4a(t) < for all t,<t<t 2 . (5.37) 

a(ti) a(ti) 

This gives an idea about the growth rate of E. More precisely, E ( t ) can increase by at 
most a factor of a(t 2 )/a(t\) on [t\ J 2 ]. Relation (5.37) combined with the definition 
of E(t) yields 

^ < — 7 — 7 , for all h < t < h . (5.38) 

4 a(h) 

Let us now assume that a'(t ) changes sign at points ci,C 2 ,...,c n . Since E(t) is 
nonnegative and nonincreasing on any interval on which a'(t ) < 0 , and increases 
by at most a factor a(ck + \) / a(ck) on any interval [c*,c* + i] on which a'(t) > 0 , it 
follows that E(t) remains bounded on [0,c„]. We distinguish two cases: 

(i) a'(t) < 0 on Then E'{t) < 0 for all t £ [c„,«>). Thus, E(t) is nonincreas- 
ing on so remains bounded. This implies that x(t) is bounded on [0,°o). 

(ii) a' {t) > 0 on (c„,°°). Thus, by (5.38), it follows thatx 4 (t) < 4 E(c n )/a(c n ), for 
all t>c„. Therefore x(t) is bounded. 

The next problem concerns the differential equation 

f(x + h)-f(x-h) = 2h/{x), (5.39) 


where h is a positive number (either fixed or variable) and i£l. This equa- 
tion appears in the study of central forces and it is called the gravity equation. 
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Archimedes observed that any quadratic polynomial satisfies (5.39), and he gave 
the following geometric interpretation of this fact. Select any two points A and 
5 on a parabola and let C be the point of the parabola at which the tangent to 
the parabola is parallel to the chord AB. Then the line through C parallel to the 
axis of the parabola is midway between the lines through A and B parallel to the 
axis. □ 

We also observe that if V ( x ) is a potential function associated with a radially 
symmetric central force and if a sphere of radius h attracts exterior particles as if all 
the mass of the sphere were at its center, then the function fix) := (xV (x))' satisfies 
the differential equation (5.39). The next result gives a sufficient condition to ensure 
that a solution of (5.39) has at most exponential growth. 

5.5.12. Let f(x) satisfy (5.39) for all x and for two values of h, say for h = a 
and h = b with 0 < a < b. Then there exist positive constants A and c such that 
\f(x)\ < Ae c W, for all real x. 

Sherman Stein 

Solution. We assume for the sake of notational simplicity that x > 0 (a similar 
argument can be applied for x < 0). Since (5.39) is fulfilled for h = u and h = b, we 
obtain 

f(x + b)=f(x-b) + ^[f(x + a)-f(x-o)] . 

Replacing x with y — a in the above relation, we obtain 

f(y + b-a) = f(y-b-a) + ^ [f(y)-f(y-2a)} . 

This identity relates f(y + b — a) to values fix) for x no larger than y. 

Set M(x) := max {/(f); 0 < t < x}. It follows that for all y>a + b, 

M(y + b — a)< M(y) + — M(y) . 

Define M := max{M(x); 0 < x < a + b}. Then, considering M(x) over successive 
intervals of length b — a, we obtain 


M(x) < A 



x/(b-a) 


which concludes the proof. □ 

If / is twice differentiable on an interval / and f" = 0 on /, then / is linear. Thus, 
/ = 0 in I, provided / has at least two zeros in I. This simple property is extended 
in the next exercise to a larger class of linear differential equations. 

5.5.13. Let p be a continuous real-valued function on R and let f be a solution of 
the differential equation 


f{x) + p(x)f\x)-f{x)= 0. 
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Prove that if f has more than one zero, then f(x) = 0. 

Solution. Let a < b be two different zeros of /. Let xm and x m be two numbers in 
the interval [a, b\ for which /(xm) and f(x m ) are the greatest and the smallest value 
of / in this interval respectively. Assume that / is not identically zero in the interval 
[a,b\. Then at least one of the numbers /(xm) and f(x m ) is not 0. 

If /{xm) 7 ^ 0 then /(xm) > 0 and a < xm < b. Moreover, since (xm-JXxm)) is a 
local maximum, then /'(xm) = 0 and f" (xm) < 0. But then 

f"(x M ) + p(xm)/{xm) ~ f{x M ) < 0 , 
which contradicts the definition of /. 

If f{x m ) ^ 0 then f(x m ) < 0 and a < x m < b. Moreover, since {x m ,f(x m )) is a 
local minimum, f(x m ) = 0 and f"(x m ) > 0. But then 

f(x m )+p(x m )f(x m )-f(x m )> 0, 

which contradicts the definition of /. 

Thus / must be identically 0 in the interval [a, b] . 

Let c be a number such that a <c <b. Then clearly /(c) = f(c) = 0. Thus the 
problem follows from the theorem on the uniqueness of the solution of the second- 
order linear differential equation. □ 


5.6 Independent Study Problems 


All intelligent thoughts have already 
been thought; what is necessary is only 
to try to think them again. 

Johann Wolfgang von Goethe 
(1749-1832) 

5.6.1. Letf : (a, b )— dR be a function having finite one-sided derivatives at all points 
in (a, b). Prove that f is differentiable in (a. b), excepting a set that is at most count- 
able. 

5.6.2. Letf : [a, be a differentiable function in ( a,b ) . Prove that there exists 

a nonconstant sequence of points C (a. b) such that the sequence (/(a„)) n>l 

is convergent. 

5.6.3. Let f : (a,b)— >R be a differentiable function such that there exists A > 0 
with | f (x) | < A, for all x 6 (a.b). Prove that lim^ a f(x) and lim x yb f(x) exist, and 
moreover, 

lim/(jc) — /(c) < A(c — a) , lim/(x)— /(c) <A(& — c), for all c £ (a,b). 

x\a | | x/b I 
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5.6.4. Let f : R— >R be a differentiable function such that there exists c > 0 with 

1/ (x) | < cf(x) , for allxG R. 

(a) Establish the existence of some y > 0 such that \f(x) \ < ye c W , for all xe R. 

(b) In addition, we assume that there exists xq € R such that /(xq) = 0. Prove that 

f= o. 

5.6.5. Let f : R be a differentiable function and let xq e (a. b) be such 

that/' is continuous atxo- Let (*«)«> t and (y n ) n >\ be sequences in ( a,b ) such that 
x n / y n for all n > 1 and \\m n -^^x n = lim n — ^y„ = xq. Prove that 


lim 


f(*n)-f(yn) 


fix o). 


5.6.6. (Clarkson’s inequalities). Using perhaps the above result, show that for 
all a, b £ R, p > 2, l/p+l/q= 1 , the following inequalities hold: 

(a) 2(\a\P+\b\P) < \a + b\P+ \a-b\P< 2P~ l (\a\P+ \b\P); 

(b) \a + b\P+\a-b\P< 2(|a|« + |h|«)*/?; 

(c) 2(\a\ p + \b\P) q / p < \a + b\ q + \a — b\ q . 


If 1 < p < 2, prove that the above inequalities hold with > instead of < . 


5.6. 7. Let f : R— + [0, °°) be a function of class C 1 , periodic of period 1 . Prove or 


disprove that 


lim 


fix) 

1 + cf(x) 


= 0 . 


Hint. The periodic continuous functions / and /' are bounded. 

5.6.8. Letf: (0,°°)— be a function of class C 2 such that/' < 0 and /" is 
bounded. Prove that lim A ^oo/'(x) = 0. 

5.6.9. For any integer n > 0 define the polynomial f n (x) by /) (x) = 1, /„( 0) = 0 
forn > 1 and 

f' n+ \ (x) = (n+ l)f n {x+ 1), for all n > 0. 

Find the decomposition into prime factors of/ioo(l)- 

5.6.10. Assume that the function f : R— >R is twice differentiable and satisfies 

f"(x) -2f(x) +f(x) = 2e x , for all x G R. 


(a) If f(x) > 0 for all x, is it true that f (x) > 0 for every x? 

(b) If f'{x) > 0 for all x, is it true that f(x) > 0 for every x? 
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5.6.11. A frequent error is related to the derivative rule for the product of 
two functions, and it concerns the “formula” ( fg )' = f'g' . If f{x) = e* 2 , est- 
ablish whether there exists an open interval ( a,b ) and a differentiable function 
g: (a,b)— g ^ 0, suchthatthe above “formula” is true for all x £ ( a,b ). 

5.6. 12. Find all functions f : M— of class C 1 such that 

f 2 (x) = [ X \f 2 (t) + f' 2 (t)]dt + 2004, for all xG M. 

Jo 


5.6. 1 3. Let f : M — be an infinitely differentiable function such that 


f 



n 2 + 1’ 


n= 1,2,. 


Find /« (0), for every k=l,2,.... 

5.6.14. Let p(x) be a nontrivial polynomial of degree less than 2004 that has no 
nonconstant factor in common with the polynomial x 3 — x. Let 


d 2004 ( p(x)\ f(x) 
dx 2m4 \x 2 -x) g{x)’ 


where f(x) and g(x) are polynomials. Find the least possible degree of f(x) . 

5.6.15. Let f : M— >(0,°°) be a differentiable function such that f'{x) > f(x), for 
all ielR. Find the values of k for which there exists N such that f(x) > e kx , for any 
x>N. 

5.6. 1 6. Let f(x) = (x-x l )---(x-x n ),x i =fx J for i + j, g(x)=x n ~ 1 + a n - 2 ^~ 2 + 
■■■ + a 0 . Prove that S"=t g(xj)/f(xj) = 1 . 

Hint. Decompose g/f, multiply by x, and pass to the limit as x— 

5.6. 1 7. Let ci] < a 2 <■■■< a n be the roots of a polynomial of degree n and let 
b\ < ■ ■ ■ < b n - 1 be the roots of its derivative. Compute Z,jj(bi — a ; ) _1 . 

Answer. The sum is 0 if a,- ^ cij for all i ^ j, and +°° elsewhere. 

5.6. 1 8. Suppose a and b are real numbers, b > 0, and f is defined on [— 1 , 1] by 


m = 


x? sin(jt b ) 

0 


if xy^O, 
if x = 0. 


Prove the following statements: 

(i) f is continuous if and only if a > 0; 

(ii) f (0) exists if and only if a > 1 ; 

(iii) f is bounded if and only if a > 1 + b; 

(iv) f is continuous if and only if a > 1 + b; 

(v) f" (0) exists if and only if a > 2 + b; 
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(Vi) f" is bounded if and only if a >2 + 2b; 
(vii) f" is continuous if and only if a >2 + 2b. 


5.6. 1 9. Let I cl be an open interval and let /, g : /— >R be differentiable func- 
tions. Prove that between two consecutive zeros of f there is at least one zero of 

f + fg '• 

Hint. Consider the function fe 8 . 

5.6.20. Let f : R— >R be a twice differentiable function in R \ {0} satisfying 
f(x) < 0 < f{x) if x < 0 and f'{x) > 0 > f"(x) for all x > 0. Prove that f is 
not differentiable at x = 0. 

5.6.21. Given a twice differentiable function f : (a.b)—*M. a ndxG ( a,b ), do there 
exist a<xi<x<X 2 <b such that f{x 2 ) — fix 1 ) = f (x) (X 2 —x{)? 

The same question if we assume that f" f 0 in ( a,b ). 

Hint. No, provided that /' has a strict local extremum in x; yes, if f is monotone. 

5.6.22. Let I C M be an interval and f : 7— >R. Prove that the following conditions 
are equivalent: 


(a) 


'/(») f{v) f{w) 
det | u v w 

1 1 1 


< \(u — v)(y — w)(w—u)\, for all u,v,w€ I. 


(b) f is differentiable and f satisfies the Lipschitz condition with constant 2. 


5.6.23. Letf : [a,b \— >R be a differentiable function with first derivative continu- 
ous and decreasing and satisfying f (b) > 0. Define the sequence (b„) by 


b 0 = b, b n =f- 1 (f(b n - 1 )-f'(b n -i)(b n - l -a)), for alln> 1 . 

Prove thatf(b „ ) converges to f (a). 

5.6.24. Assume that the function f : [a,b\ — >R satisfies f(a) = f(b ) = 0, f(x) > 0, 
for a 11 xe (a, b ) and f + f"> 0. Prove that b — a>n. 

Hint. Compare / with a function of the form csin(x— a), for c sufficiently small. 

5.6.25. Prove that if f £ C 2 (R) satisfies for all x £ R the relations f 2 (x) < 1 and 
If (jc)f + [/"(; t)] 2 < 1, then f 2 (x) + \f(x)) 2 < 1, for a nyx G R. 

5.6.26. (Hardy) Letf : [0,°°)— >R be a function satisfying lirn^oo [f(x) + f'{x)\ 
= 0. Prove thatHm*— >^f(x) = 0. 

Hint. Apply Cauchy’s mean value theorem to the functions e x f(x) and e x . 

5.6.27. Letf : [0,°°)— >R be a function of class C 2 such that 


Jim [f(x) +f(x) +f"(x)\ = C. 


Prove that lim*— /(x) = C. 
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5.6.28. (Hardy-Littlewood) Let/ : [0,°°)— >R be a twice differentiable function 
such thatlim x — = 0 and f" is bounded. Prove thatlim x — = 0. 

5.6.29. Let f G C 2 {a,b\ be a function that is three times differentiable in ( a,b ). 
Prove that there exists c G (a, b) such that 

f(b) b 2 b 1 
f(a) a 2 a 1 
f(a) 2 a 1 0 
f"(a) 2 00 

5.6.30. Let f : R— >R be a function such that f 2 and / 3 are differentiable. Is f 
differentiable? 

Answer. No. Consider the function / defined by f(x) = x 2/ ’ 3 sin(l jx) for x ^ 0 
and /( 0) = 0. Then f(x) 2 = 0(x 4/3 ) = o(x) as x— >0, so f 2 is differentiable at 0 
with derivative 0 and similarly for / 3 . Note that f 2 and / 3 are not continuously 
differentiable at 0. 

5.6.31. Assume that the function u : (0, 1)— >R satisfies 

u" (x) + e" w = — jc, for all x G (0, 1 ) . 

Prove that u does not achieve its minimum in (0, 1). 

5.6.32. Assume that the function u : (0, 1)— >R satisfies 

u!'(x) — 2cos(u’(x)) = 1, forallxG (0,1). 

Prove that u does not have any local maximum point in (0,1). 

5.6.33. Assume that the function u : (0, 1)— >R satisfies u( 0) = u( 1) = 0 and 

u"{x) + e x u'(x) = — 1 , for all x G (0, 1). 

(i) Prove that u does not achieve its minimum in (0,1). 

(ii) Show that u'( 0) > 0 and w'(l) < 0. 

5.6.34. Assume that the function u : R— >R satisfies 

u"{x) + e" w = e, for all x G R. 

Prove that u cannot have a minimum value greater than l or a maximum value less 
than 1. 

5.6.35. Prove the maximum principle (stated in problem 5.3.2) using the auxiliary 
function (p(x) = (x—a) 01 — ( c—a )“ instead of <p(x) = e a ( x ^ c > — l. 

5.6.36. Let /, g : (a, b )—> R be bounded functions on every closed subinterval of 
(a, b) and assume that f < 0 in (a,b). Suppose that u satisfies the differential ine- 
quality u" (x) + f(x)u' (x) + g(x)u(x) > 0, for any x G (a,b). In addition, we assume 
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that u achieves a maximum value M >0 at an interior point of (a, b) . Show that 
u = M in (a, b ) . 

Hint. Apply the same ideas as in the proof of problem 5.3.2. 

5.6.37. Let /, g : (a,b)— be bounded functions on every closed subinterval 
of (a, b) and suppose that f < 0 in (a, b ) . Assume that u satisfies the differential 
inequality u" (x) + f(x)u' (x) + g(x)u(x) > 0, for any x £ (a. b). In addition, we ass- 
ume that u is nonconstant, has a nonnegative maximum in a, and that the function 
/( x) — (x— a)g(x) is bounded below near x = a. 

Prove that u'(a+) < 0. 

If u has a nonnegative maximum at b and the function fix) — (b — x)g(x) is 
bounded above nearx = b, prove that u'(b—) > 0. 

Hint. Apply the same ideas as in the solution of problem 5.3.3. 

5.6.38. Do there exist nonlinear functions f : R— »R of class C 1 such that fix) 
is rational for every rational number x and fix) is irrational for every irrational 
numberx? 

Hint. Consider the function fix) = x/{\ + |x|). 

5.6.39. Letf : R — be a differentiable function such that A := {x £ R; f(x) > 
0} is dense in R. Is f an increasing function? 

5.6.40. Prove that there does not exist any function f : [0,2]— >R such thatf(Q) = 
0 and, for all x £ [0,2], f(x)-f 4 (x) = 1. 

5.6.41. Compute 


sin (tan x) — tan(sinjt) 

>0 arcsin(arctanx) — arctan(arcsinx) ' 


5.6.42. (Laguerre’s theorem) Let ci\ < ■ ■ ■ < a n be the roots of a polynomial of 
degree n and let b\ < ■ ■ ■ < b n - 1 be the roots of its derivative. Prove that bj does not 
belong to the interval containing cij and obtained by dividing [aj,aj + 1 ] into n equal 
intervals. 

Hint. The roots of the derivative satisfy (x— a\)~ 4 4- b (x — a„) -1 = 0. 

5.6.43. Using perhaps Taylor’s formula, compute the following limits: 


lim 


cos* — e' 


- x */2 


lim ; 
r-»0r \x tanx ) 


lim \x — x z ln 



5.6.44. Let f : R— >R be a function that is n times differentiable. Assume that 
there exists a positive constant L such that for all real numbers x and y, | /M (x) — 
/(") (y) | < L\x — y | . Prove that if f is bounded, then all derivatives f , f ",..., /M 
are bounded. 


S. Radulescu, I. Savu 
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5.6.45. Suppose f : R— >Ris aC 2 function such that for every a, b £ R with a < b, 
there exist a unique E, £ (a, b) such that f'(E,) = \f(b) — f(a)] /( b — a ) . Prove that 
f has no inflection points. 

5.6.46. Letf : [a,b\— >R be a continuous function satisfying f (a) = f(b). Prove 
that there are c, d £ [a, b] such that d — c=(b — a)/ 2 and f(c ) = f(d) . Deduce that 
for every ep > 0, there exist x.y £ [a,b\ such that 0 < y — x < e and f(x) = f(y ) . 

5.6.47. (Subexponential Function) Let a be a real number and let f be a positive 
function defined on (a,°°) [resp., on (—°°,a)]. We say that f is subexponential if 
f(x) = o(e £x ), asx — >°° [resp., f(x) = o(—e ex ), asx-^ — °°], for all e > 0. 

(i) Show that if £ > 0 and if f : (0 ,°°)— satisfies lim*— y^f(x) = °° and 
f'(x) = o(f(x)) as x—>°°, then f(x)e~ EX is decreasing in a neighborhood of 
+°o. Deduce that f is subexponential. 

(ii) Let (x) := \/ 1 +x 2 . Prove that exp({x)“) is subexponential for a < 1. 

(iii) Give an example of a nontrivial bounded function f £ (R) such that f (x) = 

o(f(x)) as |*|->°°. 


5.6.48. (Schwartzian Derivative) Letf : I — >R and assume thatf'"(x) exists and 
f'(x) f 0 for all x £ I. Define the Schwartzian derivative off atx by 


®f(x) ■= 


rw 

/'« 


3 \f"(x)] 2 

2 [mi ■ 


(i) Show that S>(f o g) = (f&fog) ■ (g/) 2 + $)g. 

(ii) Prove that if f(x) = (ax+b)/(cx+d), then fdf = 0. 

(iii) Show that !2>g = ffh if and only ifh = ( ag + b)/ (eg + d) , where ad — bc= 1 . 

(iv) Prove that if fg = 1, then 54 f = 54 g. 


5.6.49. Let f : R— >R be differentiable and superlinear (in the sense of relation 
(3.2)). Prove that the max in the definition of 

«(>’)= max [xy-/(x)] 

is attained at a point x satisfying f(x) = y. Conclude that f is surjective. 

The following result (see Figure 5.15) describes Newton’s method for computing 
the solution of wide classes of nonlinear equations. 

5.6.50. Suppose f is twice differentiable on [a.b], f(a) < 0, f(b) > 0, f'(x) > 
8 > 0, and 0 < f" (x) < M for all x £ [a,b\. Let E, be the unique point in (a, b ) such 
that f(q) = 0. Choose x\ £ (E,,b) and define the sequence (.*«)„> i by 

x n+1 =x n -^?El for all n> 1. 
f'(Xn) 

(i) Prove thatx n+ \ < x n and that \im n -^^x n = E, . 
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Fig. 5.15 Newton’s sequence approaching the solution xq of an equation /( x) = 0. 


(ii) Use Taylor’s formula to show that 


Xn+1 t~0(£j( Xn ^ 


for some t n £ (E, ,x n ). 

(iii) If A = M/(28), deduce that 


0<x n+l -^<j[A( Xl -^] 2 " . 


(iv) Show that Newton ’s method amounts to finding a fixed point of the function g 
defined by 


g(x)=x- 


/(*) 
F W ' 


How does g'(x) behave for x near E, ? 


Chapter 6 

Convex Functions 


Inequality is the cause of all local movements. 
—Leonardo da Vinci (1452-1519) 


Abstract. The convex functions form a special class of functions, defined on convex 
subsets of the real line (that is, intervals), and having a simple geometric property. 
Their importance in various fields of analysis is steadily growing. We are also con- 
cerned with two interesting themes, “convexity and continuity” and “convexity and 
differentiability.” 

6.1 Main Definitions and Basic Results 


All analysts spend half their time 
hunting through the literature for 
inequalities which they want to use 
and cannot prove. 

Harald Bohr (1887-1951) 

Let / C M be an interval. A function / : / c M is said to be convex if for every jt, y G / 
and any real number A G [0, 1] (see Figure 6.1), 

/(Ax+ (1 - A)y) < A f(x) + (1 - A)/(y) . 

If the above inequality is strict whenever x ^ y and A G (0,1), then the function 
/ is said to be strictly convex. The function / is said to be concave (resp., strictly 
concave ) if — / is convex (resp., strictly convex ). Functions that are simultaneously 
convex and concave are said to be affine. 

Iff: I C M is twice differentiable, a useful test to establish the convexity of / is 
related to the sign of the second derivative of /. More precisely, if f" > 0 (resp., if 
f" > 0) on /, then / is convex (resp., strictly convex) on I. 

Examples, (i) The function / : [0,°°)— (where n G N) is convex, if n >2 and 
it is affine if n = 0 or if n = 1 . 

(ii) The function fix) =e J (rG R) is strictly convex, while the function g(x) = logx, 
where x G (0,°°), is strictly concave. 
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Fig. 6.1 Geometric illustration of a convex function. 


A direct consequence (based on a recurrence argument) of the definition of a 
convex function is given in the next result, due to Johan Jensen (1859-1925), which 
has many applications in establishing various inequalities. As mentioned by Hardy, 
Littlewood, and Polya [43], “this theorem is so fundamental that we propose to give 
a number of proofs, of varying degrees of simplicity and generality.” 

Theorem (Discrete Jensen Inequality). Let f be a convex function defined on 
anintervallc M. Assume thatx\,X 2 , ■ ■ ■ ,x n G / and letX\ , fa , . . . ,fa be nonnegative 
real numbers such that£” =1 fa= 1. Then 



(6.1) 


Moreover, if f is strictly convex and equality holds in the above inequality for 
some fa, fa,. fa, all different from zero, then x\ = X 2 = • • • = x„ . 

Examples, (i) Arithmetic-Geometric Means Inequality. Taking the convex 
function f(x ) = e*, inequality (6. 1) yields 


e s *= 1%** < x k e Xk 


k=l 


for all real numbers Xk (1 < k < ri) and for any choice of nonnegative numbers fa 
(1 <k<n ) with SLi = 1- Setting = e Xk , we obtain 


afVflj 2 •••««" < X faak , 


(6.2) 


k= 1 


for all cik> 0 and fa>0 with YJl=\ fa = ^ ■ Inequality (6.2) is sometimes referred to 
as the generalized means inequality. 
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Choosing X\ = ■ ■ ■ = X n = \ / n m (6.2), we obtain the arithmetic-geometric 
means inequality 

(aia 2 ---a n ) l/n <-^a k , 

for any a i, a 2 , ■ ■ ■ ,a n £ M+, with equality if and only if a\ = ■ ■ ■ = a n . 

(ii) Young’s Inequality. In (6.2) we take n = 2, a\ = A, a 2 = B, X\ = l/p, 
X 2 = 1 /q, with p,q> 0 and 1 / p+ \/q=\. Thus, we obtain 

A x l p B l l q 

p q 

which imphes the following Young’s inequality (William Young, 1863-1942): 


for all positive numbers a, b, and £, where l/p+l/q= 1. 

The following version of Jensen’s inequality is useful in combinatorics: let 
/ : [0,°°)— be a convex function and consider positive integers x k (1 < k < n) 
such that XLt x k = s - Then 


j^f(x k )>rf(k+\) + (n-r)f(k), 
k=\ 


where s = nk + r and 0 < r < n. In other words, if the sum of the integers is 
given, then the sum of functions is the least when the integers are closest to each 
other. 


6.2 Basic Properties of Convex Functions and Applications 


Logic is the hygiene the 
mathematician practices to keep his 
ideas healthy and strong. 

Hermann Weyl (1885-1955) 

The set epi / defined in the next exercise is called the epigraph of the function / 
and is the set of points lying on or above the graph of /. This set plays an impor- 
tant role in optimization theory and is usually referred in economics as an upper 
contour set. 

6.2.1. Let f be a real function on the interval I. Prove that the following state- 
ments are equivalent: 


(i) f is convex; 
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(ii) for any x, y, z € / withx< y <z, 

f{y) - fix) < f{z) - f{x) ^ fjz) - fjy ) , 
y—x ~ z—x ~ z—y 

(in) for any a € I, the mapping 


I\{a}3t 


m-m 

t — a 


is nondecreasing; 

(iv) for an yx, y,z&I with x<y <z, 


1 1 1 

/« fly) m 

(v) the set epif = {(x.y) G M 2 ; x£ I and f(x) < y} is convex. 

Solution, (i) =>■ (ii) Fix x,y,z€l with x < y < z. There exists A G (0, 1) such 
thaty = Xx+ (1 — A)z. Then 


X— z x—z 

Thus, since / is convex, 

x — z x—z 

Therefore 

f(y) - m fix) + ^ f(z) , 

which imphes 

fjy)-fjx) < fjz)~fjx) 
y—x ~ z—x 

The second inequality in (ii) is proved with a similar argument, and we leave the 
details to the reader. 

(ii) => (Hi) Fix t\ , ?2 G f\ {a} with t\ < t-i. 

If t\ < t2 < a, we apply (ii) with (x.y.z) = (h,t2,a). 

If t\ <a< t2, we apply (ii) with (x.y.z) = (t\ ,a,t2). 

If a < t\ < ? 2 , we apply (ii) with (x.y.z) = (a,ti,ti)- 

(iii) *==#• (iv) Assume that x, y, z G / and x < y < z. 
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Then 


1 1 1 


1 0 0 

x y Z 

= 

x y — x z — x 

fix) fiy) fiz) 


fix) fiy)- fix) fiz) -fix) 


= (y- X ){z~x) 


fiz) ~ fix) 


fjy)-fjx) \ 

y-x ) 


>o. 


(iv) => (i) Fix x,y£l and take Ag[0,l]. Thus, by (iv), 


D:= 


1 1 1 

x Ax+(1 -A)y y 
f{x)f(Xx+{ 1-A)y) f(y) 


>0. 


But 


D = 


1 0 1 

x 0 y 

fix) f(hx+ (1 - A)y) - A/(x) - (1 - A)/(y) f(y) 


This implies /(Ax + (1 — A)y) — A/(x) — (1 — A)/(y) < 0; hence / is convex. 

(0 =* (v) Fix {xi , y i ) , (x 2 , y 2 ) G M 2 such that x, ,x 2 €l and/(xi ) < y i ,f{x 2 ) < y 2 . 
We prove that if A e [0, 1] then (Xxi + (1 — X)x 2 ,fiXx\ + (1 — X)x 2 )) £ epi /. We 
first observe that since I is an interval and x \ , x 2 £ I, then Xx\ + ( 1 — A )x 2 £ I. Next, 
since / is convex, we have 

fi^x i + (1 - X)x 2 )) < Xf{x i) + (1 - X)f(x 2 ) , 
which concludes the proof. 

(v) => (i) Fix x.y £ I and A £ [0,1]. Since epi / is a convex set and (x. f(x')') £ 
epi /, (y,f(y)) £ epi/, we deduce that (Xx+ (1 — X)y,Xf(x) + (1 — A )f(y)) £ epi/. 
Therefore f(Xx+ (1 — A)y) < A f(x) + (1 — A )/(y). 

The property stated in Exercise 6.1.1 (ii) is also known as the three chords lemma 
(see Figure 6.2). In particular, this result establishes that if / is a real- valued function 
on the interval /, then for any a,x,y£ I with a < x < y, 

f(x)-f(a) < f(y) — f (a) 
x— a ~ y— a 

Geometrically, this property asserts that the slope of a chord increases if the left 
end ( a,f(a )) of the chord is fixed and the right end is moved to the right. □ 

6.2.2. Letx\ ,x 2 , ... ,x„ be positive real numbers. Show that 
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Fig. 6.2 A function is convex if and only if its sequential secants have increasing slopes. 


Solution. The function f(x ) = x\nx, x > 0, is convex. Indeed, f'(x) = 1 + \nx, 
f"(x) = x^ 1 >0. So, by Jensen’s inequality we obtain 


xi + ■ 


that is, 


x\ + • • • + x n 


<ln (*?•••<)*, 


Applying now the mean value inequality, we obtain 


,a±r±3* . fxi + - 
{x\---x n ) <( 


<xf □ 


6.2.3. Let I be an arbitrary interval and consider the function f : I— >(0,°°). 
Assume that the function e cx f(x) is convex in I, for any real number c. Prove that 
the function log f(x) is convex in I. 

Solution. Let t G [0, 1] and fix x,y Gl,x^y. Define 


log f(y) ~ log /(*) 

x-y 


By our hypothesis that the function e cx f(x) is convex we have 


e c(tx+(i-t)y) f ( tx+ ^ ^ + (l _ t)e cy f(y). 


Hence 


f(tx+ (1 - t)y) < te c ^- y ^f(x) + (1 - t)e-< x - y *f{y) 

= fe (tog/(y)-log/W)(l-f) y/juj, + (1 — f) e ( lo B/W -lo 8/&')) f f(y ) 
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m) 


f(y) =/W7(y ) l 


Passing to the logarithm, we deduce that the function log / is convex. □ 

6.2.4. Letf : R— >R be a continuous function satisfying the mean value inequality 

1 rx+h 

fix) < — f{y)dy , Vjc 6l, Vft> 0. 

2 h J x -h 


Prove that the following properties hold: 

(a) The maximum of f on any closed interval is achieved at one of the endpoints of 
the interval. 

(b) The function f is convex. 


Solution, (a) Let [a, b] be an arbitrary closed interval and assume, by contradic- 
tion, that / achieves its maximum neither at a nor at b. Since / is continuous on 
the compact set [a, b\, there exists c £ ( a,b ) such that /(c) = max xe [ ai ] fix). Using 
again the continuity of /, there exists a < a<) < c < bo such that fix) < f(c), for all 
x e [a, Go] U [bo,b] . Let h = min{c — a. b — c). We assume, without loss of generality, 
that h = c — a. By hypothesis and since f{x) < f(c) for all x £ [a.ao] C \a,c + h) 
and / < /(c) in [a, c + h ] , it follows that 

1 f c+h 

/(c) <— f(t)dt<f(c). 


This contradiction shows that / achieves its maximum either at a or at b. 
(b) Let a/el,fl<i). Define the mapping 


L{x) 


(x — a)f(b) — (x — b)f(a) 
b-a 


and consider the function G(x) = fix) — Lix) . A simple computation shows that 
G satisfies the same mean value inequality as in the hypothesis. So, G achieves its 
maximum either at a or at b. But G(a) = G(b) = 0, so fix) < L(x) for all x £ [ a,b\ . 
Applying this result for x = (1 — t)a + tb € [a, b] (where t £ [0, 1]), we deduce that 
/ is convex. 

The power mean of two positive numbers a and b is defined by 


M p (a,b) := 


aP + bP 


i/p 


for any real number p/0. We observe that M\ [a, b ) is the arithmetic mean of a 
and b, while M \ia,b) coincides with the harmonic mean of a and b. Next, since 
M p (a,b) — > \fab as p— >0, we can adopt the convention that Mo(a,b) is the geo- 
metric mean of a and b. We also point that for p = 1/3 one obtains the Lorentz mean 
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of a and b. The purpose of the next result is to prove a link between some power 
means M p (a, b) and the logarithmic mean of two distinct positive numbers a and b, 
which is defined by 

KaM o 

lna — In b 

6.2.5. If p > 1/3 then L(a,b ) < M p (a,b), for any distinct positive numbers 
a and b. 

Solution. For any x > 1, consider the function 


Then 


1)4 


' 8 x(x+ l) 4 ' 


Hence f" (x) > 0 for all x > 1 . Since /( 1 ) = 0, we deduce that f(x) > 0 for x € ( 1 , °°) . 
Now let us assume that 0 < b < a and apply f(x) > 0 for x = a 1 / 3 ^ -1 / 3 . We thus 
obtain 3 

I \/a-\- \/b\ a — b 






\na — \nb 


6.2.6. Leta\ ,a 2 ,...,a„ and b \ , b 2 , ■ ■ ■ , a n be nonnegative real numbers. Show that 


iyaia2 - ■ -a„ + \Jb\b2---b„ < x/(a\ + b{){a2 + b2)---{a n + b n ) . 


Putnam Competition, 2003 

Solution. If ak = 0, for some 1 < k < n, then the inequality is trivial. Assuming 
that a k >0 for all k, we divide by a\a 2 - ■ ■ a n and set x k = b k /a k , for all 1 < k < n. 
Thus, we obtain the equivalent inequality 

1 f/X\X 2 ' ' ' X n < \/ (1 +Xi)(l +X 2 ) • ■ ■ (1 +x n ) . 

Putting x k = e‘ k and taking logarithms of both sides of this inequality, we see that 
this is equivalent to proving that 

In (l + < - X log(l + e? k ) , 

v J n k= 1 

since “In” is an increasing function. Setting /(f) = ln(l +e f ), we obtain fit) = 
e 2, /(l + e f ) 2 > 0; hence / is convex. The conclusion now follows by Jensen’s inequ- 
ality. □ 

6.2.7. Let b\ . 62 , ■ ■ ■ .b„ be an arbitrary permutation of the positive numbers 
a \ , « 2 , • • • i o. n . Prove that 

(i) «i 1 «2 2 ' " a n n — b ^ 1 b^ ■■■ b° n ; 

(ii) a^afL..a^>bf'bfL.. h ^, 
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Solution. We first observe that 

x — 1 > lnx, for all x > 0, (6.3) 

with equality if and only if x = 1. Indeed, taking f(x') = lnx — x+ 1, then f(x) = 
1/x—l and f" (x) = — 1 /x 1 . It follows that f(x) has an absolute maximum at x = 1 , 
because f(x) vanishes if and only if x = 1 and f" < 0. 

(i) Taking x = bi/ai in (6.3) we obtain, for all 1 < i < n, 

bi bi 

— — 1 > In — . 

a, dj 


Multiplying by a, and adding, we obtain 


Yjbi-Yj a t > X ln 

i=i /=i i=i 



Since X”=i b, = X"=i it follows that 


0 > In 



that is, 



We also observe that equality occurs in the above inequality if and only if = 1 
for all i = 1,2, . . . ,n. 

(ii) Multiplying (6.3) by 1 /bi yields 


1 

a-i 



l/b, 


Hence 



> Sin 


1 /bt 


Since X"=i 1 l a i 
ten as 


X?=i 1/bi, we obtain 0 > Xf=i In (fc,/a,) l/ *', which can be rewrit- 



which implies the conclusion. □ 

6.2.8. Find the greatest positive constant C such that 



for all positive numbers x, y, and z.. 
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Solution. We first observe that the inequality is homogeneous, that is, it remains 
unchanged if we replace (x,y,z) by (Xx,Xy,Xz), for any X > 0. This observation 
enables us to assume, without loss of generality, that x+y+z = 1. In this case we 
have 



with equality if and only if x = 1/2. Writing the similar inequalities corresponding 
to y and z, we deduce that 

+ \[-^- + t/-^- > 2 (x+y+z) = 2. 

V z + x V x+y 

However, in the above inequality, equality cannot hold. Why? 

Next, it remains to show that 2 is, indeed, the best constant. For this purpose we 
fix e > 0 small enough and takex = y= 1/2 — e andz= 2e. Then x+y+z = 1 and 



1 * , / y 

1 z — , 

I 1 - 28 1 L 

/ 2£ 

1 y + z 1 V Z + X 1 y 

x+y ~V 

l + 2e V 

1-2e 


<2 + tfe, 


for any £ > 0 sufficiently small. This justifies that 2 is the greatest positive constant 
that can be chosen in our inequality. □ 

6.2.9. (a) Prove that if A, B, and C are the angles of a triangle then 


sin j sin | sin j 

(b) Let ABC be a triangle and let I be its incenter. Prove that at least one of the seg- 
ments I A, IB, IC is greater than or equal to the diameter of the incircle of ABC. 

Magkos Athanasios, Mathematical Reflections, Problem J34 


Solution, (a) Consider the function / : (0, n )— defined by f(x) = l/(sinx/2). 
Then / is convex, because 

f"(x) = 1 + C ° S X > 0 for all x e (0, n) . 
shrx 

Applying Jensen’s inequality, we deduce that 


111 . 

T~A + T-g + . r > 3 

in 5- sin f sin ^ 


r = 6. 


(b) Let r be the inradius of the triangle ABC. Arguing by contradiction, we assume 
that I A < 2 r, IB < 2 r, and IC < 2 r. Hence 


IA + IB + IC < 6r. 
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On the other hand, 


I A = - 


IB= - 


IC = 


We deduce that 


<6 r, 


which contradicts (a). This contradiction concludes the proof. □ 


Alternative proof of (b). We argue again by contradiction and assume that 
IA < 2 r, IB < 2 r, and IC < 2 r. Since A/sinA/2 = /i/ sin S/2 = C/sinC/2 = r, we 
deduce that 


. A . B . C 111 
sin — + sin — + sin — > - + - + - 
2 2 2 2 2 2 


3 

2 ' 


This inequality contradicts 


. A . B . C „ . A + B+C 

sin — b sin — b sin — < 3 sin 

2 2 2 “ 6 


3 

2 ’ 


which is a direct consequence of Jensen’s inequality corresponding to the concave 
function g(x) = sinx/2, x G (0, n). 


6.3 Convexity versus Continuity and Differentiability 


If I feel unhappy, I do mathematics to 
become happy. If I am happy, I do 
mathematics to keep happy. 

Alfred Renyi (1921-1970) 

6.3.1. Let I be an arbitrary interval and consider a convex function f : /— >R. Prove 
that f is continuous at any interior point of I. 

Solution. Fix xo 6 Int/ and let So > 0 be such that (xo — Sq.xq + <5o) C /. 
Define, for all x G (x 0 - 5 0 ,x 0 + 5o) \ {x 0 }, g(x) = (f(x) - /(x 0 )) /(x - x 0 ). Since 
/ is convex, the function g is increasing both on (xo — 5o,xo) and on (xo,xo + do). 
Thus, f'(x o — 0) exists. It is important to observe that f'(x o — 0) is finite. For this 
purpose, it is enough to show that for all xo — 5o < x < xo < y < xo + 5o we have 
g(x) < g(y)- Indeed, we can write xo = Ax + (1 — A)y, where A = (y — xo)/(y — x). 
Then, by the convexity of /, 

x f(xo)~f(x) ^ ^ f(y)-f{x o) 

x 0 -x “ y-x 0 

Using now the expression of A, we obtain g(x) <g(y). 
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By the definition of f'(x o — 0) we deduce that for fixed 0 < £ < 1, there exists 
8 < 5o such that for all x £ (xq — 5,xo|, 


/(*)-/(* o) 

x-x 0 


-f(x o-O) 


<£. 


It follows that there exists rj > 0 such that for all x £ (xq — rj.xo), we have \f(x) — 
/( jto) | < 2 £. Hence / is left-continuous at xq, and a similar argument applies for the 

right continuity of/ at xo- □ 

Remark. The above result implies that if / : [a,b\— dR is convex then / is 
bounded. We point out that this result is no longer available if the domain of 
/ is not compact. For instance, the function / : (0, 1]— dR defined by fix) = x~ 1 
is convex but it is not bounded above on (0, 1] . 

Let / be a real- valued function defined on an interval I. We recall that / is said 
to be Lipschitz on I if there is a positive constant M (which is called a Lipschitz 
constant) such that for every x,y £l. 


\f{x)-f(y)\<M\x-y\. 


The function / is called locally Lipschitz if for every compact set K c I there 
exists a constant Mk depending on K such that for every x. y £ K, 

\f{x)-f(y)\<M K \x-y\. 


Obviously, any locally Lipschitz function is continuous. 

The purpose of the next exercise is to show that convex functions are not only 
continuous at interior points of their domain, but moreover, are locally Lipschitz. 
Thus, by a celebrated theorem of Rademacher, convex functions are almost every- 
where differentiable. More precisely, we will establish in Exercise 6.2.6 that the set 
of points where a convex function is not differentiable is at most countable. 

6.3.2. Let I be an arbitrary interval and consider a convex function f : /— dR. 
Prove that f is locally Lipschitz. 

Solution. Let K be any compact subset of I. We can choose points a<b<c<d 
in I such that for any x,y £ K with x < y we have a<b<x<y<c<d. Using 
Exercise 6.1.1 (ii), we obtain 

f{b)-f(a) < f(y)-f(x) < f(d)-f(c) 
b-a ~ y-x ~ d-c 

To conclude the proof, it is sufficient to choose 

f| /0)-/0) I | /(o -/(c) n 

II b-a [1 d-c I/' 


Mk = max 
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Fig. 6.3 A function is convex if and only if for each point on its graph there is a line through this 
point that lies below the graph. 


A convex function / is characterized by having a support line at each point (see 
Figure 6.3), that is, 

f{x)-f(xo)>p(x-x 0 ), 

for all x and xo, where p depends on xq. In fact, p = f'(x o) when /'(x o) exists, 
and p is any number between f(x o— ) and / , (xo+) in the countable set where these 
are different. We prove in what follows this property in the framework of convex 
differentiable functions. □ 

6.3.3. Let I be an arbitrary interval and letf : /— be a differentiable function. 
Prove the following properties: 

(i) f is convex if and only if 

f(x ) > f(a) + f'(a)(x — a) for any x, a G 7. 

(ii) f is strictly convex if and only if 

/(x) > f(o) + f (a) (x-a) for any x, a e I, x+ a. 

Solution, (i) We first assume that / is convex. Fix x,a£l with x 7 -a and assume 
that X € (0,1]. Since / is convex, we obtain 

f(a + A (x - a)) = /((l - X)a + Xx) 

< (1 - X)f(a) + Xf(x) = f(a ) + X (/(x) - f(a)) . 


Therefore 


f{a + X(x-a))-f{a) 


(x-a)<f(x)-f(a). 


X(x-a) 

Passing to the limit as X \ 0, we obtain f (a) (x — a) < f(x) — f[a) . 


276 


6 Convex Functions 


Next, we fix x, y £ I and A € [0,1]. Thus, by hypothesis, 

f(x) > f((l-X)x+Xy) +/'((! - A)x + Ay) ■ A(x-y) 


and 

f(y) >/((!- A)*+ Ay) - /(( 1 - A)x+ Ay) • (1 - A)(*-y) . 

Multiplying the first inequahty by (1 — A) and the second inequality by A and sum- 
ming the new inequalities, we obtain 

(l-A)/(*) + A/(y)>/((l-A)*+Ay), 


which shows that / is convex. 

(ii) For necessity, with the same arguments as in (i), we obtain 


f(x)-f(a)> 


/(q + A(x-fl)) 
A 


But by (i), 

f{a + X(x-a)) - f(a) > /(a) (x-d). 

We conclude that f(x) > f(a) + f (a) (x — a) . 

The sufficiency part is argued with the same proof as above. 

The following useful test implies that the functions l3x i — > e x , (Q.n/2) 9 
x i — > tan x, and (0,°°) 3 x i — > x a (a > 1 ) are strictly convex, while the mappings 
(0,°°) 3 x i — > log a x ( a > 1), (0, 7r) 3 x i — > sinx, and {—n/2,n/2) 3 x i — * cosx 
are strictly concave. □ 

6.3.4. Let I be an arbitrary interval and let f : I — >K be a twice differentiable 
function such that f" (x) > 0 (resp., f"(x) > 0) for any x £ I. Prove that f is a 
convex (resp., strictly convex) function. 

Solution. We apply Taylor’s formula. Thus, for any x,a € I, there exists B, 
between x and a such that 

fix) = f{a) + ^fia) + ^T-/"(£) > /(«) + ix-a)f'ia) . 


At this stage it is enough to apply Exercise 6.2.2. □ 

6.3.5. Letf : /— be a convex function. Prove that f has finite one-sided deriva- 
tives at any interior point of I. Moreover, ifx a ndy, with x<y, are interior points of 
I, then 

/'(*-)</'(*+)</' (y-)</'(y+)- 

Solution. Let a be an interior point of I and choose xi , xj, y G I such that x\ < X 2 < 
a <y. Then, by Exercise 6.1.1 (ii), we have 


fixi)~fjd) < fjxi)- fid) < fjy)-fjd) 


x\ — a 


X 2 — a 


y-a 


(6.4) 
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Hence, f{a—) = lim*— [f(x) — f(a)]/(x — a) exists, and moreover, this limit is 
at most \f(y) — f{fl)]/{y — a)\ hence f'(a—) is finite. A similar argument shows that 
/'(«+) exists, is finite, and f'(a—) < f'(a+). The last assertion follows directly 
from (6.4). □ 

In particular, since one-sided derivatives exist at interior points, we find again 
that a convex function / : /— is continuous at interior points of I. Exercise 6.2.4 
also shows that if discontinuity points exist, then necessarily they are of the first 
kind. 

A convex function does not have to be smooth, but it is differentiable in massive 
sets. The original result in this sense is due to Stanislav Mazur (1933) and implies 
that in a finite-dimensional space, a convex function is differentiable almost every- 
where (see [36]). 

6.3.6. Let f : /— be a convex function. Prove that the set of points where f is 
not differentiable is at most countable. 

Solution. Let 5? denote the set of points xGl such that / is not differentiable 
at x. We associate to any point xG 5? that is interior to I the open and nonempty 
interval I x = (f'(x—),f(x+)). According to Exercise 6.2.4. we have I x fl I y = 0, 
provided x^y. Next, for any x G we take r x G I x fl Q. The one-to-one mapping 
5? 3 x i — > r x G Q shows that the set ,9 is at most countable. □ 

The following exercise provides an important test for locating the extremum 
points of a real function of class C 2 . 

6.3.7. Let f be a twice differentiable convex function on an open interval I 
such that f" is continuous. Assume that there exists a G I such that f{d) = 0 and 
f" (a) >0. Prove that a is a strict local minimum point of f. 

Solution. According to Taylor’s formula, we have 



as x— *a. Thus, there exists 5 > 0 such that for any x G I n(a— S.a+ 8), 


f(x)-f(a)>^-(x-a) 2 - 


hence a is a strict local minimum point of /. □ 

The following exercise provides a general convexity property of convex C 1 
functions satisfying a certain class of functional equations. 

6.3.8. Let I be an interval and assume that f G C 1 (/) satisfies / = (pof, where 
(p : R — is a continuous function. Prove that f is either convex or concave. 

Solution. The function / is convex (resp., concave) if and only if f is 
nondecreasing (resp., nonincreasing). Assume that f is neither nondecreasing nor 
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nonincreasing on I. Hence there exist a,b,c £ I with a <b < c and max {/'(a), 
f(c)}<f(b) or min {f (a) , f (c)} > f (b) . 

Let max{/'(a),/'(c)} < f'(b). The second case can be treated analogously. 
Let t £ ( a,c ) be such that fit) = max{/'(,s'); s £ [a,c]}. We can choose z £ 
[max{/' (a) , f (c) } , f (t) ) such that 0 < z < f'{t) or z < f (t) < 0. For 

a = max{i £ [a,t]\ f'(s ) = z} and /3 = min{i £ [f,c]; f'(s) = z} 

we have a<a<t<[}<c, f{a) = /'(j3) = z, and f(s) > z for any s £ 

We obtain f(a ) = (p(z ) = /( j3). This yields a contradiction, since only one of the 
following situations can occur: 

(i) if 0 < z < f'{t) then f(s) > 0 for all s £ (a,j3), which implies f(a) < /(/3); 

(ii) if z < f(t) < 0 then f'(s) < 0 for all ,s £ (oc. fi) and /'(a) < 0, which implies 
/(a)>/(/3). □ 


6.4 Qualitative Results 


Vous avez trouve par de long ennuis 
Ce que Newton trouva sans sortir de 
chez lui. 

Voltaire (1694—1778), Written to La 
Condamine after his measurement of 
the equator 


6.4.1. Letx be a real number such thatO <x<nj 4. Prove that 
(sinx) sinjc < (cosx) COSA: . 

W.W. Chao, Amer. Math. Monthly, Problem 10261 

Solution. We find a positive lower bound on ln(cosx) — tanxln(sinx) for 
0 < x < n/ 4. For all real numbers a, b, and A with a > 0, b > 0, and A £ (0, 1), 
the strict concavity of the natural logarithm gives 

ln(Aa+ (1 — A)b) > Alna+ (1 — A)lnb. 

Let rgl with 0 < x < n/4 and define a = sinx, b = sinx + cosx, A = tanx. The 
above inequality yields 

ln(cosx) > tanxln(sinx) + (1 — tanx) ln(sinx+ cosx) . 

The last term is positive, since tanx < 1 and sinx + cosx = \/2 cos(n /4 — x) > 1 . 

□ 
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6.4.2. Compare tan(sinx) and sin (tan x) forallxG (0,7t/2). 
Solution. Let f(x) = tan(sinx) — sin (tan x). Then 


/(4 = 


cosx cos(tanx) 

cos 2 (sinx) cos 2 x 
cos 3 x — cos(tanx) • cos 2 (sin x) 
cos 2 x- cos 2 (tanx) 


Let 0 < x < arctan It follows from the concavity of cosine on (0, j) that 


cos(tanx) • cos 2 (sinx) < -[cos(tanx) + 2cos(sinx)] 


< cos 


[ tanx+ 2sinx 

T~ 


The last inequality follows from 
ftanx+ 2sinxl ' If 1 


3 cos 2 x 


+ 2cosx > 


•cosx- cosx = 1 . 


This proves that cos 3 x — cos(tanx) • cos 2 (sinx) > 0, so f (x) > 0. Thus, / increases 
on the interval [0, arctan 7 t/ 2]. To end the proof it is enough to notice that 

r . ( 7T\i n/2 n 

tan sin arctan — = tan — , > tan — = 1. 

L V 27J ^l + n 2 /4 4 

This implies that if x G [arctan j, jJ then tan (sin x) > 1 and therefore f(x) > 0. 

□ 


6.4.3. Find all positive real numbers x and y such that the expression 




y 2 x 2 'y'x 


is minimum and find the value of this minimum. 
Solution. Define 4 + 1 = t > 2. We have 


f(x,y) = g(t) = (f 2 — 2) 2 — 2 — t 2 + 2 + 1 = t 4 — 5t 2 + 1 + 4, t>2. 

Therefore g'(f) = 2t(2t 2 — 5) + 1 > 0, so g is increasing in [2,°°). It follows that 
g(t) > g( 2) = 2. In conclusion, the minimum of / is achieved for x = y and 
min/(x,y) =2. □ 

6.4.4. Let f : [0, 1]— be a continuous function such that /( 0) = 0. Prove that 
there exists a concave continuous function g : [0, 1] — such that g(0) = 0 and 
g(x)>f(x), forallxG [0,1], 
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Solution. Let M = max^ o ij |/(x)|. Define the sequence (x„) such that xo = 1 
and 0 < x n < 3 _1 x„_i satisfies \f(x) \ < M/2", for all 0 < x < x n . On the other hand, 
for any xG (0,1] there exists a unique n> 0 such that x = X x + ( 1 — Xf)x n , for some 
X x G [0, 1], Define the continuous function g : [0, 1 ] — > [0 , 1] by g( 0) = 0 and 

g(x) =Ax^ + (l-A x )^-j-, Vx 6(0,1]. 


We have g > f and 


g(x n )-g(x n+ 1 ) _ M/2" ^ M/2" 1 g(x„_i)-g(x n ) 

Xn-Xn+l X n -Xn + 1 X n ~X n+ \ X n - \ - X n 


so g is concave. □ 

6.4.5. Find the minimum value of the function 


(x+1A) 6 -(x 6 +1/x 6 )-2 
(x+l/x) 3 +(x 3 +l/x 3 ) ' 


x > 0. 


Solution. We have 


(x+ 1/x) 6 — (x 6 + 1/x 6 ) — 2 
(x+l/x) 3 + (x 3 +l/x 3 ) 


(x+ 1/x) 3 - (x 3 + 1/x 3 ) = 3(x+ 1/x). 


Applying the mean value inequality, we deduce that the minimum of / is 6 and 
it is achieved for x = 1 . □ 

6.4.6. Let f : [0, 1 ]— be a concave increasing function such that /( 0) = 0 and 
/( 1) = 1. Show that /(x)/- 1 (x) < x 2 , for all 0 < x < 1. 

Solution. Let 0 <a<b< 1 . Taking t = (h — a ) /b and using the definition of a 
concave function, we obtain 


> af(b) + (b-a)f( 0) = afjb) 

If a = x and b = 1, this inequality implies /(x) > x, so x = / _1 (/(x)) > / _1 (x) 
(since / _1 is increasing). For b = xf 0 and a = / _1 (x) we obtain 


x = f{f~\x))> 


r\x)f{ X ) 

x 


Hence /(x)/ _1 (x) < x 2 , for all x e [0, 1] . □ 

6.4.7. Let a, b, u and v be nonnegative numbers such that a 5 + b 5 < 1 and u 5 + 
v 5 < 1. Prove that 

a 2 u 3 + b 2 v 3 < 1. 
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Solution. By the arithmetic-geometric means inequality we obtain 

201 + 3 “ 5 = ° 5 + “ 5 + " 5 + " 5 + " 5 > („>"„«)*/» = „ V . □ 

Writing the similar inequality for b and v and adding these relations, we obtain the 
assented inequality. 

6.4.8. Letx,y G (0, y/nj2) with x^y. Prove that 

2 1 + sin(xy) 1 + ship 2 ) _ 1 + sin(y 2 ) 

1 — sin(xy) 1 — sin(x 2 ) 1 — sin(y 2 ) ' 


Solution. For t G (— °°,ln(7r/2)), define the function 
f(t) = ln(ln 1 + sine' /l — sine'). We show that / is strictly convex. Indeed, 




2e' 


(cose' + e f sine') In 


Define 


e 2 /(') cos 2 e' 
g(u) = (cosn+ usinu) In 


(; +sine ;) 

— *1 

\ 1 — sine ' ) 

J 


1 + shut 
1 — sunt 


— 2 u . 


Then g(0) = 0 and 


g'(u) = ncosuln 


1 + sinn 
1 — sinn 


+ 2wtam< > 0, 


for any 0 < u < n/2. Hence g > 0 in (0,7 t/ 2). It follows that f"{t) > 0, so / is 
strictly convex in (— °o,ln(7r/2)). Therefore 

ln 2 1 + sin(xy) = ^/(W+lny) < e /( 21 nx)+/( 21 ny) 

1 — sin(xy) 

1 + sin(x 2 ) 1 + sin(y 2 ) 

11 1 — sin(x 2 ) n 1 — sinfy 2 ) ’ 

for any x,y G (0, \fitj2) with x y. 

Hilbert’s double series theorem asserts the following. Assume p > 1, p' = 
p/(p — 1) and consider A := £“ =l °n^ B := Y£=\ tfc » where (fl„)„> i and (b„) n >\ 
are sequences of nonnegative numbers. Then 


xx 


a n b k 
n + k 


< 


n 

sin (n/p)) 


A x /PB l l p ' 


with equality if and only if either A = 0 or B = 0. We prove below the following 
reverse Hilbert-type inequality. □ 
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6.4.9. Show that 



<11 


1=1 /=! 


CliClj 

i+j~ 1' 


VR. Rao Uppuluri, Amer. Math. Monthly, Problem 1 682 


Solution. For any x > 0 define 





II 




aiCij 

i+j- 1' 


Then /(0+) = 0 and /'(x) = — — l)a,x !_1 /i] 2 < 0 for x > 0 with equality 

if and only if a 2 = = • ■ • = a„ = 0. Thus, /( 1) < /(0+) with equality if and only 

if a 2 = a-} = ■ ■ ■ = a n = 0. □ 


6.4.10. Prove that 


1 



t/p 


< 


— n 1 ~ llp , 
P~ 1 


for all integers n > 1 and any real number p > 1 . 


Solution. We argue by induction. For n=lwe obtain 1 < p/(p — 1), obvious. 
We assume that the inequality holds for n and prove it forn + 1. So, it is enough to 
show that 




F'/pj 


0 n+\ylp p- 1 


(n+ l) 1-1//p , 


or, equivalently. 




t-t/p_ I J-t/p\ 


(n+iy/p ‘ 


(6.5) 


In order to prove this inequality, we consider the function / : [1,°°)— defined 
by f(x) = x 1 - 1 / p ,x> 1. By the Lagrange mean value theorem, there exists n < t, < 
n + 1 such that 

Since £ < n + 1, the above inequality implies (6.5). 

We point out that the conclusion of the above exercise follows easily after obs- 
erving that £jfc=i k~ F/i represents the lower Darboux sum of f(x) = x~ 1//p on [0, n \ , 
while p(p- l) _1 n 1_1/p = JSx-'/Pdx. □ 

6.4.11. Let a, b, c be three positive real numbers. Prove that among the three 
numbers a — ab,b — bc,c — ca there is one that is at most 1 /4. Prove that ifa + b + 
c = 1 , then among the numbers a — ab, b — be, c — ca there is one that is at least 2/9. 

Solution. We first observe that a( 1 — a)b( 1 — b)c{ 1 — c) < 1/4 3 . This implies 
that at least one of a — ab, b — be, c — ca is less than or equal than 1/4. Let us now 
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suppose that a + b + c = 1 . Assume, by contradiction, that all of a — ab,b — be, c — ca 
are less than 2/9. Thus, by addition, ab + bc + ca> 1/3. But on the other hand, 


ab + bc + ca< 


(. a + b + c ) 2 
3 


1 

3 


This contradiction concludes the proof. □ 

6.4. 12. Let a \ , . . . , a n be real numbers. Prove that 


f n^- 1 ) < 


• ILl a k 


Mihaly Bencze, Problem 1 754, Mathematics Magazine 

Solution. Set A = (X$Li a k) t n ar| d G = (n*=i a k) ^ n . In order to prove the first 
inequality, we have to show that 


1 <</]>** -!)■ 


Since the ay’s are positive numbers, we can write aj = e x > for all 1 < j < n, where 
Xj e K. Define the function f(x) = In (e e — l) , for x G K. A straightforward compu- 
tation shows that f" (x) > 0 for any i6l. Thus, / is a convex function, and hence 
by Jensen’s inequality, 


ln(e G 


SLtln(e^-l) 

n 


which imphes the first inequality. 

The second inequality can be rewritten as 


(/n(e fl ‘-l)<e A -l. 

k= 1 


Consider the function g(x) = ln(l — e x ), for x > 0. Then g is concave, since 
g"(x) = — e - *(l — e~ x )~ 2 < 0 on (0,°°). Thus, Jensen’s inequality yields 


n 


<ln(l-e“ A ), 


which concludes the proof. □ 

Analytic tools are often useful to justify that a certain constant is really the best 
for which a related property is fulfilled. We give in what follows such an example. 
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6.4.13. Let n > 3 be an integer. Assume thatx i .... ,x n are arbitrary positive num- 
bers satisfying 

(*i <c„. 

Find the largest constant C„ such that for any 1 < i < j <k<n, there is a triangle 
with side lengths x t , xj, and x*. 

Solution. For symmetry reasons we can assume, without loss of generality, that 
x\ < X 2 < • • • < x n . This shows that any three numbers x,-, xj, and x^ are the side 
lengths of a triangle if x\ + x 2 > x n . 

We first consider the case n = 3. Then 


(xi+X 2 + X 3 ) (— + — + — ) > ( X 1 +X 2 + X 3 ) 
\XI X 2 X 3 1 


X] +X2 X 3 


(4 

( X 3 0 

V 3 J 

\Xl+X 2 J 


This shows that if we take C 3 = 10, then the hypothesis is not fulfilled if xi,x 2 , and 
X 3 are not the sides of a triangle. 

Next, we argue that the best constant is C n = (n — 3 + V^TO) 2 . Our reasoning in 
the general case relies heavily on the particular case n = 3. Indeed, for an arbitrary 
integer n > 3, the Cauchy-Schwarz inequality yields 


A : = [(. x 1 +x 2 + x n )+x 3 - 


Xn ~ i] ^^ + 7 2 + i ) + ^ + -"+^- 


(xi +x 2 + x„) (^- + ^- + ^-)+n-3 


We point out that in the above inequality we have applied the result found for n = 3. 
This shows that if we assume x n > x\ + x 2 , then A > (v/lO + n — 3) 2 . In conclusion, 
if 

(x\-\ \-x„) ^-4*4 < (n - 3 + \/T0) 2 , 

then xi+x 2 > x„, and hence there is a triangle with side lengths x t , xj, and x^, for 
any 1 < i < j < k < n. It remains to argue that C„ = (n — 3 + %/l0) 2 is indeed the 
largest constant with this property. For this purpose we fix arbitrarily e > 0 and take 



Then x\ +x 2 < x n , and a straightforward computation (give the details!) shows that 
A(e)—>C n as e— >0. This shows that C„ is the best constant with the given property. 


6.5 Independent Study Problems 

6.5 Independent Study Problems 


285 


Chance favors only the prepared mind. 

Louis Pasteur (1822-1895) 


6.5.1. Let / : (0,°°)— be an arbitrary function. Prove that if one of the functions 
xf(x) and /( 1 jx) is convex, then the other function is also convex. 

6.5.2. Prove the following necessary and sufficient condition for a function 
f : (0, 1 )— to be convex: if a £ R and [a, b] C (0, 1), then the function f(x) + ax 
achieves its maximum on [a, b \ at one of the endpoints of the interval. 

6.5.3. Let f : [0,°°)— >R be a decreasing function such that the function xf(x) is 
increasing. Prove that 

I /( W)* -/(Mb'! < m \x-y\, \/x,yeR. 


6.5.4. Let a and b be positive numbers. Find (in terms of a and b) the greatest 


number c such that 


r < r sinhx , sinhwil — x) 

ab < a + b - 

sinhw sinhw 

for all u satisfying 0 < \u\ < |c| and for an yx G (0, 1). 
(Remark: sinhw = (e“ — e~ u )/2.) 


6.5.5. Let a, b be positive numbers and n > 1 an integer. Prove that 


fl (a k + b k ) 2 >(a n+1 + b n+l ) 2 . 
k= 1 


Hint. Take into account the factors indexed by k and n — k+1. 

6.5.6. Let n > 1 be an integer. Prove that 


U n j=l Xj ^ II" = i(l -xj) 

(lU x j) n ~ (j-UO - x i)) n ’ 


for all xj G (0, 1 /2] , j = 1 

Hint. Consider the function f(x) = ln( 1 jx— 1) and apply Jensen’s inequality. 

6.5. 7. For any positive numbers x \ , . . . , x„ define the function 


R(x u ...,x n ) = 


{, Xl + ---+X n )*l - 
X x 3---X*' 


Prove thatR(xi , . . . ,x„)R(y i ,...,y n ) < R(x i + yi , . . . ,x n + y n ) . 

Hint. Use the fact that the log function is concave and continue with an induction 
argument. 
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6.5. 8. Prove that if 0 < xj < n and x={x\-\ 1 -x„)/n, then 

sinx 7 / sinx\” 

Xj x ) ' 

Hint. The function Infsinx/x) is concave. 

6.5.9. Let ao = 0 ,a„ = e a "- 1 . Prove that for all real numbers and for any 

positive integer n, the following inequality holds: 

X( J -t j )e Y - 1 k=dk < Un 

if and only if t„ = a$, t n -\ =a\,...,t\ = a„-\ . 

Hint. Prove by induction that e fl ^ 1-fl ^ +a *- 1 ) < e a,, ~ l = a„. 

6.5. 1 0. Prove that if n > 2 and xj > 0 for j = 1 , . . . , n, then xf + xf H hx%"_ 1 + 

X X n l > 1 . 

Hint. We can assume that 0 < xj < 1, j = I .n, and that xi = minx 7 . Then 

xf- + Xj 3 > X 3 2 +X 2 >1. We point out that the above inequality cannot be improved. 
Indeed, for n = 4 and taking xi = r ' , X 2 = r~ r , X 3 = 1/r, X 4 = 1, we have 3/r + 
1 > 1 and it is enough to take r— >°o. A slight generalization of the above result is 
the following: 

xf +X 2 3 H bx^j+x? > l + (« — 2 )min{x* 2 ,...,x£ 1 }. 


n 

j = 1 


6.5. 1 1 . Let pi , . . . , p n and qi,...,q„ be positive numbers such that 

Xp* = X?*- 

k-l fcsl 

Prove the following inequahty arising in information theory: 


X Pk ]n Pk > 

*=1 k-A 

Hint. Use the inequahty tint > t — 1. 

6.5.12. Let f : K— >[0,°°) be a continuous function at the origin that is concave 
in (0, 1) and periodic of period 1 . Prove that f(nx ) < nf(x) , for all x £ M and any 
n€ N. 

Hint. Observe that /(x)/x is decreasing and /(x)/(l — x) is increasing on (0,1). 
The result contained in this exercise is a generalization of the inequality | sinnxj < 
n\ sinx|. 

6.5.13. The functions f, g : R— are said to be similar if there exists a bijection 
h such that f = h~ 1 ogoh. Are the functions sin and cos similar? The same question 
for the functions xr and x 2 + ax+h. 
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Hint. The functions sin and cos are not similar. The quadratic functions are similar 
if 4b = a 2 -2a. 

6.5.14. Prove that the set of all real numbers x satisfying Y!k=\ k/(x — k) < 1 is a 
finite union of intervals and find the sum of the lengths of these intervals. 

6.5.15. Assume that f is a continuous real function defined on ( a,b ) such that 

/ ( i + z ) s /w+M foraI1 „ e („,*>. 

Prove that f is convex. 

6.5.16. Let I be an interval and assume that f : I— is a convex function. Prove 
that either f is monotone or there exists c £ I such that f is nonincreasing on 
Id (— °°, c] and is nondecreasing on in 

6.5. 1 7. Let f and g be positive nonincreasing convex functions on (a, b) . Prove 
that the function fg is convex in the interval ( a,b ) . 

6.5.18. Prove that if f is a convex function on [0, 1], then the function g(x) = 
f(x) +/(1 —x) is decreasing on[ 0,1/2], 

6.5.19. Prove that if a function f is convex and strictly monotone, then f~ l is 
either convex or concave. 

6.5.20. Suppose that a function f is convex on R and 

Jim f(x)/x = J im f(x)/x = 0. 

Prove that f is constant. 

6.5.21. Prove that is f is a convex function on then the function g(x) = 

f(x+ a) — f(x) is increasing, where a > 0. 

The following inequality is due to the Romanian mathematician Tiberiu Popovi- 
ciu (1906-1975). 

6.5.22. Let I be an interval and assume that f : I — >R is a convex function. Prove 
that for any x, y,z£ I, 


m+m+m | f f x+ y +z \ 


2 




6.5.23. Let f : K — be differentiable, strictly convex, and superlinear (in the 
sense of relation (3.2)). Prove that the function g : R— >M defined by 

«(>’)= max [xy-/(x)] 

is differentiable, stricdy convex, and superlinear, and g' = (/') _1 . 


Chapter 7 

Inequalities and Extremum Problems 


To myself I am only a child playing on the beach, while vast 
oceans of truth lie undiscovered before me. 

—Sir Isaac Newton (1642-1727) 


Abstract. This chapter is not intended to be a compendium of the most important 
inequalities. Instead, we provide an introduction to a selection of inequalities. The 
inequalities that we consider have a common theme; they relate to subjects arising in 
linear or nonlinear analysis, as well as to extremum problems. 


7.1 Basic Tools 


It is not certain that everything is 
uncertain. 

Blaise Pascal (1623-1662), Pensees 

The main ingredients in the proofs of the exercises contained in this chapter are 
the Lagrange mean value theorem and the increasing function theorem. We recall 
that this last result establishes the following property: if / is differentiable on an 
open interval /, then / is nondecreasing on I if and only if f'(x ) > 0 for all x G I. 
If f'(x) > 0 for all xG I, then / is increasing in I. Some immediate consequences of 
the increasing function theorem are stated in the following properties. Assume that 
a <b and / is differentiable on [a,b\. 

(i) If f (x) < 0 for all x £ [ a,b \ , then / is nonincreasing on [a, b\ . 

(ii) If f (x) = 0 for all x G [a,b], then / is constant on [a,b]. 

(iii) If m < f'{x) < M on [a,b\, then 

m(x — a) < f(x ) — f(a) < M(x — a) for all xG [a,b\. 

(iv) If/'(x) < g'(x) for all x G [a,b\, then f(x) — f(a) < g(x) — g(a) on [a.b] (race- 
track principle). 

We conclude this introductory section with an elementary proof of the increasing 
function theorem that depends only on the nested intervals theorem: if a n < a„ + \ < 
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b n + 1 < b„ for all n > 1 and lim n — ^(b n — a„) = 0, then there is a number c such 
that lim„— ^ a n = lim = c. The proof of the increasing function theorem 
given here does not require the continuity of f . We start with the following simple 
observation: if slope ( a,b) = m and c is between a and b, then one of slope (a, c) and 
slope (c, b) is greater than or equal to m and one is less than or equal to m. Here, 
slope (a, b) denotes the slope of a given function /, which is defined by 



Suppose now that f'(x) > 0. Arguing by contradiction, there exist a\ < b\ 
with f(a\) > /(hi). Let m = slope (a\,b\) < 0. By repeated bisection and the 
above observation, we can find a nested sequence of intervals [a n ,b n \ with slope 
(. a n ,b n ) < m and lim„— ><*,(£„ — a n ) = 0. Let c = lim„— = lim„— Since 
f'(c) > 0 and m < 0, we deduce that for all x sufficiently near c, slope (x,c) > m. 
Thus for all large enough n, slope (a„,c) > m and slope (c,b n ) > m, which contra- 
dicts our initial observation and the fact that by construction, slope (a n ,b n ) < m. 
If a n =c or b n = c, the contradiction is immediate. 


7.2 Elementary Examples 


Truth is much too complicated to allow 
anything but approximations. 


John von Neumann (1903-1957) 


7.2.1. Show that the sequence ( n+ 1 /n) n+l ' 2 , n = 1, 2, 3, . . . , is decreasing. 

Solution. It is enough to show that the function f{x) = (x+ 1 /x) x+1 t 2 is decreas- 
ing on (0, °°) . We first observe that 


f[x) = e ln ( 1+ * X ) X+l12 = L ) 


Hence 


f'(x) = & {x+l/2)\a{\+x ') 




7.2 Elementary Examples 

Since e (*+ 1 / 2 )M 1 + 1 /-*) > o, we look at the other factor. Let 
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We obtain 



It follows that g is increasing on (0,°°). But 



= 0 . 


So as x gets big, g(x) increases to 0. The only way that can happen is if g(x) is 
negative on (0,°°). Thus f(x) = e ( x+l / 2 ) ln ( l + l i s negative on (0.°°), and so 

f{x) is decreasing on (0, °°) . In particular, the sequence (1 + 1/ «)" +1 ' 2 , n= 1,2...., 
is decreasing. □ 

7.2.2. For any integer n > 1, let 

a„ = ^„e _1 /( 12 ") and b n = (n\e n )rT n - l/2 . 

Prove that each interval (a n , b„) contains the interval {a n+ \ , b n+ \ ) as a subinterval. 
Solution. For any x & (—1,1) we have 



Setting x = (2 n +1) 1 , we obtain 



n 


2n+\ 


2 



Therefore 



" + 2M 1 + nJ =1 + 


3(2n+l) 2 + 5(2n+l) 4+ ‘“ ’ 


which is larger than 1, but less than 


1+ 3 [(2n+l) 2+ (2n+l) 4 


+ ••• =1 + 


\2n{n+ 1) ' 


It follows that 
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We have 


Hence 


b n _ (l + l/n)" +1 / 2 
b n +i e 


i < _^_ < c v;i2»(«t i)] = eV(12n) 
b n+ 1 ppfs«i ■ 


Thus, > h n+ i and 


h„e- 1 /( 12 ")<h n+1 e- 1 /[ 12 (” +1 )3, 


which shows that a n < a n+ \. □ 

7.2.3. Show that the sequence («„)„> i defined by 

( i\«+p 

a„= ( 1 + - 

V n 

is decreasing if and only if p> 1/2. 

Solution. We have observed in the solution of Exercise 7.2.2 that 


lna„ = 


2 0+p) 

2n+ 1 

P~\ 
n + 1 


1 + 


= 1 + 


1 + 


3(2n+ l) 2 5(2n+ l) 4 

1 1 


3(2n+l) 2 5(2n+l) 4 ’ 


This implies that if p > 1/2, then the sequence (a n )«>i is decreasing. The above 
expansion also shows that 

lna„ = - — y + — ^ + 0(n~ 3 ) as 
n+ j 12n 2 

Therefore 


lna„ + i — lna„ = 


2 ~P 


j n +i ) (”+i. 


- + 0(n 3 ) as n- 


Thus, a n increases for n large enough, provided p < 1/2. If p < 0, this is true already 
for all n > 1, as can be seen by expanding (1 + 1 /«)" by means of Newton’s bino- 
mial. □ 

7.2.4. Show that the sequence defined by 


a n = 



is decreasing if and only if x >1/2. 


7.2 Elementary Examples 


293 


Solution. We have 


iy+ 1/2 i + ! 

d n = 1 + - 


(l + ^) 1/2 ‘ 

Thus, by Exercise 7.2.3, the first factor on the right-hand side is decreasing. Since 
the square of the second factor is 

, 2x-l x 2 
1 + — — + - 


n+1 n(n+ 1) ’ 
we conclude that the condition x > 1 /2 is sufficient. On the other hand, 


\na n = 2 n 


1 , 1 , 1 
2n+ 1 + 3(2n + l) 3 + 5(2« + l) 5 + ' 


_J5_ + Ii 


l* + I, 

(-lJ\ 

5 

2n + x' 3 1 

{2 n+x) 

+ 5 1 

{2 n + x) 

1 T 


2x 1 

+ 7712 +°( n ) • 


Since 


2«+l 2 n + x 12 n 2 


2 X \ 

In a„ — lna„ + i = — — = — H 0(n~ 3 ) as n- 


2x 2 

we deduce that the condition x > 1/2 is also necessary. □ 
7.2.5. Show that for any positive integer n, 

' <e-|WlY< ' 


2n + 2 


2n + r 


Solution. The first inequality can be rewritten as 


1\ 


1 


l + n) <*[ l+ 2n)' 

For (0,1 /«], consider the function 

f(x)=x + xln(l + ^-(l+x)ln(l+x). 

Then /( 0) = 0 and 

. . . x 1 + x x 1 +x 

f (x) = — In > - +1 = 0. 

7 v ’ x+2 1 + f x+2 1 + f 

Thus, fix) > 0 for all x £ (0, 1/n], which implies relation (7.1). 


(7.1) 
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The second inequality is equivalent to 


e < 



which is a consequence of Exercise 7.2.4. □ 


7.3 Jensen, Young, Holder, Minkowski, and Beyond 


In questions of science the authority of 
a thousand is not worth the humble 
reasoning of a single individual. 

Galileo Galilei (1564-1642) 


7.3.1. Assume that 1 < p < °° and a, b are positive numbers. Then 

(i) inf (l — i) =a l /Pb l ~ 1 /P. 

(ii) inf \t l -PaP + (l-ty-PbP] = (a + b)P. 

0<f<l L 4*4- 

Solution. We give two different proofs of this property, cf. Maligranda [74]. The 
first one relies on basic properties of differentiable functions, while the second proof 
is based on convexity arguments. 

First proof, (i) Let, for t > 0, the function / be defined by 


/(t)= U l IP- l a^-^jt l IPb. 


Then the derivative f satisfies 

m - HH ^ (■ - ;) (? - 0 


and so f is negative for t < to = a/b, zero for t = to, and positive for t > to. Hence, 
/ has its minimum at the point to = a/b, and this minimum is equal to 




1/p-i 


«+ 1-- T 


/P 


b = a'/ p b'- l /P. 


(ii) Let, for 0 < t < 1, the function g be defined by 

g{t) = t l - p a P+{\-tf-PbP. 
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Then the derivative g' satisfies the equation 

g'(t) = (1 - p)rPaP - (1 - p){\ - t)~PbP = 0 
only when t = t\ = a/(a+ b). Since 

g"(t 0 = (1 -p){-p)h p - l aP - (l-p)(-p)(l- h )-P- l bP > 0, 
it follows that g has its local minimum at t\ = a/ (a + b), which is equal to 


g(h) =g 


a + b 


i -p 


1 - 


a + b 


i -p 


b p 



" /+ /M 

\a + b) 

\a + b) 


i ~p 


b p = (a + b) p . 


This local minimum of the function g is equal to its global minimum because g 
is continuous on (0, 1) and lim f _ >0 + g(t) = lim,_, g(t) = +°°. 

Second proof, (i) The function (p(u) = exp (u) is convex on M. Thus 

= exp -(l i j lxi(r'/P*)J 

< — exp [lnO’-'P 1 a)J + ex P [ln(f 1/p ^)] 


= ±.f/p-l a+ fi-^jt^Pb 


for every t > 0. For t = a/b we have equality. 

(ii) The function \ jf(u) = u p for p > 1 is convex on [0,°°). Therefore, 

(a + b) p = + (1 — Oj -37 

< t (y) P + (1 - 0 ( 7 ^ 7 ) P = tl ~ Pc,P+ ( l ~ t) l ~ p b p 

for every 0 < t < 1 . For t = a/ {a + b) we have equality. 

If p £ (0, 1) and we change in the equalities (i) and (ii) the infimum into supre- 
mum, then the results remain true. We also point out that the second proof of (i) 
gives an alternative proof of the Young inequality, as well as a different proof of the 
AM-GM inequality 


a ' Iff ' l^/ ; . 
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The classical Holder inequality states that if / and g are continuous functions on 
the interval [a , b] and if p and q are positive numbers such that p ~ 1 + q ~ 1 = 1 , then 

rb / r b \ l /p / rb \ */« 

J a \f(x)g(x)\dx<[J a \f(xWdx) (jf \g(x)\«dx) . 

Equivalently, if / and g are continuous on [a,b\, then 

rb , . / rb \ l /P / rb \ 

l \m^\g(x)\^dx< (J a \f(x)\dxj ^ l a \g(x)\dx J . 

According to Exercise 7.3.1, the inequality 

holds for all t > 0. It follows that 

f*\m\ l/p \g(x)\V q dx< f a [V/p-i| /W |+ (i _ I) rVp|g (x )|J 

Taking the infimum for t £ (0.°°) and using Exercise 7.3.1 (i), we obtain Holder’s 
inequality. 

The Minkowski inequality states that if / and g are continuous functions on the 
interval [a,b] and if p > 1, then 

{£ l/W + six) I p dx) '* < (J* I fix) \ p dx^ |*(*) /P . (7.2) 

In order to prove (7.2), we apply Exercise 7.3.1 (ii). Thus, by the inequality 

(, a + b) p < t l ~ p a p + (1 - 1) l ~ p b p 

we deduce that for all t £ (0, 1), 

[ b I /(*) + g(x)\ p dx < [ b Mx) I + 1 g(x) \y dx 

Ja Ja 

< j\t i - p \m p +{i-t) i - p \ g {x)\ p }dx 
= y- p j b \f(x)\ p dx+ (i -t) x - p f a \ g {x)\ p dx. 

Taking the infimum for t £ (0, 1) and using Exercise 7.3.1 (ii), we obtain (7.2). 
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We recall that Young’s inequality asserts that for all p > 1 and x, y > 0, 


p p 


where p' stands for the conjugate exponent of p, that is, l/p + l/p’ = 1 . A simple 
proof of Young’s inequality is described in what follows. Set x p = e" and y p = e b . 
Let \ / p = t and observe that 0 < t < 1. We have to show that 


e (l -t)a+tb^^_^ e a + te b 


Let /(f) = (1 -f)e° + fe 6 -e( 1 -') a +' 6 . Then f"(t) = -{a-b) 2 e^~ t 'l a+tb < 0. Thus, 
/ is concave and /( 0) = /( 1) = 0. This forces /(f) < 0 for any t £ [0,1]. □ 

The next exercise is a refinement of Young’s inequality. 

7.3.2. Let 1 < p < 2 and let p' be its conjugate exponent. Then for a llx,y> 0, 


i (: x p I 2 - y p '/ 2 ) 2 <- + ^--xy<- {x p / 2 - // 2 ) 2 . 

P P P P 


Solution. If p = 2 = p' the result is trivial, so assume 1 < p <2. We prove the first 
inequality because the second can be obtained via an essentially identical argument 
by interchanging the roles of p and p' and of x and y . If either x = 0 or y = 0, the first 
inequality is obviously true. Fix 1 < p < 2, x > 0, and suppose y > 0. Expanding the 
square and simplifying, we see that it is enough to check the following inequality: 

f(y) := + ^ x p l 2 y p 'l 2 - xy > 0 . 

Now y = x p ~ l is the unique solution of f(y) = 0. Since f" > 0, f{x p ~ 1 ) = 0 is the 
global minimum of /. 

Jensen’s inequality asserts that if / : {a,b)~ is a convex function, then 

f{X \X\ + A 2 X 2 H 1- A„x„) < Ai/(xi) + A 2 / (^ 2 ) H 1- A„/(x„) , 

for any integer n > 2, where jci, X 2 , ■ ■ • , x n 6 (a. b) are arbitrary points, and A,- > 0 

(i = 1, ... ,n) are constrained by Ai -I f A„ = 1. 

We give in what follows a direct proof of Jensen’s inequality, whose main idea 
relies on the property that any convex function has a support line, in the sense that 
through each point of its graph, a line can be drawn such that the graph of the func- 
tion does not lie below the line. We first observe that if tp(x) = ax + b, where a and 
b are real numbers with b^ 0, then 


<P 



= t **>(*) 

1=1 


if and only if A,- = 1 . 


(7.3) 
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Indeed, relation (7.3) reduces to 


a X Ape, -f b = a X Apt,- + ^X ^ ^ ■ 
which is true if and only if YH=i A, 1 . 

Returning to the proof of Jensen’s inequality, fix x\ ,X 2 ,...,x n £ {a,b), A,- £ M 

(i = I ,n), and set t, = YJ!=\ Ape,-. Let <p(x) = ax + b be a support line of / at ^ 

with /(<!;) = (p(%). Thus, by (7.3), 

/ ( X ^‘ x ‘ J = X ^‘ ( P( X ‘) 'f and only if ^ A, = 1 . (7.4) 


But (p(x) < f(x) for all x £ (a,b). Hence 


X A i(p(xj) < X A if(xi) if and only if A,- > 0. (7.5) 

i= l /=! 


Using relations (7.4) and (7.5), we obtain Jensen’s inequality. Equality holds either 
if X\ = ■ ■ ■ = x n or if / is linear. □ 

Examples, (i) Taking f(x) = — Inx in Jensen’s inequality, we obtain the follow- 
ing generalized arithmetic-geometric means inequality: for any xi, X 2 , ■ . . , x n >0 
and all A, > 0 (1 < i < n) with £"= i A,- = 1 , 

Ajxi -I f- A n x„ > x \ 1 • • • x%" . 

(ii) Taking f(x) = x qq p in Jensen’s inequahty, we obtain the power means inequal- 
ity: if p < q, then M p < M q , where 

M r := if r ^ 0, M 0 = f 1 4‘ ■ (7-6) 

with a, > 0 and X”=i A,- = 1, A, > 0. In Figure 7. 1 we illustrate this property for n = 2 
and M r defined by AJ_oo = min (a,b) =: m, M \ = l/(p/a + q/b),Mo = a p b q . Mi = 
pa + qb,Mi = \J pc i 2 + qb 2 , M „ = max(a,Z?) =: M, where a, b £ (0,°°), p £ (0, 1), 
and q = 1 — p. 

We analyze in what follows a different framework, corresponding to Ai = • ■ ■ = 
A n = 1 , n > 2. In this case, for positive numbers ai, ...,a n and p ^ 0, define 
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M 





Fig. 7.1 The power mean M r is a monotone increasing function. 

It was shown (see [93]) by the German mathematician Alfred Pringsheim 
(1850-1941), who attributed his proof to Liiroth, and by Jensen [51, p. 192], that 

M p > for any 0 < p < q. 

This inequality can be obtained directly as follows: 


q /pl 1/9 




Let m = min{ai . ,a„\ and M = max{ai It follows that for any p > 0, 




Therefore 


p- 


hm p = M . 


On the other hand, since lim p — >o+ X"=i Oj = n, we obtain 


lim = +°° 
p— >o+ 


Hence .J/. p decreases from +°° to M as p increases from 0+ to +°°. Moreover, since 
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it follows that -J/, p decreases from m to 0 as p increases from — °° to —0. By contrast, 
the mean value functions M r defined in (7.6) increase continuously from m to M, or 
remain constant if a\ = ■ ■ ■ = a n , as r increases from to +°°. 


7.4 Optimization Problems 


It is not the mountain we conquer, but 
ourselves. 

Sir Edmund Hillary (1919-2008) 

We have proved in Chapter 4 that any continuous function / : [a, b] — ► [a, b] has 
at least one fixed point. A natural question in applications is to provide an algo- 
rithm for finding this point. A simple and effective method given by Picard seeks 
to achieve what may be the next-best alternative to finding a fixed point exactly, 
namely, to find it approximately. More precisely, if x\ G [a,b\ is chosen arbitrarily, 
define x n+ i = f(x n ), and the resulting sequence (x n ) n >\ is called the sequence of 
successive approximations of / (or a Picard sequence for the function /). 

In geometric terms, the basic idea of the Picard method can be described as 
follows. First, take a point A{xi,f(x\)) on the curve y = fix ) . Next, consider the 
point B i (f(x i ) , f(x i ) ) on the diagonal line y = x and then project the point B\ ver- 
tically onto the curve y = f(x) to obtain a point Ajixj-Ji^))- Again, project 4 2 
horizontally to B 2 on y = x and then project 62 vertically onto y = f(x) to obtain 
Aj(xj.f(x^)). This process can be repeated a number of times. Often, it will weave 
a cobweb in which the fixed point of /, that is, the point of intersection of the curve 
y = f(x) and the diagonal line y = x, gets trapped (see Figure 7.2). In fact, we will 
see that such trapping occurs if the slopes of tangents to the curve y = fix) are 
smaller (in absolute value) than the slope of the diagonal line y = x. When the slope 
condition is not met, then the points A \ , A 2 , . . . may move away from a fixed point 
(see Figure 7.3). 



Fig. 7.2 Picard sequence converging to a fixed point. 
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Fig. 7.3 Picard sequence diverging away from a fixed point. 


A sufficient condition for the convergence of a Picard sequence, which is a formal 
analogue of the geometric condition of slopes mentioned above, is stated in the 
following result, which is also referred to as the Picard convergence theorem. 

7.4.1. Let f : [a,b]->-[a,b] be a continuous function that is differentiable on ( a,b ), 
with |/{ 4 | < 1 for all x£ (a,b). 

(i) Prove that / has a unique fixed point. 

(ii) Show that any Picard sequence for / is convergent and converges to the unique 
fixed point of /. 

Solution, (i) By Brouwer’s fixed-point theorem [Exercise 4.4.1 (i)], / has at 
least one fixed point. Assuming that / has two fixed points x* and x*, then by the 
Lagrange mean value theorem, there exists t, £ (a, b ) such that 


\x* - •** I = I/O*) - /0*)i! » l/(£) I • 0* - ** I < 0* - ■ **l , 

a contradiction. Thus, / has a unique fixed point. 

We point out that the condition \f'(x)\ < 1 for all x £ (a. b) is essential for the 
uniqueness of a fixed point. For example, if / : [a,b\—>[a,b\ is defined by f(x) = x, 
then f'(x ) = 1 for all x£[a, b\ and every point of [a, b\ is a fixed point of /. 

(ii) Let x* denote the unique fixed point of /. Consider any x\ £ [a,b\ and let 
0«)«>1 C [ a -b] be the Picard sequence for / with its initial point x\. Fix an 
integer n > 1. Thus, by the Lagrange mean value theorem, there exists l; n bet- 
ween x„ and x* such that 


x n+ \ -x*= f(x n ) - f(x*) = f (£,„) ( x n - x*) . 

This implies that \x n+ \ — x* \ < \x n — x* \ . Next, we prove that x n —>x* as «— >°°. Since 
0«)«>i ' s bounded, it suffices to show that every convergent subsequence of (x n ) n > \ 
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converges to x*. Let i6l and (x nk )k>i be a subsequence of (x n )n>i converging to 
x. Then 


\Xn k+ 1 - X* | < \x nk+ i -X*\<\x„ h -X*\. 

But | x„ k+1 -x*\^\x-x*\ and 

[*«*+! -x*\ = lf(x nk )-f(x*)\^>\f(x)-f(x*)\ as k-^ oo. 

It follows that |/(x) — f(x* ) | = \x — x* \ . Now, if x ^ x * , then by the Lagrange mean 
value theorem, there exists t, £ ( a , b) such that 

\x-x*\ = \m-f{x*)\ = |/(5)| • \x-f\ < \x-J*\ , 

which is a contradiction. This proves that x^x*. 

We point out that if the condition \f'(x)\ < 1 for all x £ (a, b ) is not satisfied, then 
/ can still have a unique fixed point x*, but the Picard sequence (x n )n>t with initial 
point xi 7 ^ x* may not converge to x*. For example, if / : [—1, 1]— >K is defined by 
f(x) = — x, then / maps [— 1 , 1 ] into itself, / is differentiable, and \f'{x)\ = 1 for 
all x € [—1,1], Then x* = 0 is the unique fixed point of /, but if x\ ^ 0 then the 
corresponding Picard sequence is x\ , —x\ , x\ , —x \ which oscillates between x\ 
and —X] and never reaches the fixed point. In geometric terms, the cobweb that we 
hope to weave just traces out a square over and over again. 

When the hypotheses of the Picard convergence theorem are satisfied, a Picard 
sequence for / : [a,b\—*[a,b] with arbitrary x\ £ [a,b\ as its initial point converges 
to a fixed point of /. It is natural to expect that if x\ is closer to the fixed point, then 
the convergence rate will be better. A fixed point of / lies not only in the range of 
/ but also in the ranges of the iterates and so on. Thus, if is the 

range of the n-fold composite fo ■ ■ ■ of (n times), then a fixed point is in each M n . 
If only a single point belongs to n“ =| ,5?„, then we have found our fixed point. In 
fact, the Picard method amounts to starting with any x\ £ [a,b\ and considering the 
image of x\ under the rc-fold composite fo ■ • • o /. For example, if / : [0, 1]— >[0, 1] 
is defined by f(x) = (x+ l)/4, then 

2, x -\-A n - 1 

/° ' ' ' of 0 times) (x) = — — t — 


and 





Thus, n“ =1 ^„ = {1/3}; hence 1/3 is the unique fixed point of /. In general, it is not 
convenient to determine the ranges 8% n for all n. So, it is simpler to use the Picard 
method, but this tool will be more effective if the above observations are used to 
some extent in choosing the initial point. □ 
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The following elementary problem is related to the minimization of the 
renormalized Ginzburg-Landau energy functional (see [6]). Problems of this type 
arise in the study of two phenomena in quantum physics: superconductivity (discov- 
ered in 1911 by the Dutch physicist Heike Kamerlingh Ones (1853-1926), Nobel 
Prize in Physics 1913 “for his investigations on the properties of matter at low tem- 
peratures which led, inter alia, to the production of liquid helium”) and superfluids. 
Superconducting material is used, for example, in magnetic resonance imaging for 
medical examinations and particle accelerators in physics. Knowledge about super- 
fluid liquids can give us deeper insight into the ways in which matter behaves in 
its lowest and most ordered state. We point out that the Nobel Prize in Physics was 
awarded in 2003 to Alexei Abrikosov, Vitaly Ginzburg, and Anthony Leggett “for 
pioneering contributions to the theory of superconductors and superfluids.” The next 
problem gives an idea about the location of vortices (singularities), which have the 
tendency to be distributed in regular configurations called Abrikosov lattices. We 
refer to [68] for more details and comments. 

7.4.2. Let D be the set of complex numbers having modulus less than 1 . For any 
fixed positive integer n and any distinct complex numbers z | ..... z« in D, define 


W(z\,....Zn) = X l °s\zj-z k \ 2 + X log 1 1 — i/%| , 

l<j<k<n j,k= 1 

where z is the conjugate of the complex number z. 

(i) If n = 2, prove that the configuration (zi , • . . ,Zn) € D" that realizes the max- 
imum ofW is unique (up to a rotation) and it consists of two points that are 
symmetric with respect to the origin. 

(ii) If n= 3, prove that the configuration that maximizes W is also unique (up to a 
rotation) and it consists of an equilateral triangle centered at the origin. 

Vicenpu Radulescu 

Solution, (i) Take n = 2 and let zi , z 2 be two distinct points in D. Then 

W(zi,z 2 ) =log(|zi| 2 + |z 2 | 2 -2|zi| • |z 2 | - cos<p) 

+ log(l+ |zi| 2 |z 2 | 2 -2]zi| • |z 2 | ■ cos <p)+ log(l - |zi| 2 ) +log(l - |zi| 2 ), 

where <p denotes the angle between the vectors Oz\ and Oz 2 . So, a necessary con- 
dition for the maximum of W (z\ , z 2 ) is cos tp = — 1 , that is, the points z.\ , O, and z 2 
are collinear, with O between zi and z 2 . Hence one may suppose that the points zi 
and Z 2 lie on the real axis and — 1 <z 2 <0<zi< 1. Define 


/(zi , z 2 ) = 2 log(zi - z 2 ) + 2 log( 1 - ziz 2 ) + log( 1 - z? ) + log( 1 - zf ) . 
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Since the function log(l — x 2 ) is concave on (0,+°°), it follows that 


log(l-Zi)+log(l-Z 2 ) £ 2 log 




On the other hand, it is obvious that 1 — Z 1 Z 2 < 1 + (zi — Z2) 2 /4. Hence 


f(zi,Z2)<f 



which means that the maximum of / is achieved when z i = — zi- A straightforward 
computation shows that maxW = /(5 -1 / 4 ,— 5 -1 / 4 ) = 6 log 2 — 2 1 • 51og5. 

(ii) For n = 3, in order to maximize the functional W(zi,Z 2 ,Z 3 ), it is enough to find 
the maximum of 


^(zi,Z2,Z3)= n \zj-Zk\ 2 [\zj-z k \ 2 + {l-r]){\-rl)\ 

1 <j<k <3 J=it: 

where rj = |z ; -|. 

Using the elementary identity 


3XM 2 = 

Js» ' 


j= 1 


+ X \z-j~Zk\ 2 , 

l<j<k< 3 


we obtain 


3 'L\Zj\ 2 > X \ z j~ z k\ 2 - 

j= 1 l<j<k <3 


Put S = X;=i rj. We try to maximize F keeping S constant. Using the above inequal- 
ity, we have 


n \ z i~ z k\ 2 < 

1 <j<k<3 

nn-ss 


ll<j<k<3\zj - z k\' 


3-S 

3 


2\ 3 


<|XM 2 J = s 3 , ( 7 - 7 ) 

(7.8) 


and 


11 [I Zj- z k \ 2 +(l-rj){l-ri)\ 

l<j<k <3 


h<j<k <3 (\ z j~ z k \ 2 + (1 — ^)(1 — r 


3 


7.5 Qualitative Results 


305 


X 1 - Xp 2 ~ Id + £r ; 2 rf + 1 |zy - z,| 2 


(7.9) 


3 



5 2 + 35+9 
32 


We have applied above the elementary inequality 


ng 

From (7.7), (7.8), and (7.9) we obtain 



F<S 3 - 


3-5 



5 2 + 35+9 ’ 
32 



■5 4 + 275) 3 . 


It follows that the maximum of F (so the maximum of W) is achieved if 5 = 3 ■ 4 1 / 3 
and max F = 3 6 • 4~ 4 , with equahty when we have equality in (7.7), (7.8), and (7.9), 
that is, if and only if Z 2 = £zi , Z 3 = e 2 zi, where e = cos(27r/3) + !sin(27r/3). This 
imphes that maxW = 61og3 — 81og2. □ 

Open problems, (i) Find the configuration that maximizes W(z 1 , . . . ,z„), pro- 
vided that n > 4. Is this configuration given by a regular n-gon, as for n = 2 or n = 3? 

(ii) Study whether the maximal configuration “goes to the boundary” as n— in 
the following sense: for given n, let z = {zi , . . . , z n ) be an arbitrary configuration 
that realizes the maximum of W(z\ , ■ ■ ■ , z n ) and set a n = min{ |zy|; 1 <_/<«}. 
Is it true that a n — »1 as 
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Nothing in life is to be feared. It is 
only to be understood. 


Marie Curie (1867-1934) 


7.5.1. Let 2 < q < p+ 1 and set 
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Prove that for any x > 0, 



Wolfgang Reichel 


Solution. Let l(x) = (1 +x) p + and 



Note that 1(0 ) = r( 0) and l'( 0) = r'(O). Let us first consider the case p> 2. Then 
our inequality holds if l"(x) < r"(x) for all igl, that is. 


p(p-\)(\+x) p - 2 <p( P +\- q )(\+xy- l + 2M. (7.10) 


Let xo = (q — 2)/(p+l — q)he the value for which p — 1 = (p + 1 — q)(l +* 0 ). For 
x > xq the inequality (7.10) holds automatically, while for x < xo it holds if 


p(p-\)(\+x 0 ) p ~ 2 <2M, 


which is true with equality due to the choice of M. 

Now consider the case 1 < p < 2. For r > 0, relation (7.10) holds if 


P(P ~ 1 ) < P(P+ 1 - q) +2M, 


that is, if p(q — 2) < 2 M. For r<0we argue with first derivatives instead of second 
derivatives, that is, we show that l'(x) > r'(x) for x > 0. This amounts to 

p(l+x) p y l >(p+l-q)(\+x) p Jr + q-\ + 2Mx forx<0. (7.11) 

Combining the two inequalities 

(\-q)(l+x) p + + q-\< ( \-q)px<-2Mx for x < 0 if p(q- 1) < 2M 


and 


(1+Jc)+ < (1+Jc)+ 1 forx < 0, 


we obtain (7. 1 1), provided p(q — 1) < 2 M. This is guaranteed by the choice of M. 


□ 


7.5.2. Show that 



<1.1 — ^ for allO <x<n. 


4 
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Solution. For the first inequality, consider the function f(x) = sinx — x + x? /3. 
Then f (x) = cosx— 1 + 2x/3 and f" (x) = — sinx+2/3. Thus, f"{x) > 0 except for 
a <x<b, where sin a = sin b = 2/3 and a < n/2 < b. Thus f'(x) increases from 0 
to a maximum at x = a, then decreases to a minimum at x=b, and then increases 
from b ton. The minimum value is 


f'(b) = cos b- 1 + y > ^- 1 + f >0 - 

We deduce that /' (x) > 0 for 0 < x < n and consequently sinx > x — y . 

For the second inequality, let g(x) = sinx— 1 . lx + x 2 /4. Thus, g’(x) = cosx — 
1.1 +x/2 and g"(x) = — sinx+ 1 /2. Then g"(x) > 0 except for n/6 < x < 5n/6, 
where g"(x) < 0. So g’(x) increases from a value of —1.1 to a maximum of 
cos(7T /6) — 1 . 1 + 7r/ 12 > 0. It must be zero at a point, say x = a, where 0<a<n/6. 
Similarly, g'( J3) = 0 for n/6 < j3 < 5n/6. We observe that 

s'0/ 4 ) = : y- 1-1 + f >° 

and 

«'(3>t/4)=^-l.l + ^<0, 

so n/4 < P < 3n/4. Then from 0, g(x) decreases to a minimum at x = a, then 
increases to a maximum value at x = j3, and 

g'( j8) = 0 = cosj8-l,l + ^. 


Flence /3 = 2(1.1 — cosj3). Thus 


B 2 

g(l 3) = sin/3 - 1.1/i + ^j- = sin + cos 2 j3 - (l.l) 2 
= (0.3 — sinj3)(sin/3 — 0.7) < 0, 

since sinj3 > \/2/2. We conclude that g(x) = sinx- 1.1 +^/4 < 0 for 0 < x < n. 


7.5.3. Prove that for a nyx e (0, 1), 
2 


— fsin^) arcsinx < x 2 < (sinx) arcsinx. 
n \ 2 ) 


Solution. The first inequality is a special case of the inequality 

f(x)r\y) <xy, 


(7.12) 
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where x > 0, y > f(x ) , and the positive function / is such that f{x) lx increases. The 
inequality (7.12) follows from 

torz=r * [y) > x . 


The second inequality follows from the inequality 

f(x)r\y) >xy, 


(7.13) 


where x, y > 0, y < f(x), and the function / is such that f(x)/x increases. The 
inequality (7.13) follows from 


fix) f(z) u . 

> — 7- for z = f (y) < a 


To obtain the required inequalities, it is now enough to choose f(x) = arcsinx, 

re (0,1). 

This method can be applied to deduce many elementary inequalities, such as 


(e x — l)ln(l +x) > x 2 
(tanx) arctanx > x 2 
[(l+x) p -l] [(1 +x) 1 / p_1 — l] >x 2 
[(1-xf-l] [l-(l+x) x ^] 


for x > 0, 

forx e (0,7 t/ 2), 

for x > 0 and p > 0, p 7^ 1 , 

forx e (0, 1) and p < — 1 . □ 


7.6 Independent Study Problems 


A great truth is a truth whose opposite 
is also a great truth. 

Thomas Mann (1875-1955) 

7.6.1. Prove thatm 2 \/?>/4 is the maximum area of a triangle that can be formed with 
the Unes a, b, c, subject to the condition that a 3 +b 3 + c 3 = 3m 3 . 

C.N. Mills, Amer. Math. Monthly, Problem 3207 
7.6.2. Prove that if 1 < x\ < X2 and n is a positive integer, then 
X l 2 /n - x\ /n < (x 2 - 1) 1/n - (xi - 1 ) 1/n . 


A. Dresden, Amer. Math. Monthly, Problem 3868 
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7.6.3. Show that for any real number x with \x\ < 1, 


|JC| 

TTR 


< |ln(l +x)| < 


W(1 + W) 

ll+*l 


H.S. Wall, Amer. Math. Monthly, Problem 3965 


7.6.4. Determine whether the following assertion is true: if x and y are real num- 
bers such thaty > 0 andy(y+ 1) < (x + l) 2 , theny(y— 1) < x 2 . 

7.6.5. Prove that for any real x. 


I 7T I 

arc tan x 

I 4 


n _\x-l\_ 
- 4 (x 2 +l)V2 


7.6.6. Determine whether the inequality atanhx > sin ax holds for every x > 0 
and a > 1 . 

7.6.7. Let x a ndy be real numbers such thatxr+y 2 < n. Prove that cos x+ cosy < 
1 + cosxy. 

7.6.8. Prove that 


n—x . t x\ n—x 

x < sinx < (3 x for all 0 < x < n . 

k+x \ n) n+x 


7.6.9. Fix an integer n > 2 and positive numbers a\, 

(i) Prove that the function f(x) = log (Xf = i of) X ^ x is convex forx G (0, °°) . 

(ii) Deduce that the function g(x) = (X1= \ ,s convex on the interval (0,°°). 

The following problem considers relations supplementing the classical inequali- 
ties: 

sinx < x < tanx , ln( 1 + x) < x < e* — 1 , arctanx < x < arcsinx . 

7.6.10. Prove the following inequalities: 

(i) (l+x)ln 2 (l+x) <x 2 forx>-l,x^0; 

(ii) x/ (1 +2 x/7t) < arctanx forx > 0; 

(Hi) x 2 < ln(l + tan 2 x) < (sinx) tanx forx G (0, 7t/2); 

(iv) 3x — x 3 < 2sin(?rx/2) forx e (0, 1); 

(v) x 3 < (sin 2 x) tanx forx G (0, k/2); 

(vi) Is the inequality x 3+e < (sinx) 2+e tanx true on (0, 7t/2) for some positive num- 
bers? 
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7.6.11. Let Del and f : D—*R be such that f(D ) c D. Prove the following 
generalizations and extensions of the Picard convergence theorem. 

(i) Banach Fixed Point Theorem (Contraction Principle). IfD is closed and f is 
a contraction (that is, there exists a € (0, 1) such that \f(x) — f(y) \ < a\x — y\ 
for all x, y e D), then f has a unique fixed point, and any Picard sequence 
converges to this fixed point. Give an example to show that if f is a contraction 
but D is not closed, then f need not have a fixed point. 

(ii) IfD is closed and bounded, and f is contractive (that is, \f(x) — f(y) < \x — y\ 
for all x, y £ D, x ^ y), then f has a unique fixed point, and any Picard sequence 
converges to this fixed point. Give an example to show that iff is a contractive 
function but D is not closed and bounded, then f need not have a fixed point. 

(iii) IfD is a closed and bounded interval, and f is nonexpansive (that is, \f(x) — 
f(y ) | < \x — y\ for all x. y G D ), then f has a fixed point in D but it may not be 
unique. Give an example to show that if f is nonexpansive but D is not a closed 
and bounded interval, then f need not have a fixed point. 


Chapter 8 

Antiderivatives 


Nature and Nature ’s law lay hid in night: God said, “Let Newton 
be!" and all was light. 

— Alexander Pope (1688-1744), Epitaph on Newton 


Abstract. The integral calculus is much older than the differential calculus, because 
the computation of lengths, areas, and volumes occupied the greatest mathemati- 
cians since antiquity: Archimedes, Kepler, Cavalieri, Barrow. The decisive break- 
through came when Newton and Leibniz discovered that integration is the inverse 
operation of differentiation, thus reducing much effort to a couple of differentiation 
rules. 


8.1 Main Definitions and Properties 


And whereas Mr. Leibniz prefixes the 
letter f to the Ordinate of a curve to 


denote the Sum of the ordinates or area 


of the Curve, I did some years before 
represent the same thing by inscribing 
the Ordinate in a square. . . My 


symbols therefore. . . are the oldest in 
the kind. 


Sir Isaac Newton (1642-1727), Letter 
to Keill, 1714 


Let / be a real- valued function defined on (a,b). A differentiable function F is an 
antiderivative (or a primitive ) of / if 


F’ (x) = f(x) for any xG(a,b). 


We shall use only the term antiderivative, and symbolically, we write 



T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 
DOI: 10.1007/978-0-387-77379-7_8, 

© Springer Science + Business Media, LLC 2009 
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The mean value theorem implies that any two antiderivatives of a function / 
differ by a constant. Thus, if F and G are antiderivatives of / then there exists CsK 
such that F — G = C. 

We observe that not every function has an antiderivative on a given interval 
(. a,b ). Indeed, if / : (a,b)— has an antiderivative F on (a,b), then by Darboux’s 
theorem, f = F' satisfies the intermediate value property. This shows that the pres- 
ence of a jump discontinuity at a single point in ( a,b ) is enough to prevent the 
existence of an antiderivative F on ( a,b ). In other words, if / is defined on ( a,b ) 
and f(c+), f(c-) exist but are not both equal to /(c), for some c £ ( a,b ), then / 
has no antiderivative on (a,b). 

A large class of functions that have antiderivatives on ( a,b ) is the class of all 
continuous functions / : (a,b)— »M. Next, we investigate the converse of this state- 
ment: to what extent does the existence of an antiderivative F of f determine the 
continuity of /? We first observe that the derivative F'{x) = f(x) of the function 



exists for all rgl, but / is not continuous at x = 0. This example shows that it is 
possible for a function / to have an antiderivative and to be discontinuous at some 
points. 

Basic properties of antiderivatives. 

(i) If / and g have antiderivatives on (a, b) and iel, so do f+g and kf, and 



and 


J kf(x)dx = k J f{x)dx. 


(ii) Integration by Parts. If / and g are differentiable on (a. b) and f'g has an 
antiderivative on ( a,b ), then so does fg' , and 



(iii) Substitution. If g is differentiable on (a, b) with g(a. b ) C (c, d) and / f(x)dx = 
Fix) on (c.d), then 



We end this preliminary section by listing a number of useful integration 
formulas. 


8.2 Elementary Examples 

8.2 Elementary Examples 
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Facts are the air of scientists. Without 
them you can never fly. 

Linus Pauling (1901-1994) 


8.2.1. Fora > 0 compute the integral 


[ 1 

J xy/x^ + xT+l 


dx, 


x > 0. 


Solution. Factor x 2a under the square root. The integral transforms into 

'=-=/- 

' ' 1 

vd I o ) I A 


^+\/l + ^+i 


Jf7m^n'x a + idx ‘ 


\x“ _r 2) ’ 4 

With the substitution t = 1 /x“ + 1/2 the integral becomes 
1 r 1 


-y- 


i. 


>t 2 


dx — In I t + r / f 2 + — I + C 


. 3 


1 , / 1 1 


a \x? 2 


1 1 


— ln t/1 + ^7 + +C. □ 


8.2.2. Compute the integral 

J ( l+2x 1 )e xl dx . 

Solution. Split the integral as 

J e A ’ 2 dx + J 2x 2 e A ' 2 dx. 

Denote the first integral by I\. Integrating by parts, we obtain 

J 2xre? dx = xe* 2 — J e** dx = xe* 2 — /i . 

We deduce that 

y"(l + 2x 2 )e* 2 dx = xu* 2 + C. □ 

8.2.3. Compute the integral 

f x? + l 


x 4 -x 2 +l 


dx. 
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Solution. We rewrite the integral as 


x 2 ! 

yi) 

1 

* 2 I 

[r 

! — 1 + - 



dx = 


fJS? 

J x 2 - 1 


-dx. 


With the substitution x — l/x = t we have (1 + 1 /x 2 )dx = dt, and the integral 
becomes 

/ -t; dt = arctanf + C. 

J t 2 + 1 


We conclude that 


f J^+l 
J x*-x 2 +l l 


dx= arctanl x- - ] + C. □ 


8.2.4. Compute 




x>0. 


Solution. Substitute t = - \/(e x — l)/(e* + 1), 0 < t < 1. Then x = ln(l + 1 2 ) — 
ln(l — t 2 ) and dx= (2r / 1 +t 2 + 2t/\ — t 2 )dt. The integral becomes 

/ ? (^| t+^) a = /( 4 -^ i + wzi) dt 

= 4t — 2 arctant + / ( + ) dt 

J \f + l 1 — t J 

= 4t — 2 arctant + ln(f + 1) — ln(f — 1) + C . 

This shows that our integral is equal to 


e*— 1 
e*+ 1 


— 2 arctan 


e* — 1 


+ In 


e x — 1 


-1 


+ 1 -In 


e x — 1 
e*+ 1 


-1 +C. □ 


8.2.5. Let a be a real number. Compute the integral 


f l 

J x* + ax 2 + 1 


dx, 


x G (0,°°) . 


Solution. We only sketch the proof by pointing out the main idea, which can be 
applied to compute more general integrals such as 


/ 


1 

ax5 + bx 2 + c 


dx. 


8.3 Existence or Nonexistence of Antiderivatives 
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The indefinite integral may be also written as 



We associate the related indefinite integral 



dx. 


We also have 


J+, ~J 



Both integrals can be computed easily, and the details are left to the reader. 

8.3 Existence or Nonexistence of Antiderivatives 


I would rather be a superb meteor, 
every atom of me in magnificent glow, 
than a sleepy and permanent planet. 


Jack London (1876-1916) 


8.3.1. Prove that the function f : R— >R defined by f(x) = [x] does not have 
antiderivatives, where [a] denotes the greatest integer less than or equal to the real 
numberct. 

Solution. Since the range of / is /(R) = Z, which is not an interval, it follows 
that / does not have the intermediate value property. Thus, / cannot be the derivative 
of a function, or equivalently, / does not admit antiderivatives. □ 

8.3.2. Prove that the function f : R— >R defined by 



ifx < 
ifx > j, 


does not have antiderivatives. 

Solution. A straightforward computation shows that 



/« = 


x 2 —x + 1 


2 ' 
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Since x = 1/2 is a discontinuity of the second kind, it follows that / does not have 
the intermediate value property; hence / does not admit antiderivatives. 0 

8.3.3. Let f : R— >R be a function that admits antiderivatives and assume that 
g : R— >R is continuously differentiable. Prove that the function fg admits antideriva- 
tives on R. 

Solution. Let F denote an antiderivative of /. Since g is continuous, it has anti- 
derivatives. Let G be an antiderivative of g. Then (Fg)' = fg + Fg'. Since F and g' 
are continuous, it follows that Fg' is continuous; hence it admits an antiderivative 
H. Thus, fg = (Fg — H)', which shows that fg has antiderivatives. □ 

8.3.4. Let a > 0 > b be real numbers such that a 2 + b < 0. Assume that the 
function f : R— >R satisfies 

(f ° /) (x) = af(x ) + bx for all r£R. 

Prove that f does not admit antiderivatives. 

Solution. Arguing by contradiction, let F denote an antiderivative of /. We first 
prove that/is one-to-one. Indeed, if f(x) = f(y) then (f°f)(x) = (f o /) (}’) ; hence 
af(x ) + bx = af(y) + by, which implies x = y. Since / is one-to-one and has the 
intermediate value property, it follows that / is strictly monotone. 

Let us first assume that / is decreasing and fix x < y. Then f(x) > f(y), which 
implies (/ ° /) (x) < (f o /) (y) , that is, af(x) +bx < af(y ) + by. We deduce that 
0 < a(f(x) — f(y)) < b(y — x) < 0, a contradiction. 

Next, we assume that / is increasing. It follows that / o / o / in increasing. On 
the other hand, for all x £ R, 

(f o f o f)(x) = a(f o f)(x) + bf(x) = a(af(x) + bx) + bf(x) = (a 1 + b)f(x) + abx. 

The equality / o / o / = (a 2 + b)f + abl t is impossible, since the left-hand side is 
an increasing function, while the right-hand side decreases. □ 

8.3.5. Let f : R— >R be a function satisfying f(x) > 1 /x for all x > 0. Prove that 
f does not admit antiderivatives. 

Solution. We argue by contradiction and assume that F is an antiderivative of /. 
By hypothesis we have /( \/x) > x, for any x > 0. Therefore 



which can be rewritten as 


( F (x) + l nJC ) -° forall * >0 - 

This shows that the function tp(x) := F (1 /x) + lnx is nonincreasing on (0, °°) . Hence 
<p(l) = F(l) > Jim (p(x) = +°°, 
which is a contradiction. This concludes the proof. □ 


8.4 Qualitative Results 
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8.4 Qualitative Results 


Facts are many, but the truth is one. 


Rabindranath Tagore (1861-1941) 


8.4.1. Let (a n ) n >i be a sequence of real numbers converging to 0 and let f : R— >R 
be a function that admits antiderivatives satisfying f(x + a n ) = fix), for all 
and any integer n > 1. Prove that f is constant. 

Solution. Let F be an antiderivative of /. By hypothesis, there exists a constant 
C such that F(x + a n ) - F(x) = C. 

We observe that for any a£l there exists a sequence of integers (b n ) such that 
lim n -^^a n b n = a. Indeed, if b n denotes the integer part of a/a n , then 
a = a n b n + r n , with 0 <r n < a n . Using this and taking r„— >0 in our hypothesis, 
we find that a n b n -^a. 

Fix a real number xq. We have 

F{x 0 + a n b n ) - F{x 0 ) = F{x 0 + b„a n ) - F(x 0 + ( b n - 1 )a n ) H h F(x 0 + a n ) 


~F(x 0 ) 

= b„[F(x 0 + a n )-F(x 0 )] 

F(x 0 + a n )-F{xo) 
= a n b n 


a, 


Since F is differentiable, we obtain, as n— 

F (xo + a)- F(x o) = aF' (xo) . 
Since a is arbitrarily chosen, we obtain for all x G R, 


F(x) = F{x 0 ) + {x-xo)F'(x 0 ) = [F(x 0 ) -x 0 F'(xo)] +xF'(x 0 ), 
that is, F(x) = B + Ax, with A and B real constants. Hence f(x) = A = F'(xq). □ 


8.4.2. Let I be an interval and consider a continuous function g:I cK. 


(a) Assume that f : /— >M* admits antiderivatives. Prove that the function fg has 
antiderivatives. 


(b) Assume that f : /— > R admits antiderivatives and is bounded above (or below). 
Prove that the function fg has antiderivatives. 


(c) Deduce that the functions 



admit antiderivatives on R. 
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Solution, (a) In particular, / has the intermediate value property, so /(/) is 
an interval in R*. It follows that / has constant sign on 7, which implies that 
any antiderivative F of / is strictly monotone, so one-to-one. Thus, the mapping 
F : l—>F (7) is bijective. Moreover, since F'(x) = f(x) ^ 0, we deduce that the func- 
tion F~ l : F(I)— >7 is differentiable. This implies that the mapping 
h = goF~ l : F(7)— >R is continuous, so h admits antiderivatives on F(I). Let 77 
be an antiderivative of h. Hence 77 oF : 7— >R is differentiable, and a straightforward 
computation shows that 77 o F is an antiderivative of fg. 

(b) Let us assume that / is bounded from below. Thus, there exists m £ R such that 
f — m > 0 on 7. By (a), the function ( f — m)g =: h admits antiderivatives on 7. 
It follows that the function fg = h+mg admits antiderivatives on 7, too. 

(c) It suffices to apply the above results. □ 

8.4.3. Let f : R — ► R be a continuous nonconstant periodic function of period T 
and let F denote an antiderivative of f. Prove that there exists a T -periodic function 
g : R— >R such that 



D. Andrica and M. Piticari 


Solution. Using the relation f(t + T) = f(t) for any t e R, it follows that 



Jo 




Hence F(x+T) —F(x) =h(x+T)-h(x), or equivalently, F(x+ T) — h(x+ T) = 
F(x) — h(x). Thus, the function defined by g(x) = F(x) — h(x), x6l, is periodic of 
period T. □ 

8.4.4. A P-function is a differentiable function f : R— >R with a continuous 
derivative f on R such that f(x + f (x)) = f(x) forallxin R. 

(i) Prove that the derivative of a P-function has at least one zero. 

(ii) Provide an example of a nonconstant P-function. 

(Hi) Prove that a P-function whose derivative has at least two distinct zeros is 


constant. 


D. Andrica and M. Piticari 


8.4 Qualitative Results 
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Solution, (i) If / is a /’-function, and f(x ) ^ 0 for some rgl, the mean value 
theorem shows that f vanishes at some point E, between x and x + f(x): 0 = f(x+ 

fm-f(x)=nx)f «). 

(ii) Try a nonconstant polynomial function /. Identification of coefficients forces 
f(x) = — x 2 + px+q, where p and q are two arbitrarily fixed real numbers. 
This is not at all accidental. As shown in the comment that follows the solu- 
tion, every nonconstant P-function whose derivative vanishes at a single point 
is of this form. 

(iii) Let / be a P-function. By (a), the set Z = {x : ieB and f(x) = 0} has at 
least one element. We now show that if it has more than one element, then it 
must be all of M. The conclusion will follow. The proof is broken into three 
steps. 

Step 1 . If f vanishes at some point a, then f[x) > 0 for x < a, and f'(x) < 0 
for x > a. The argument is essentially the same in both cases, so we deal only 
with the first one. We argue by reductio ad absurdum. Suppose /'(x o) < 0 for 
some xo < a and let a = inf{x : x > xo and f'(x) = 0}; clearly, this infimum 
exists. By continuity of /', /'(a) = 0 and f (x) < 0 for xo < x < a; in partic- 
ular, / is strictly monotonic (decreasing) on (xo, a). Consider further the contin- 
uous real- valued function g : x i— > x + /'(x), x € ffi, and note that g(x) < x for 
xo < x < a, and g(a) = a. Since g(a) = a > x o and g is continuous, g(x) > xo 
for x in (xo, a), sufficiently close to a. Consequently, for any such x, xo < g(x) < 
x < a, and f{g(x)) = /(x), which contradicts the strict monotonicity of / on 
(x 0 ,a). 

Step 2. If f vanishes at two points a and b, a <b, then / is constant on [a.b\. 
By Step 1 , f (x) > 0 for x<b and f (x) < 0 for x > a, so f vanishes identically on 
[a,b\. Consequently, / is constant on [a. b\ . 

We are now in a position to conclude the proof. 

Step 3. If the set Z = {x : xgl and /'(x) = 0} has more than one element, 
then Z is all of K. By Step 2, Z is a nondegenerate interval, and / is constant on 
Z: /(x) = c for all x in Z. We show that a = inf Z = — °o and J3 = supZ = +°°. 
Suppose, if possible, that a > Then oc is a member of Z, by continuity of /'. 
Recall the function g from Step 1. By Step 1, /' (x) > 0 for x < a, so g(x) > x, 
f(x) is strictly monotonic (increasing), and /(x) < c for x < a. Since /(x) is 
strictly monotonic for x < a, the conditions f(g(x)) = /(x) and g(x) > x force 
x < a < g(x). Since g(a) = a < fi, and g is continuous, it follows that g(x) < j3 
for x < a, sufficiently close to a. Finally, take any such x and recall that Z is 
an interval to conclude that g{x) G Z, so /(x) = f(g(x)) = c, in contradiction to 
/(x) < c established above. Consequently, a = A similar argument shows that 

P=+°°. 

The antiderivative test for series, which we now state and prove, follows from 
the mean value theorem and the fact that a series of positive terms converges if and 
only if its sequence of partial sums is bounded above. □ 
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8.4.5. Let f be positive and nonincreasing on [k, °°) , where k is a positive integer, 
and let F be any antiderivative of f. Prove that 

(i) the series ^ =k f(n) converges if and only if F is bounded above on [k, ; 

(ii) if lim^— >ooF(x) = 0, then £“ =k f(n ) converges. Furthermore, if S is the sum of 
I n =k f(n), then 


and 


—F(m+ 1) < ^ f(n) <—F(m ) form>k (8.1) 

n=m+\ 

f(k)-F(k+l)<S<f(k)-F(k), (8.2) 


0<S- ( £/(n)-F(m+l) ) < m form>k. (8.3) 


Solution, (i) For n > k we apply the mean value theorem to F on [n,n+ 1]. 
Therefore 

F(n + l)-F(n) = F'(x n )=f(x n ), 
for somer„ £ (n,n + 1). Since / is nonincreasing, we have 

f(n+l)<f(x n ) = F(n+l)-F(n)<f(n) for n>k. (8.4) 

But 

(F(«+1)-F(n)) =F(m+l)-F(k) for m>k, 

n—k 

so relation (8.4) implies 

^f{n+\)<F{m+l)-F{k)<^f(n) for n>k. (8.5) 

n=k n=k 

Now, if Xn=jfc/( n ) converges, the right-hand term in (8.5) is bounded above, so 
that (8.5) implies that F is bounded on the set of integers that are greater than or 
equal to k. But F 1 (x) = f(x) > 0, and consequently F is increasing on [k, ; hence 

F is bounded on [&,<»). 

Conversely, if F is bounded on [&,<»), relation (8.5) implies that the sequence of 
partial sums for the series '^ =k f(n + 1) is bounded above. Thus, 1^ =k f(n + 1) and 
X“ =i ./(n) are convergent. 

(ii) The requirement that lim*— ^ F(x) = 0 can always be met if / has an antideriva- 
tive that is bounded above. For example, if f(x) = 1/(1 +x 2 ) we would get 
F(x) = arc tan x — n/2 instead of arctanx. 


8.4 Qualitative Results 
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We introduce the following notation: 

Sm = £ /(" ) > E m = X f(n ) ; 

n=fc n=m+ 1 

hence £ m is the error if we approximate S by S m . 

If lim*— ^F(x) = 0, then F is bounded on [&,<=«>), so that the series ^=k f(n) is 
convergent, by part (i). Now, if we let m— in (8.5), we obtain 

£/(n+l)<-F(*)<X/(»)- 

n=k n=k 

Since (8.5) is vahd when any k! > k is substituted for k, we have 

X f{n + 1) < -F(m) < £ /(») f o r all m > k. (8.6) 


The left side of (8.6) implies that E m < —F(m), and the right side of (8.6) implies 
—F(m+ 1) < E m . Thus, inequality (8.1) of (ii) holds for m> k. Inequality (8.2) 
follows from (8.1); just let m = k in (8.1) and add f(k ) throughout, noticing that 
S = E/ C + f(k ) . Moreover, relation (8.1) implies 

0 < E m + F(m + 1) = (S - S m ) + F(m + 1) < F(m + 1) - F{m) 
for m>k\ hence (8.4) yields 

0 < 5— (S m — F(m+ 1)) < F(m) for m>k, 
which is inequality (8.3). 

Example 1. The series Xr=i w_p converges if p > 1 and diverges if p < 1. 
Indeed, since F(x) =x l ~ p /(l — p) for r > 1, then F(x)— >0 as x— > + °° if p > 1, and 
F(x )— > + °° as x — > + oo if p < 1. Thus, for any p > 1, 

(m+l) 1 ~ p m}~ p 

(8.1) implies <E m < form>l, 

P~ 1 P I 

2 1 ~P 1 

(8.2) implies 1 H < S < 1 H . 

P ~ 1 p ~ 1 

(8.3) implies 0 < S— (S m — F(m+ 1)) < m~ p form>l. 

Example 2. Inequality (8.1) implies that S 4 approximates Xn=i ne ~” accu- 
rately to four places. Indeed, since F{x) = — e - -* 2 / 2 , then —F(m) < 0.5/10 4 when 
m > 4 > 2\/ln l0. □ 
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8.5 Independent Study Problems 


Order is Heaven’s first law. 


Alexander Pope (1688-1744), An 
Essay on Man TV 


8.5.1. Prove that 



sec* tanx + In | secx + tame] 



2 


8.5.2. Find all real numbers a such that the function f : R— >R defined by 



if x 7^ 0, 
if x = 0, 


/(*)“ 


admits antiderivatives. 

8.5.3. Prove that for any a £ [0,1], the function 



admits antiderivatives. 

8.5.4. Let f : R— >R be a function that admits an antiderivative F : R— >(0,°°). 
Prove that for any e > 0 there exists x e £ R such that \f(x £ ) \ < e. 

8.5.5. Let F : R— >R be an antiderivative of the function f : R— >R and assume 
that f(x) < | jc| / ( 1 + 1 jc| ) for anyx £ R. Prove that there exists a single pointx o £ R 
such thatF(xo) =xo . 

8.5.6. Let f : R— >R be a differentiable function such that lim x -^-^f{x)/x = 
lim x ^ + „f(x)/x = 0. 

(i) Prove that the function 



ifx* 0 , 

ifx = 0, 


admits antiderivatives. 


(Hi) Deduce that the function 



admits antiderivatives. 


Chapter 9 

Riemann Integrability 


If only I had the theorems! Then I should find the proofs easily 
enough. 

—Bernhard Riemann (1826-1866) 


Abstract. In this chapter we illustrate the definition of the definite integral of a real- 
valued function defined on a compact interval. We take a closer look at what kind 
of functions can be integrated and we develop a qualitative analysis of integrable 
functions, in a more precise way than is typical for calculus courses. The integral to 
be defined and studied here is now widely known as the Riemann integral. 


9.1 Main Definitions and Properties 


Mathematics is very much like poetry 
. . . what makes a good poem, a great 
poem; is that there is a large amount of 
thought expressed in very few words. 
In this sense formulae like e m + 1 = 0 
or jf^eC^dx = y/H are poems. 

Lipman Bers (1914-1993) 

Cauchy (1823) described, as rigorously as was then possible, the integral of a 
continuous function as the limit of a sum. Riemann (1854), merely as an a side 
in his celebrated Habilitation thesis on trigonometric series, defined the integral for 
more general functions. We describe briefly in what follows Riemann’s integration 
theory and its extensions due to du Bois-Reymond and Darboux. A more general 
theory, not considered here, is due to Lebesgue (1902). 

A partition of an interval [a, b\ into subintervals is a finite set of points 

A = {* 0 , X\ , X2, ■ ■ . ,x„} , 

where a = Xq <X \ < ■■■ < x n = b. A partition A' of [a, b\ is called a refinement of A 
if it contains all the points of A , that is, A' D A . 

Assume that / : [a, b\— >M is an arbitrary function. If A = (xo, x \ , X 2 , . . . ,x„} is a 
partition of [a, b\ , then a selection associated to A is a finite family ^ ..... ^ n ) 
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such that t,i-\ < i < §,■ for i = 1, . . . , n. We associate to f. A, and £ the Riemann 
sum S(f\A,!q) defined by 


J= 1 

We say that / is Riemann integrable on [a, i] is there exists a real number / with 
the following property: for any e > 0, there exists a partition A of [a,b] such that 
\S(f;A,t;) — I | < e, for every selection q associated to A. The number / is called 
the integral of / on [a,b] and is denoted by f(x)dx. In particular, if we change 
the values of an integrable function at a finite number of points, then the function 
remains integrable and the value of the integral does not change. 

This definition implies that if / is Riemann integrable, then / is bounded. 
However, not every bounded function is integrable. 

Example. Recall that Dirichlet’s function is defined by 


/(*) = 


ifxeQ, 
if xeK\Q. 


Then / is not integrable on any interval [a,b]. Indeed, for any partition A = 
{xo, X 2 , ■ ■ ■ ,x n } of [a.b\, each interval [x;_i ,x,] contains both rational and irra- 
tional numbers. Thus, there are two selections h, and associated to A such that 
S(f;A,t;) =b — a and S(f-,A,t;') = 0. Hence, / is not integrable on [a.b]. We also 
point out that this function is totally discontinuous, that is, discontinuous at every 
point. 

Another approach to Riemann integrability is described in what follows. 
We define the lower and upper Darboux sums associated to / : [a,b]— and to 
a division A = {xq, X\,X2, ■ ■ ■ ■ x n } of [a, b] as 


S-{f;A | = -xi i) , 5 + (/;A) = ^M t (xi -*,• i) , 

f=i i=i 

where 

mi = inf fix ) , Mi = sup f{x) . 

x i-l —X<Xi Xi- !<*<*,■ 

Then 5_(/; A) < S+(f-,A), and moreover, S-(f;A) < S(f’,A,%) < S+(f;A), for 
any selection t, associated to the division A . Further, if A' is a refinement of A , then 

S-if;A) < S-(f-A') < S+(f-A') < S + (f;A), 

and if A\ and Aj are two arbitrary divisions, then 

5_(/;A 1 )<5+(/;A 2 ). 


This shows that the set of lower Darboux sums of / is majorized by every upper 
Darboux sum and that the set of upper Darboux sums of a certain function is 
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minorized by any lower Darboux sum. Therefore, it makes sense to consider the 
supremum of the lower Darboux sums and the infimum of the upper Darboux sums. 
Thus, we define the lower Darboux integral 

rb 

/ f{x)dx := sup S-(f-,A) 

Ja A 

and the upper Darboux integral 


f(x)dx := inf S+(f; A) 


The following criterion of integrability is due to Darboux. 

Theorem. A function f : [a.b] — >R is integrable if and only if for any e > 0 there 
exists 8 > 0 such that 

S + (f-,A)-S-(f-A)<£, 

for every partition A = {xq, x i . X 2 , . . . ,x„j with max,(x,- — x,-. i) < 8. 

This implies that a function / : [a, b\— is integrable if and only if the lower and 
upper Darboux integrals are equal. In such a case we have 

f a fi x )dx := ^ f(x)dx = f f(x)dx. 


Examples, (i) The function f(x) = x is integrable on [a,b]. Indeed, consider the 
equidistant partition 


A n = {xj = a + i(b — a)/n\ i= 0, 1, 2, ... ,«} . 


Then 


and 


S-(f-An) = Xx, 


b — a b 2 — a 2 ( b — a )' 


2 n 




2 2 n 

Thus, S + {f\A n ) — S-(f\A n ) = (b — a) 2 /n^> 0 as n— 

(ii) Consider the Riemann function / : [0, 1]— defined by 


J° if x = 0 or if x € [0, 1] fl (ffi. \ Q) , 

^ * "* U iix = f e [0, l],m, n e N*, (m,n) = 1. 

We argue in what follows that / is integrable on [0, 1] and Jq f{x)dx = 0. Fix 
e > 0. Then there is only a finite number (say, p) of numbers x £ [0, 1] such 
that /(x) > e.We now choose a partition A of [0,1] with max,-(x; — x,_i ) < e/p 
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such that all real numbers x with f(x) > e lie in the interior of the subintervals. 
Then S-(f;A) = 0 and 


S + (f',A) < e + p- max(x,- -x,_i) < 2e, 


which shows that indeed, / is integrable on [0, 1] and /q 1 f(x)dx = 0. 

Classes of integrable functions, (i) Any continuous function / : [a,b\— >K is 
integrable on [ a,b\ . 

(ii) Any monotone function / : [a,b\— is integrable on [a.b]. 

We say that a set of real numbers A has null measure if for every e > 0 there 
exists a finite collection of disjoint intervals {{aj.bj)\ 1 < j <m} such that A c 
Ut | (aj, bj ) and XJL i (bj — aj) < e. An important necessary and sufficient condition 
for the Riemann integrability of a function is stated in the following result, which is 
due to the French mathematician Henri Lebesgue (1875-1941). 

Lebesgue’s Theorem. A function / : [a,b\— 4R is Riemann integrable if and only 
if / is bounded and the set of discontinuity points of / has null measure. 
Properties of Riemann integrable functions. 

(i) Additivity property of the integral: let a < b < c and assume that / : [a,c]— 
is integrable on [a, b\ and on [b, c]. Then / is integrable on [a, c] and 


[ f(x)dx= [ f(x)dx+ [ f{x)dx. 
Ja Ja Jb 


(ii) Let / be integrable on [a,b] with m < f(x) < M for x £ [a,b]. If <p is contin- 
uous on [ m,M ], then (pof is integrable on [a.b]. This property implies that if 
/ is integrable on [a.b], then /+, /~, |/|, and / 2 are also integrable on [a,b]. 
Moreover, 



Newton-Leibniz Formula. Let / be integrable on [a.b]. If/ 7 is an antiderivative 
of /, then 





Fundamental Theorem of Calculus. Let / : I — where I is an interval, and 
suppose that / is integrable over any compact interval contained in I. Let a £ I and 
define F(x) = J* f(t)dt, for any x £ I. Then F is continuous on I. Moreover, if / is 
continuous at xo £ /, then F is differentiable at xo and F'(x o) = f(x o). 

Integration by Parts. Let / and g be integrable on [a.b]. If F and G are 
antiderivatives of / and g, respectively, then 



F(x)g(x)dx = F(b)G(b ) - F(a)G(a) - J f(x)G{x)dx. 


9.2 Elementary Examples 
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Change of Variables in the Riemann Integral. Let <p be of class C 1 on the 
interval [a,/3], with a = <p(a) and b = <p( J3). If / is continuous on <p([a, j3]) and 
g = fo(p, then 

J a f( x )dx = jP g(t)(p'(t)dt . 

First Mean Value Theorem for Integrals. Let / : [a,b \— be a continuous 
function. Then there exists t, £ [a, b] such that 

J a f{x)dx={b-a)f(Q. 


The following result is sometimes called the Weierstrass form of Bonnet’s the- 
orem. In Bonnet’s form, the monotone function g is assumed to be positive and 
decreasing on [a,b\. 

Second Mean Value Theorem for Integrals. Let /, g : [a,b ]— >R be such that / 
is continuous and g is monotone. Then there exists t, £ [a,b\ such that 

J a f( x )g(x)dx = g(a) ^ f(x)dx + g(b) j^ f(x)dx. 


9.2 Elementary Examples 


Although to penetrate into the intimate 
mysteries of nature and thence to learn 
the true causes of phenomena is not 
allowed to us, nevertheless it can 
happen that a certain Active hypothesis 
may suffice for explaining many 
phenomena. 

Leonhard Euler (1707-1783) 


9.2.1. Let 0 <a<b. Explain the curiosity 


rb l f rk 

/ —dx=l\ + 

Ja Xlnx Ja 


xlnx 


-dx. 


Solution. Integrating by parts, we have 


rb 1 rb 1 \" rb 1 

/ dx= / (lnxY dx= 1 + / dx. □ 

Ja xlnx J a Inx Ja xlnx 


■b l 
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9.2.2. Let f : R— »R be a continuous function such that for all x G R, 



= 0 . 


Show that f = 0. 

Solution. We have, for any x ^ 0, 

[ f(x)dx= f f(u)- = -[ f(u)du. 

Jo Jo x X Jo 

Hence 

I f(u)du = 0 for all x G R. 

Jo 

This shows that 

L[f(u)du=o, 

which shows that f(x) = 0 for all x G R. □ 

9.2.3. Let p, q be positive numbers. Prove that 

[\l-x p ) 1/q dx = (\\-x!*) l l p dx. 

Jo Jo 

Solution. More generally, assume that / is a decreasing continuous function on 
[a,b\. Then its inverse function g exists in [f(b),f(a)} and is also decreasing and 
continuous. Hence 

g(y)dy= J a g{f{t))f{t)dt = J tf(t)dt 
= af(a) - bf(b) + J f(t)dt. 

If additionally we have f(a) = b and f(b) = a, then 

la g ^ dt = la ' 

The functions f{x) = (1 — x q ) i/p and g(x) = (1 — x p ) ]/q represent in [0,1] a 
special case of this situation. □ 

9.2.4. Letf : [0, 1]— >[0,°°) be a continuous function such that 

f 2 (t)< 1 + 2 f f(s)ds, Vf G [0, 1]. 


Prove that f(t) < 1 + 1 , for all t G [0, 1] . 
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Solution. Let 

g(t) = 1 + 2 f f(s)ds. 
Jo 

Then g'(t) = 2/(f) < 2yfg(t), so 


vw)-^= r 

Jo 


2 VsU) 


ds < 


f ds = t. 

Jo 


Hence f(t) < y/g(t) < 1 +t. □ 

9.2.5. Let f : [1,°°)— >K be such that f (l ) = 1 and 

Prove that lim*— >,*>/(x) exists and this limit is less than 1 + f . 

Solution. Since f > 0, our function / is increasing, so f(t) > /( 1 ) = 1 , Vf > 1. 
Hence 


fit) = tt 


/*(/) < t 2 +l’ 


Vt > 1. 


It follows that 


f{x)-\+j i f{t)d t <i+j -±- x dt<\+j^ ^L. dt -i + 

Thus, lim*— > «,/(*) exists and is at most 1 + f . This inequality is strict because 

l,fi x ) = * + J t f'(t)dt<l + J t 2 + ^ dt = 1 + — . □ 


lim 


9.2.6. Prove that the function 

F (k)= r /2 ** 

Jo vl — kcosfx 


k€ [0,1), 


is increasing. 

Solution. Fix 0 < k\ < k 2 < 1. Then, for all x 6 (0,7t/2), 


— cos 2 x > — ^2 cos 2 x, 

\/l — &1 COS 2 X >\/ 1 — ^2 COS 2 X, 
1 ^ 1 
i/l — ki COS 2 X y/l — ^2 COS 2 X 


■M 3 
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Hence 



9.2.7. Let/ : [0,a]— be a continuous function. Prove that 


lo Uo^ d *) dy = lo ^ x ~ y ^^ dy - 


Solution. The integral on the left-hand side can be rewritten as 

[ (p{y)v{y)dy, 


'o 


where tp(y ) = 1, y/(y) = /q f(t)dt. An integration by parts concludes the proof. □ 

9.2.8. Let f : [0, 1]— be a differentiable function such that/'(0) < 2 < /' ( 1 ) . 
Prove that there exists xq £ (0, 1) such that f (xq) = 2. 

Solution. Consider the function g(x) = f(x) — 2x. We have y'(0) < 0 < g'(l), 
so g(x) < g(0) for x sufficiently close to 0 and g(x) < g( 1 ) for x sufficiently close 
to 1 . So, the minimum value of g in [0, 1] is achieved for some xq G (0, 1) . Thus, by 
Fermat’s theorem, g'(x o) = 0. It follows that f'(xo) = 2. □ 

9.2.9. Prove that the following limit exists and is finite: 



Solution. Let 



It is enough to show that this function is increasing and bounded from below. 
Indeed, for any x,t > 0 we have (x + t) 4 >x 4 + f 4 . Hence 



Next, we prove that I'(t) > 0. We first observe that 



By the substitution y = x/t we obtain 
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Therefore 


J\t) = - 


f 2 (iA 4 +i)V 4 


+ - >0. 


□ 


9.2.10. Let f : [0,a]— >[0,°°) be a continuous function such that /( 0) = 0 and f 
has a right derivative and f' d ( 0) = 0. Moreover, we assume that 

f(t)<f—ds , VfG[0,a]. 

Jo s 


Prove that f = 0. 

Solution. Let 


70 ^ 


Then F is well defined because the function f(s) / 5 can be extended by continuity 
in s = 0, since lim s — >of(s) js = /'( 0) = 0. Furthermore, we have 


F\t) 


= m < m 

t - t 


so 

(^)'<0, VfG[0,fl]. 

Thus, the mapping F(t)/t is decreasing. Since F(0) = 0, we find that Fit) < 0. 
But F(t) > 0. Hence F = 0, that is, / = 0. □ 

9.2.11. Letf: [0, 1]— dR be an integrable function such that 
[ f(x)dx= [ xf(x)dx = 1 . 

Jo Jo 


Prove that / 0 ’ f 2 (x)dx > 4. 

Romanian Mathematical Olympiad, 2004 
Solution. A direct application of the Cauchy-Schwarz inequality implies 



so Jo f 2 (x)dx > 3. 

In order to find a stronger bound we start from J 0 ' if{x) + ax + b) 2 dx > 0, for 
any real numbers a and b. Therefore 

/* 1 a 2 

/ f 2 (x)dx > b 2 -2a-2b-ab. 

Jo 3 

We are interested in finding a and b such that E[a,b) = —cr/2 — b 2 — 2a — 2b—ab 
is maximum. For this purpose we first fix the real parameter b and consider the 
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mapping tp(a ) = —a 2 / 3 — (b + 2) a — b 2 — 2b, which achieves its maximum for 
cim = — 3(b + 2) /2. Then (p(aM ) = 4 — (b — 2) 2 /4, which is maximum for b = 2. 
The above argument implies that the maximum of E(a,b ) is 4 and it is attained for 
a = — 6 and b = 2, so the minimum is achieved for /(x) = 6x — 2. This concludes 
the proof. □ 

9.2.12. Fix real numbers a, b, c, d such that a ^ b and let g : [a,b\— be a 
continuous function satisfying g(x)dx = 0. Find a function f such that f 2 (x)dx 
is a minimum subject to the conditions f a f{x)dx = c and f a f(x)g(x)dx = d. 

J.R. Hatcher, AMME 1104, 1954 
Solution. For any real numbers A and jLt we have 

j b a lf{x)-Xg{x)-n] 2 dx> 0. 

Set A = g 2 (x)dx. If A > 0 then the above inequality can be rewritten as 



(AA-d) 2 

A 


[( b-a)n-c ] 2 
b — a 


This implies that the required minimum is d 2 A -1 +cr(b — a)~ l , and it is achieved 
if and only if f(x ) = dA f g(x) + c(b — a)~ l . 

If A = 0 (such a case is possible only if d = 0) then g = 0. The Cauchy-Schwarz 
inequality implies that the minimum of f 2 {x)dx is c 2 (b — a) -1 , and it is attained 
if and only if f{x) = c(b — a) -1 . □ 

9.2.13. Find all continuous functions f : R — such that for all real x and any 
positive integer n we have 


rx+l/n l 

n l f(t)dt = nf{x) + - . 

Solution. By hypothesis we deduce that / is differentiable and, for all ngN* 
and any rgl, 

«[/(*+J)-/w] =/«- (9.D 

Therefore 

«[/(*+£)-/'«] =/"W. (9.2) 

Replacing n by 2n in (9.1) we obtain 

2n [f{x+^j- f (x)\=/(x). (9.3) 
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Relation (9.1) also implies 

2«[ / (x+i)-/w] =2/(x). (9.4) 

Using again (9.1) and replacing x by x+ 1 jn and n by 2 n, we have 

4H)-4 + i)] = 4 + £)' (9 - 5) 

By (9.3) and (9.4) we have 

(9 ' 6) 

So, by (9.5) and (9.6), 

f(x) = f (x+ , VneN*, VxeR. 

Using now (9.1), we deduce that f"{x) = 0 for all i e I, so f(x) = ax+b, for 
some real numbers a and b. Using the hypothesis, a straightforward computation 
yields a = 1 and b is an arbitrary real number. □ 

9.2.14. Let f : [0, 1]— be a continuous function with the property thatxf(y) + 
yf(x) < 1, for all x, ye [0,1], 

Show that 

[ f(x)dx<n/ 4. 

Jo 

Find a function satisfying the condition for which there is equality. 

International Mathematics Competition for University Students, 1998 
Solution. Set I = f(x)dx and observe that 

I = f 7 /(cost) sin tdt = [ 7 /(sin t ) cos tdt . 

Jo Jo 

So, by hypothesis, 

21 < f 7 ldt = -. 

Jo 2 

For the second part of the problem, consider the function f(x) = \/l —x 2 . □ 

9.2.15. Letf : [0, 1]— >(0,°°) be a nonincreasing function. Prove that 

fo 1 xf 2 (x)dx < ip f 2 (x)dx 
Jo xf(x)dx - fdf(x)dx 


Putnam Competition, 1957 
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Solution. Since / is positive and nonincreasing, it follows that 

[ [jJ 1 mm (x - y ) (m - m ) <**] ^ < o . 

Expanding, we obtain 


/ /(y)<fy- / */(*)<** / / 2 (y)rfy 


'o J ./o |yo J ./o 


- [ ff 2 (x)dx\ 

/ yf(y)dy+ \ [ yf(y)dy\ 

[Jo J 

Jo P® J 

= 2 \[ l xf 2 (x)dx 

I [ f(x)dx — 2 \ ( xf(x)dx\ 

[Jo 

\ Jo po J 

The proof is now complete. 

□ 


9.2. 1 6. For what values ofct > 1 is 


f{x) dx 

f 2 {x)dx< 0. 



x- I 
_ 32 _ 


minimum? 


Harvard-MIT Mathematics Tournament, 2003 

Solution. Define /(a) = j In an( t let E(x) be an antiderivative of the 
function (1,°°) 3 x i — > - In 4^-. So, by the Newton-Leibniz formula, f(a) = 
F(a 2 ) — F(a). Hence 

/’(a) = laCia 1 ) - F» = - In 

a 32 a 32 

_ ln(a— l)(a+ l) 2 — ln32 

a 

It follows that /(a) < 0 if a G (1,3) and /'(a) > 0, provided a £ (3, °°). This means 
that /(a) achieves its minimum for a = 3. □ 

The following is the same problem as 9.2.15 but with a different solution. 

9.2. 1 7. Let f be a positive nonincreasing function defined in [0, 1] . Prove that 


fo l xf 2 (x)dx < f 0 1 f 2 (x)dx 
Jo xf(x)dx ~ Jo f(x)dx 

Putnam Competition, 1957 


Solution. Define <p : [0, 1]— by 
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Then <p( 0) = 0, and for all x G [0, 1], 

<P'M = /(*) [ {t~x) [f{x) - /(f)] f{t)dt > 0 . 

Jo 

Therefore <p(l) >0, which concludes the proof. □ 

9.2.18. Let A be an arbitrary nonnegative number and fix p > 1. Prove that there 
exists no continuous function f : [A,°°)— >R (f ^ 0) such that \f(x) > j^\f(t)\ p dt, 
for all x> A. 


H. Diamond, Amer. Math. Monthly, Problem 6422 


Solution. Arguing by contradiction, set f(x) := \f(t)\ p dt. Then F(x o) > 0 for 
some xq > A and F'(x) = \f(x)\ p in (A,<»). Thus, by hypothesis, F'{x) > F p (x), and 
thus F'/F p > 1 in [jcq , °°) - Integrating this inequality on [xq.x], we obtain, for all 


F ] - p (x 0 )-F ] - p (x) 


It follows that F (x) is negative for x large enough, a contradiction. □ 
9.2. 1 9. For —n/2 <x< n/2, prove the inequality 



M. Golomb, Math. Magazine, Problem Q887 

Solution. We first observe that both sides of the inequality are even functions. 
Thus, it is sufficient to assume that x G [0.7t/2). We have 


/ costdt = sin* and 

Jo 



Next, we apply the Cauchy-Schwarz inequality 



with /(f) = /cost and g(t) = 1 /y/cost. The conclusion follows. □ 


9.3 Classes of Riemann Integrable Functions 


Nature is not embarrassed by 
difficulties of analysis. 


Augustin Fresnel (1788-1827) 


As an application of the mean value theorem for integrals, we know that if 
/ : [a,fe]— is a continuous function, then for all * £ [a,b\ there exists c x G ( a,x ) 
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such that f* f(t)dt = f(c x ) (x — a) . The next result gives a better understanding of 
the behavior of c x as x approaches a. 

9.3.1. Assume thatf is a continuous function in [a, b] that is differentiable in a 
andf(a+) ^ 0. Ifc x e ( a,x ) is such that f*f(t)dt = f(c x )(x — a), prove that 


Solution. Consider 


lim ~ + a 

x\a ( x — a) 2 


B. Jacobson 


(9.7) 


Applying the mean value theorem for integrals, we obtain 


lim fa f(t) dt ~ x f ( a ) + a f ( a ) 
x\a (x — a) 2 


= lim 


= lim 

x\a 


f(c x )(x-a)-f(a)(x-a) 

{x-a ) 2 

f( c x) — f(o) 

x — a 


= lim - = /(„). to 
x\a X — a X—a x\a x — a 


Applying L’Hopital’s rule to (9.7), we obtain 

lim S X am dt -xf{a)+af{a) _ ^ /(*)-/(<*) /(«) 

x\a (x — a ) 2 x\a 2 (x — a) 2 


It follows that linv\ a (c x — a)/(x — a) = 1/2. □ 

Exercise. Assume that f is continuous in [a,h], and is k times differentiable at a 
with /W (a+) = 0 (i = 1, 2, . . . , k — 1) and /W (a+) ^ 0. If c x € (a,x) is such that 
faf(t)dt = f(c x )(x— a), then 


.. c x -a 
lim 

;c\a x — a 


1 


The following result is sometimes called the Riemann-Lebesgue lemma. It holds 
in the general framework of Riemann integrable functions / : [a, h]— dR, but we will 
prove this property for continuously differentiable functions. 

9.3.2. Let f : [a,h]— dR be a continuously differentiable function. Prove that 



sin nxdx = 0. 


9.4 Basic Rules for Computing Integrals 
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Solution. Integrating by parts, we obtain 


1 1 : 


■b 


f(x) sin nxdxl 


f (a) cos na — f(b)cosnb 1 f b 


n 


+ - / f'(x) cos nxdxl 


2max x€[a fe] |/(x)| 



n 


nJa xe[a,b] 


as n— >°°, since both / and f are bounded on [a, b], as continuous functions. □ 


9.3.3. Let f : [— 1, 1]— be a continuous function. Prove the following proper- 
ties: 

(i) Iffo 1 f(sin(x+t))dx = 0 for all t G R, then fix) = 0 for all xM jjHM]- 

(ii) If Jq f(sin(nx))dx = 0 for all n € Z, then f(x) = 0 for all x G [—1,1]. 


Dorin Andrica and Mihai Piticari 


Solution, (i) Taking y = x + 1 we deduce that j t i+t f(s\ny)dy = 0 for all t G R. 
Differentiating this equality, we obtain /(sin(l +t)) = /(sint) for all tel. Taking 
t = n 6 N, we find that /(sinn) = /(sinO) = /( 0) =: C. Thus, /(sinn) = C for all 
n € N. We have proved in Exercise 1.3.26 that the set {sinn; n G N} is dense in 
[—1,1]. Using now the continuity of /, we conclude that fix) = C for all rgl. 
Returning to our hypothesis, we deduce that C = 0. 

(ii) Taking y = nx, we obtain Jq f(smy)dy = 0 for all n £ Z. Setting F(x) = 
fx + l /'(siny)rfy, we deduce that F(n) =0 for all n e Z. Since the function 
sin is 27T-periodic, we obtain Fin + 2kn) = 0 for all n, k £ Z. But the set 
{n + 2kn\ n,kGZ} is dense in R. So, by the continuity of F, Fix) = 0 for 
all rgl. Therefore F'(x) = /(sin(x+ 1)) — /(sinjc) = 0. Taking again x = n, 
we obtain /(sin(n + 1)) = /(sinn) = /( 0) =: C for all n G N. With the same 
arguments as in (i) we conclude that f(x) = 0 for any x G R. □ 


9.4 Basic Rules for Computing Integrals 


The profound study of nature is the 
most fertile source of mathematical 
discoveries. 


loseph Fourier (1768-1830) 


9.4.1. Evaluate the definite integral 


i: 


sinnx 


dx, 


. K (1 + 2*) sinx 


where n is a natural number. 
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Solution. We have 


•■-Lw- 


-dx 


J-j i (l + 2 X ) sinx 

f K sin nx t | f° sin nx t 

= Jo ( 1 + 2 JC ) sinx dX + J-n ( 1 + 2*) sinx 
In the second integral we make the change of variable y = —x and obtain 
f 71 sum* f 71 sin ny 

Jo (1 + 2*) sinx X+ Jo (l + 2“>’)sin;y y 


rn (1 + 2*) sin nx 
'o (1 +2 X ) sinx 
f n sinnx 


dx 


-dx. 


For n> 2 we have 


f n sinnx — sin(n — 2)x , 

h- In-2 = / : dx 

Jo sinx 


= 2 [ cos(n— l)xdx= 0. 

Jo 

Since Iq = 0 and l\ = n, we conclude that 


In = 


if n is even, 
if n is odd. □ 


9.4.2. Let nbea positive integer. Compute 


l 


K 


2 + 2cosx — cos(n— l)x— 2cosnx — cos(n + l)x^ 

1 — cos2x 


Solution. Let a„ be the value of the integral. Then ao = 0 and a\ = k. For any 
n > 0 we have 


«n+i — 2a n + a n -\ 


r 

Jo 

r 

Jo 


cos( — 2 + n)x — 2 cos nx + cos(2 + n)x 
— 1 + 2cosx 

2cos«x(— 1 + cos 2 x)^ ^ 

— 1 + cos2x 


Thus, a „+ 1 — a n = a„ — a„- 1 , so (a„) is an arithmetic progression. Hence a n = nn, 
for all n > 0. □ 
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If one must choose between rigor and 
meaning, I shall unhesitatingly choose 
the latter. 

Rene Thom (1923-2002) 

9.5.1. Let f : K — > (0,°°) be an increasing differentiable function such that 
lim A ^„/(x) = °o and f is bounded. 

LetF(x ) = /o f(t)dt. Define the sequence (a n )n>i inductively by 

a\ = 1, a n+1 = a n + — , 

/On) 

and the sequence (b n ) n > i byb„ = F~ l (n). Prove that \\m n ^^{a n — b n ) = 0. 
Solution. By hypothesis it follows that that F is increasing and b n = °°. 

Using the Lagrange mean value theorem, we deduce that for all positive 
integers k, there exists % £ {a k ,a k+ \) such that 


F(a k+1 )-F(a k )=m(a k+l -a k ) = 

By monotonicity, f(a k ) Z /(§) < /(ajfc+i ); thus 

1 < F(a k+t ) - F(a k ) < < 1 + ~ . (9 . 8) 

/0*) f{a k ) 

Summing (9.8) for k = 1, . . . , n — 1 and substituting F(b n ) = n, we have 

F(b n ) <n + F(ai) < F(a„) < F(b n ) + F{a{) + X • (9-9) 

From the first two inequalities we deduce that a n > b n and lim n _>oo a n = °°. 

Fix e > 0. Choose an integer K e such that f{ci k£ ) > 2/e. If n is sufficiently large, 
then 


FOi) 


V /Ot+Q-ZOt) 

/ 0 *) 



/Otr+l)-/Qt) 

f( a k) 


n - 1 
k=Ke 


/Ot+i)-/Ot) 

f( a k) 


(9.10) 


<° £ (i) + 707tX (/(fl ' +l)_/K)) 

<O e (l) + |(/0n)-/0^))<e/0»)- 
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Inequalities (9.9) and (9.10) together say that for any positive e, if n is sufficiently 
large, 

F(a n )-F{b n ) <ef{a n ). 

Applying again the Lagrange mean value theorem, we obtain a real number £ G 
{b„,a n ) such that 

F{a n ) - F(b n ) = /(£)(«„ - b n ) > f(b n )(a n - b n ) . 


Therefore 

f(b n )(a n -b„)<ef(a n ). (9.11) 


LetB be an upper bound for/'. Since /(«„) < /(&„) +B(a n — b n ), relation (9. 11) 


yields 


f(bn)(a n - b n ) < e(f(b n ) +B(a n - b n )) ; 


hence 

Since lim„_ >00 /(fc n ) 


(f(b n )-£B)(a n -b n )<£f(b n ). 
the first factor is positive, and we have 


0 < a n - b n < £ 


f(bn) 

f(b„)-£B 


<2 £, 


provided n is sufficiently large. This concludes the proof. □ 

We have established in Chapter 2 that the harmonic series X^=i l/ n diverges, but 
we have asserted that the sequence {a n )n > t defined by 


a n = 



— Inn 


converges to a positive number y, called Euler’s constant. We are now in position to 
prove rigorously this important result. 

9.5.2. Prove that the sequence (a n ) n > l defined by 


: y I 


— In n 


converges to a positive number y e (0,1). 

Solution. For any n > 2, set 

= Inn — ln(n — 1) — — . 

It follows that X 2 -\ \-x n = 1 — a n , so it is sufficient to show that the series 

converges to a number i £ (0,1). We observe that 

/' * 

Jo n[n-x) Jo \n — x n 


^dx = x n . 
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Therefore 

r l x 1 11 

0<x„= — -dx<— — = ■ 

Jo n(n — x) n(n— 1) n— 1 n 

We deduce that the series S«= 2 X « i s convergent and 

0 < X x n < 1 > 

n= 2 

which concludes the proof. □ 

9.5.3. Letf : [0, 1]— >[0,°°) be a continuous function. Define, for all n > 1, 

In{f) = nf\f{t)] n dt. 

Jo 

Find the limit of the sequence (/„(/))„> i in the following cases: 

(i) ifmax xe[0A] f(x) < 1; 

00 if max xe[0 ,]/(jc) > 1. 

Solution. If max x6 [ 0 j] /'(x) < 1, then there exists e > 0 such that f(t) < 

1 — e < 1, so 

|4| < «(1 — > 0 as n— »°°. 

If max xe [o.i] /( x ) > 1> then there exists to G [0, 1] such that /(to) > 1. Assume 
to G (0, 1). Then, by the continuity of /, there exists t] >0 such that /(t) > 1 + e > 1, 
for all t G [to — t? , to + 1? ] • Therefore 

In > 2nT](l + e)"— asn— »°°. 

Similar arguments can be applied if to G {0, 1}. O 

9.5.4. Let f,g : R — be continuous functions such that f(x+ 1) = f(x) and 
g(x + 1) = g(x), for all xel. Prove that 

}^lj 0 f( x )s( nx )dx= (^J f(x)dxj (^J g{x)dxj . 

Solution. Since J 0 ' f(x)dx = X"lo we have 

f 1 f(x)g(nx)dx= -X [' f((x + k)/n)g(x)dx 
Jo n k=0 Jo 

= j o g(x ) £ /((x+&)/«) • X - — *(^J q f(x)dxj ■ g(x)dxj . 

9.5.5. Letf : [0, 1]— be a continuous function. Compute 
(a) f x n f(x)dx. 

Jo 
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(b) ['jfftfdx. 

Jo 

Solution, (a) Fix e > 0. Let 

L = max (|/(jc)| + 1) and 0 < 5 < mini — , l) . 

*e[0,ij 12L J 

We have 

I/ 1 x n f(x)dx\ < [ 1 x"\f(x)\dx<L8< l 
|Jl-S | Jl-8 2 

and 

\£~ S x»f(x)dx\ < £~\\-8) n \f{x)\dx<L{\-8) n+l . 

It follows that 

lim / jpf(x)dx = 0. 

n~>°°Jo 

(b) We claim that 

lim nf x n {f(x)-f(l))dx = 0. 

n—>°° Jo 

For e > 0 fixed, let 5 > 0 be such that \f(x) — /(1)| < e/2, Vx e [1 — 8, 1], Hence 

I n[ ^(f(x)-f(l))dx\ <n [ x?\f(x)-f(l)\dx<n [ 

| Jl—8 | Jl—8 Jl—8 2 2 

Taking L = sup^^j \f(x) - /(l) |, we have 

I r 1-5 I r 1-5 Ci — S')" -1-1 

\n ^{f{x)-f{\))dx \<n / x"Ldx = n — — , 

| jo | Jo n + 1 

which concludes the proof of our claim. 

Finally, it is enough to observe that 

n [ 1 x?f(x)dx = n C x n (f(x)-f(\))dx+n [' f(l)jfdx->f(l). □ 

Jo Jo Jo 

9.5.7. Let / : [0, 1]— >R be a differentiable function such that 

sup |/(x)|=M<oo. 

*(0,1) 


Let n be a positive integer. Prove that 
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Solution. We have 


po n Jo p v n Jj/n ) 

<1/ \fU/n)-f(x)\dx. 

j=o J i/ n 

On the other hand, by the Lagrange mean value theorem, we obtain that for any 
x G {jjn, ( j + 1) /n) there exists c x G ( j/n,x ) such that 


/fe) = 


m-fU/n) 

x-j/n 


By the hypothesis that f is bounded we deduce that 

\f(x)-f(j/n)\<M(x-j/n), VxG (j/n- (j+l)/n). 

Hence 


f(i/n) r 1 t, 1 r0+ l )/ n 

/ f(x)dx < X / M(x — j/n)dx 

n JO j=o J j/ n 

= „" E 79±i)!_4_ A =m " e ‘_L = « □ 

; toV 2 «- 2 «- « 2 / jTo 2 "- 2 « 


9.5.8. Let / : [0,°°)— >[0,°°) be a continuous function with the property that 
lim x ->oof(x) Jq f(t)dt = t G (0,°°). Prove that limj_,„/(r)\/r exists and is Unite, 
and evaluate it in terms of l. 


C. Popescu and D. Schwartz 

Solution. Let F : [0,°°) —*■ [0,°°) be defined by F(x) = f(t)dt. Since / takes 
on nonnegative values, it follows that F is increasing, so 

lim F(x) = sup (F(x) : x > 0} > 0. 

We now prove that lim j: _ > «,P(x) = Indeed, if this limit is finite and equals 
L > 0, then lim /(x) = i/L. Hence f(x) > £ / (2L) for x > xo > 0. So, for all 
x > xo, F(x) = F{x o) + J'* g f(t)dt > t(x — xo) /(2 L) , which contradicts the assump- 
tion that lim^oo F(x) is finite. 

Applying l’Hopital’s rule, we obtain 

F 2 (x ) 

Jim — J— = 2 Jim/(x)F(x) = 11. 
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It follows that lim^co = \flt. Finally, we write 


/(*)>/* = 


f{x)F(x) 

F(x) 


for x large enough, to conclude that lim X ^^f(x)\/x exists, is finite, and equals 

vm- □ 

9.5.9. Assume that f is a real-valued continuously differentiable function on 
some interval [a,°°) such that f (x) + af(x) tends to zero as x tends to infinity, 
for some a > 0. Prove that f(x) tends to zero as x tends to infinity. 

Solution. Set g := f + a f. Arguing by contradiction, there exist C\ > 0 and a 
sequence (x n ) n >\ such that lim n _ = °° and \f(x n )\ > C\, for all n > 1. Without 
loss of generality, we can assume that f(x„) > Ci, for all n > 1. Hence f'{x n ) = 
g(x n ) — af(x n ) < g(x n ) — a Ci. So, since g(x)— >0 as x— and a > 0, there exists 
No e N such that f'(x„) < — aC\/2 = — C2, for all n> No. Therefore 


f{Xn) C 2 
f(Xn) ~ Q 


-C3, 


for all n > No, where C3 > 0. By integration on [a,x„\ in the above inequality we 
obtain 


In f{x n ) < -C 3 x n + C 4 , 


or equivalently, 


f(x„) < e - C3Xn+c * , 


for all n > No- This implies f(x n )— >0 as n — which contradicts our assumption 
f(x n ) > C\ > 0, for all n > 1. In conclusion, lim*— ^f(x) = 0. It is obvious that the 
statement does not remain true if a < 0. Give an example! □ 

9.5. 1 0. (i) Prove that for any positive integer n, 


(«—!)!< n n e "e < n! . 


(ii) Deduce that 

(n!) 1 /" _ [n! j l/n 
approaches e 1 as n tends to infinity. 

Solution, (i) A direct proof uses an induction argument based on the inequalities 




An alternative proof using the integral calculus uses the evaluation and compari- 
son of /" In xdx with the upper and lower Darboux sums associated with the partition 
(1,2, . . . ,n) of the interval [ 1 , «] . 
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(ii) Taking the nth root of the right inequality in (i), we obtain 
ne“ 1 e 1/,! <(n!) 1/n . 

Dividing by n yields 



n 


On the other hand, we multiply the first inequality in (i) by n and take the nth root. 
Therefore 


(n!) 1 /”<ne- 1 e 1 /”n 1 /«. 


Dividing by n yields 


n e 

But both n 1 /" and e 1 /" approach 1 as n becomes large. Thus our quotient is squeezed 
between two numbers approaching e - 1 , and must therefore approach e“ 1 . □ 

9.5.11. Letg : [0, 1] — be a continuous function such that linx (: _ > o+ g(x) jx exists 
and is Unite. Prove that 


lim [ l g(x n )dx= f'zQ-dx. 

Jo X 


D. Andrica and M. Piticari 


Solution. Define the function h : [0, 1] — > M by 

w , )= 14 1 if>e(0,l], 

\lim^ 0 ,x>o^ if f = 0. 

Then h is continuous, and we can set 

H(x) = f h{t)dt . 

We have 0 

n J g(rf')dx = n J xfh(x5)dx = xH(x5)\q — J H(x n )dx 

= H( 1)- [' H(x n )dx= [' $Q-dx- C H{^)dx 

Jo Jo x Jo 

If 0 < a < 1, then 

^H(xT)dx\ < jf* \H(x n )\dx = £ \H(x n )\dx+£ \H{?)\dx 
< a\H(a”)\ + (1 —a)M, 


(9.12) 


where a„ e [0, a] and M = max ;€ | 0 j | H(t) \ . 
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Consider e > 0 such that a > 1 — e/(2 M). Since \H{af)\ = 0, it follows 

that a\H(a%)\ < § for all positive integers n > N(e). Relation (9.12) yields 

Hence lim„^o= Jq 1 Hjxfjdx = 0 and the conclusion follows. □ 

9.5. 12. Let g : [0, 1] — be a continuous function such that\im x -^o+ g(x) /x exists 
and is finite. Prove that for any function f : [0, 1]— of class C 1 , 

limn [ f(x)g{J l )dx = f{ 1) [ — dx. 

Jo Jo x 

D. Andrica and M. Piticari 

Solution. For any x £ [0, 1], define G(x) = Jq g(t)/tdt, and observe that 

n I* f(x)g(x n )dx = n [' x”f(x)^p-dx 
Jo Jo x n 

= G{^)xf{x) \l~ J o [xf (x) + f(x)\ G(x")dx (9. 13) 

= G(1)/(1)- f\xf'(x)+f(x)]G(x n )dx 
Jo 

= / (1) [ ^-dx-j\xf'(x)+f(x)}G(x n )dx. 

We will prove that 

lim [ \xf\x) + f(x)\G(x n )dx = 0. 
n->°°J 0 

Indeed, by considering M = max xe p.i] | xf(x) + fix) | , we have 

\f o [xf'{x)+f{x)\G{x n )dx\ < \xf'{x)+f{x)\\G^)\dx 

< M f 1 \G{x")\dx. 

Jo 

Using that lim„^«, /q 1 | G(x") \dx = 0 (see Exercise 9.4. 11), our conclusion follows 
from (9.13). 

Some direct consequences of the above property are the following: 

(i) Iff : [0, 1] — > R is a continuous function, then 


9.5 Riemann Iintegrals and Limits 
(ii) If a > 0, then 


f 1 x" , , a + 1 

dx = In . 

a + x" a 


(iii) If/ : [0,1]- 


The properties 


and 


r f J 

lim n / — 

n— 90 a H 

Romanian National Olympiad, 2001 
£ is a continuous function, then 


}^L n J 0 f( x ) ]n ( l +^) dx = y^/W- 

lim n [ = ln2 

ii X«+l 


r f 1 2 , n 

n >o ° Jo x~ n x n 1 3 v 3 

are direct consequences of the more general property stated in the following 
exercise. □ 

9.5.13. Let f : [1, + °°)— >K be a continuous function such that the limit 
lim x -^e°xf{x) exists and is Unite. Prove that lim ? — f( ^p-dx exists and 


lim n r f(x n )dx= lim f ^-dx, 
»— >•“ 91 1 X 


for any a > 1 . 


D. Andrica and M. Piticari 


Solution. Define lim,^r/(r) = £, where £ € R. Thus, we can find a real num- 
ber X() > 1 such that for any x > xq, 

£-1 f(x) £+1 

9 — — 9 * 

X A X X L 

Choose m > 0 satisfying £ — 1 + m > 0. Then, for any x > xq, 


Q< l-l +m < f(x)_ + m < £+ l + m 


(9.14) 


Define the function J : [1 , °°)— >R by 




Then 9 is differentiable and 
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Therefore J is an increasing function on the interval [xo, + °°). Moreover, using the 
last inequality in (9.14), we get by integration 


r° / fW m\ , 


•£+l+m 

*0 


for any f > *o- It follows that lim ( — is finite. On the other hand, 

r 


hence 


rm 

'l X 

/*/(*) 


7(f) = dx + m ( 1 — - 


lim [ ———dx = lim /(t) — m, 
«-Wl x 


which is finite. 

For a fixed number a > 1, define 


J(t) = tj f{xf)dx and U(t) = J ^-^-dx. 

Because the function g : [1, + °°)— +K defined by g(x) = xfix) is continuous and 
lim*— ^^g(x) is finite, it follows that g is bounded. Thus, there exists M > 0 such that 


\g(x)\<M, xe[l,°°). 

Changing the variable x=u l , we obtain dx = tu l l du, hence 

r /(«'). 


£/(<)»« 

From (9.15) and (9.16) we obtain 


-du. 


\j( t )-u(t)\=t [m d x-[i^dx\ 

= t J (fix 1 ) - dx\ < t J | fix*) | 

=t jy W )^d X , tMj ;^dx 

= Mt[ T l 7 (a-^ 1 -l)-i(l-a-')], f > 0. 

Um - 1) - j(l - a”')] = 0, 


(9.15) 


(9.16) 


(9.17) 


Because 
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from (9.17) it follows that 


hm J{t) = Urn [7(f ) . 

Therefore 

lim f ^-dx = lim fmdx., 
and the desired result follows. □ 


9.6 Qualitative Results 

I listen only to Bach, Beethoven or 
Mozart. Life is too short to waste on 
other composers. 

John Edensor Littlewood (1885-1977) 

9.6.1. LetS be the set of all continuous functions u : [0, 1 ]— such that 

\u{x)-u(y)\ < \x-y\, 0<x.y< l, u( 0) = 0. 

Define the function cp : by 

<p(u)= [ ( u 2 (x)-u{x))dx . 

Jo 

Prove that tp achieves its maximum on £ . 

Solution. We have 

|«(*)|Ha(*)-«(0)|<|*| 

and 

\u 2 {x)-u{x)\ = \u{x)\-\u{x)-\\<\x\{\x\ + \). 

Hence 

|9(«)I < £ \u 2 {x)-u(x)\ < J\(x + 1 )dx= 

Equality holds if \u[x)\ = x and \u(x) — 1 = x+ 1. This happens for u £ £‘ defined 
by u(x) = —x. □ 

9.6.2. Evaluate the limi t 

/ 2a: s j n m ( 

dt, where w,«eN. 

t n 

Solution. We use the fact that sinf/t is decreasing in the interval (0, n) 
and lim^o+ sinf/f - 1. For all x £ (0, 7t/2) and t £ [x,2 x\ we have 
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sin2x/(2x) < sinf/t < 1, thus 




f 2x sin m f , f lx 

Jx ~P r t< Jx 



On the other hand, 



jn-n+ 1 



du. 


The factor sin 2x/(2x') m tends to 1 as x—>0. If m — n + 1 <0, the hmit of 
x m ~ n+l is infinity, while if m — n + 1 > 0, then it equals 0. If m — n + 1 = 0, then 
x m - n+l /j 2 u m ~ n du = In 2. Hence, 


lim 

x—*0+ 


L 


2x sin m t 
t n 


dt = 


{“ 


if m > n, 
ifn — w= 1, 
if n — m > 1. □ 


9.6.3. Letf : R— be a function of class C 1 such that 

lim f{x) = a and lim f(x) = b. 


Prove that b = 0. 

Solution. By addition and multiplication by positive constants we can assume 
that a = 0<b. Fix e > 0. Choose R > 1 such that \f{x) \ < e and f(x) >b/ 2 > 0, 
Vx > R. On the other hand, 


f(x)=f(R)+ ( X f{t)dt. 
Jr 


It follows that 

2e > f(x) - f(R) > £ \dx= . 

For x = 5R we obtain b < e/R < e. Since e > 0 is chosen arbitrarily, it follows that 
b = 0. □ 

9.6.4. Let/:R^M be a nontrivial function of class C°° such that limij—^/^) = 
0 and 

f( x )f{y) = f (V* 2 +y 2 ) ! Vx,yGR. 

(a) Prove that f is even and /( 0) = 1 . 

(b) Show that f (x) = f" (Q)xf(x) and find all functions with these properties. 

Solution, (a) Let x = y = 0. So / 2 ( 0) = /( 0), and we have either /( 0) = 0 or 
/( 0) = 1. If /( 0) = 0 then 0 = f('/x 2 ) for all x, so f{x) = 0 for any x > 0. If 
there exists y < 0 such that f(y) ^ 0, then f(x)f(y ) = 0 for all x. In conclusion, 
if /( 0) = 0 then f(x) = 0, for all x. Since / is nontrivial, this is a contradiction. 
Therefore /( 0) = 1. Taking y = 0, we obtain f(x) = f{\fx 2 ) = /(— x), so / is even. 
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(b) Let r = \JxJ-\-y 1 . Differentiating with respect to y, we obtain 


f{x)f'{y)=f'{r). y -. 
Again by differentiation we obtain 


Taking y = 0, we obtain f{x) = f"(0)xf(x), so 


/(*) 

/« 


= f"(0)x. 


By integration we deduce that f{x) = e^®* 2 / 2 . Since = 0, we obtain 

/"( 0) /2 = — y < 0. Hence f(x) = e~ y ^ , for some positive constant y. □ 

9.6.5. Let 0 < a < 1. Find all continuous functions f : [0, 1 ]— such that 





Solution. Let / be such a function. Applying the Cauchy-Schwarz inequality, 
we have 


~- j\f{x)dx< (J\ 2 f(x)dx^j 1 ^ [f(x)dx 


1/2 


< a. 


So, all the above inequalities are, in fact, equalities. Taking into account the condi- 
tions that ensure equality in the Cauchy-Schwarz inequality, we deduce that there 
exists a nonnegative constant C such that 

V7M = C\/7M: Vx e [o, i] . 


Hence y/f(x) = 0, which contradicts Jq f(x)dx = 1 . In conclusion, there is no func- 
tion satisfying our hypotheses. □ 

Alternative proof. Multiplying the three equalities in our statement by a 2 , —2a, 
resp. 1, we obtain 

/ f(x)(a-x) 2 dx = 0, Vast. 

Jo 

This implies / = 0, which contradicts Jq f(x)dx = 1 . Thus, there does not exist such 
a function. 

9.6.6. Let f : [0,°°)— >[0,°°) be a continuous function satisfying /( 0) = 1 and 
such that lim,— J'J f{s)ds < f(x), for all x> 0. Find the maximum value of f(x), 
forx > 0. 
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Solution. The maximum value of /(x) is 1 if 0 < x < 1 and e 1 x 
if x > 1. Let F(x) = liny— >00 f(s)ds. By hypothesis we deduce that F(0) < 1 and 
F(x) < —F'{x), for all x. Hence 

(lnF(*)/=^S-l, VxgM. 

By integration from 0 to x we obtain ln(F(x)/F(0)) < —x. Since F(0) < 1, it 
follows that F(x) < e~ x , for all x > 0. Using now the monotony of /, we obtain 
f(x) < 1, for any x > 0. We also have 

/(*}< J X f(t)dt<F(x-\)<e l ~ x , Vx > 1 . 

To prove that this bound is achieved, fix x > 0. For any x G [0, 1], define 


r (t) = 


if 0 < t < 1 , 
if t> 1. 


The function /* satisfies our assumptions and f* (x) = 1 . For any x > 1 , define 

{ e~‘ if 0 < t < x — 1 , 
e 1- * ifx— l<f <x, 

0 if f > x . 


Then f* satisfies our hypotheses and f*(x) =e 1 x . □ 

9.6.7. Assume that g : (0, 1)— is a continuous function and let f : R— >R be a 
continuous function such that the limits (finite or infinite) /(—<») = liny— /(f) 
and/(+°°) = liny— >. + „, /(f) exist, a ndf(+°°) < f(t) < /(— °°), for all f G M. 

Prove that there exists a function u satisfying u" + f(u) — g(x) = 0 in (0, 1) and 
m'(0) = u'(l) = 0 if and only if 

/(+“)< [ g(x)dx<f (-<*>). 

Jo 

Ph. Korman, SIAM Review, Problem 00-001 

Solution. (Michael Renardy) The necessity of the condition follows by integrat- 
ing the differential equation on (0, 1). We obtain that if such a function u exists, then 

/(+°°)<^ f(u(x))dx = g(x)dx < /(-“). 

To prove the sufficiency, consider the initial value problem 


u" + f{u)-g(x) = 0, u{0) = a, u'( 0)=0. 
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We obtain that if a — > 

«'(!)= / u"(x)dx= [ [g{x)-f{u(x)))dx — >[ g(x)dx-f(+°°). 
Jo Jo Jo 

Similarly, as a— » — °o, 


^(1) > [ l g{x)dx-f {— ). □ 

JO 

Using the hypothesis in combination with the intermediate value property, we obtain 
a value of aeR for which u'{ 1) =0. 

9.6.8. Let a and b be positive real numbers. Let f and g be functions from M 
into M, twice differentiable, with initial conditions /( 0) = a, /'( 0) = 0, g(0) = 0, 
g' (0) = b, and satisfying the differential equations 

f" = -/( 1 - f ~ 8 2 ) , g” = SO -f 2 ~ 8 2 ) ■ 


(a) Show that there is a nontrivial polynomial function E(X,Y ) such that for all 
a,b> 0, E(f 2 (t) + g 2 (t),f 2 {t) +g' 2 {t)) is independent of t . 

(b) Show that if f and g are both periodic in t, with period T, and if at t = 0, 
f 2 (t)+g 2 (t) is not at a local minimum, then a < \ ,b 2 < a 2 ( \ — a 2 ), and T > 2n. 

(c) Give an example of f and g satisfying the premises of part (b). 

id ) Prove that there exist choices of a and b such that the resulting (/, g) is periodic, 
and min(/ 2 + g 2 ) < (l/2)max(/ 2 +g 2 ). 

Vicenpu Radulescu, Amer. Math. Monthly, Problem 11073 

Solution, (a) This statement is a kind of energy conservation law. 

Let r = y/f 2 + g 2 and .v = y/ f 2 +g' 2 - Then 

(/ 2 + g 2 )( 1 - (1/2 ){f 2 + g 2 )) + (/' 2 + g a ) = r{ 1 - r 2 / 2) + /. 

Define E(X,Y) = X — X 2 /l + Y. It follows that 

±-E{f 2 {t)+g 2 {t)J a {t) +g'\t)) = 2 [(//' +gg')(l ~f 2 ~8 2 ) + {ff+g'g")\ lO- 

Using now the differential equation satified by / and g, we obtain 


+g 2 (t),f’ 2 (t) +g ,2 (t)) = 2(ff' + gg')(l-f 2 -g 2 )(t) 

- 2 [/7(1 - f 2 - 8 2 ) + g'g( 1 - f 2 - ^ 2 )] (0 

= 0 , 
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for any t 6 M. Hence 

E{f 2 {t)+g 2 {t),f' 2 {t)+g' 2 {t)) =£(/ 2 (0)+g 2 (0),/ 2 (0)+^ 2 (0)) = a 1 — cfi /2+b 1 . 

□ 

Alternative proof of (a). We multiply the differential equation f" = — / 
(1 — f 2 — g 2 ) by f and then we integrate on [0, r] . Using the assumptions /( 0) = a 
and /'( 0) = 0, we obtain 

f{t) - ~ J o f(s)/(s)g 2 (s)ds = a 2 - y • 

Similarly, using the differential equation satisfied by g, we obtain 
S 2 0 ) - ^-+g' 2 (t) - J o f 2 (s)g(s)g'(s)ds = b 2 . 

By addition, we obtain, for any (gR, 


f 2 (t) + g\t)~ 


(f(t)+g 2 (t)) 2 


+ f' 2 (t)+g' 2 (t)=a 2 -^ + b 2 . 


(b) We first prove that a < 1. Indeed, arguing by contradiction, let us assume the 
contrary. Set u := f 2 + g 2 . The assumption a > 1 enables us to choose M > 1 
such that 


min{M(x); i£l}<M 2 < a 2 . 

Let / c 1 be a bounded interval such that u > M 2 in I, and u = M 2 on the boundary 
of I. But 

u" = 2 u(u - 1) + 2 {f' 2 + g' 2 ) > 2 u(u - 1) > 0 in /. 

So, u is convex in I and u = M 2 on the boundary of I. Hence u < M 2 , which contra- 
dicts the choice of I. 

Applying Taylor’s formula we have 

f(x) =a — ^ ° ^ x 2 + 0(x 3 ) , as x — >0 

and , 

g(x) = bx + 0(xr ) , as x^Q. 

So 

u(x) = a 2 + [ b 2 —a 2 ( 1 — a 2 )] x 2 + 0(x 3 ) , as x— >0. 

Since x = 0 is a local maximum point of u, it follows that b 2 < a 2 (l — a 2 ). 

An alternative proof of this statement is based on the fact that u"( 0) < 0 (since 
x = 0 is a local maximum point of u ) combined with u"{ 0) = 2 [b 2 + a 1 (a 2 — 1)] . 

The above arguments also show that a < 1 . Indeed, if a = 1 , then u" (0) = 2 b 2 > 0, 
a contradiction to the fact that the origin is a local maximum point of u. 
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Let us now prove that T > 2n. We first notice that / (or g) cannot have the same 
sign on an unbounded interval. Indeed, in this case, f" (or g") would have the same 
sign. But due to the periodicity, this is possible only for constant functions, which 
is impossible in our case. 

Let x\ , X 2 be two consecutive zeros of /. We can assume that / > 0 in (xj .X 2 ), so 
that f'{x 1) > 0 and f(x 2 ) < 0. Denote by X 3 the smallest real number greater than 
X 2 such that /(X3) = 0. Hence / < 0 in (x 2 , *3 ) . If we prove thatX2 — xi > n, it will 
also follow that X 3 — X 2 > 2n and there does not exist x G (xi .X 3 ) such that fix) = 0 
and f(x ) > 0. This implies that the principal period of / must be greater than In. 
For our purpose, we multiply by <p(x) := sin in /" + /( 1 — f 2 — g 2 ) = 0 and 

then we integrate on [xi,X2]. Hence 

( - jl -) r = r ( ] - / 2 w - ^ 2 w) 

\X2 J Jx 1 Jx\ 

< r fix^dx. 

Jxi 


It follows that X 2 — x\ > n. 

Alternative proof of (b). Define u : R — > [0,°°) by u(x) = f 2 (x) + g 2 (x), rgK. 
Clearly, u is a T -periodic function of class C 2 (M), and 

u"{x) = 2 («(*)(«(*) - 1) + {/(x)) 2 + (g'(x)) 2 (9.18) 

for all real x. In particular, u" (0) = 2 [a 2 (a 1 — 1 ) + b 2 j . Since u has a local maximum 
at the origin, it follows that m"(0) < 0, which yields immediately b 2 < a 2 ( 1 — a 2 ) by 
the preceding. This establishes the first inequality in (it). 

The proof of the second is a bit trickier, so let us first outline the strategy. The 
main idea consists in showing that the distance between two “consecutive” zeros of 
/ must exceed n. To be more precise, we shall prove the following claim: 

Claim 1: If x\ < X 2 are real numbers such that f(x 1 ) = f(x 2 ) = 0, but f(x) 0 for 

x\<x< X 2 , then X 2 —X 1 > n. 

Therefore, if we are able to produce two disjoint open subintervals, say / and 
J, of an interval of length T , with the property that / does not vanish on I U J, but 
/ = 0 on the boundary of I U on the boundary of J, then the length of each of these 
subintervals exceeds n, by Claim 1, and we are done: T > length/ + length/ > 
n + n = 2n. 

The easiest way to produce such intervals consists in showing that / must take 
on values of either sign on each interval of length T : 

Claim 2: The function f takes on values of either sign on each interval of length T . 

Assuming this, let us see how it applies to produce the desired subintervals. First, 
let I = (a. p ) be the connected component of the open set {x : /(x) > 0} that con- 
tains the origin (recall that /( 0) = a > 0). Then f(a) = /(/3) = 0 by continuity of 
/ and maximality of I. Next, by Claim 2, /(x 0) < 0 for some xo G [0, T], But since 
f(T) = /( 0) = a > 0, xq must be an interior point of [0, T], Now let / = (y, 5) be 
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the connected component of the open set {x : 0 < x < T and f(x) < 0} that contains 
xo . Again, f(j) = f(8 ) = 0 by continuity of / and maximality of J. Finally, observe 
that j3 < y and 8 < a + T (here we use the T -periodicity of /) to conclude that 
I and J are indeed disjoint open subintervals of [a, a + T] satisfying the required 
conditions. 

So all that remains to prove is Claims 1 and 2 above. Both proofs rely on the next 
claim 

Claim 3: u(x) < l for all xgR. 

Proof of Claim 3. Recall the inequality b 2 < a 2 (l — a 2 ), proved in the first part. 
Since b > 0, we deduce that a 2 < 1, so m(0) = a 2 < 1. Now we argue by reductio 
ad absurdum. Suppose, by contradiction, that u(x o) > 1 for some real xo. Then U = 
{x : u(x) > 1} is an open nonempty set. Let K denote the connected component of U 
that contains xo. Since u is periodic and u{ 0) = a 2 < 1, it follows that a='m£K>—°° 
and J3 = sup A" < °o. Observe now that u(a) = u( J3) = 1, by continuity of u and 
maximality of K, while u(x) > 1 for a < x < j3. This leads to the following two 
contradictory facts: on the one hand, by virtue of (9.18), 


u"(x) > 2u(x)(u(x) — 1) > 0 


(9.19) 


for a < x < p ; on the other hand, since u is continuous, it must attain a maximum 
value on the compact set [a,j3] at some interior point x\, so u"{x\ ) < 0, thus con- 
tradicting (9. 19) at xi . Consequently, u(x) < 1 for any rGl. 

Proof of Claim 1. To make a choice, let fix) > 0 for X] < x < x+, in the case 
that fix) < 0 for X] < x < X 2 , we merely replace / by — / everywhere. Now set 
c p(x ) = sin(7r(x — xi)/(x 2 — xi)) for x\ < x < X 2 , and note that <p(xi) = <p(x 2 ) = 0 
and <p(x) > 0 for xi < x < X 2 . Then 

J f(x)(p(x)dx > [ /'(x)(l - u(x))(p(x)dx (by Claim 3) 



f" (x) <p (x) dx for f" + /( 1 -u) = 0 



which shows that X 2 — x\ is indeed strictly greater than k. 

Proof of Claim 2. Since / is T -periodic, there is no loss in considering the interval 
[0,T]. Clearly, / takes on positive values around the origin, for /( 0) = a > 0 by 
hypothesis. To prove that it also takes on negative values, we argue by reductio ad 
absurdum. Suppose, if possible, that /(x) > 0 for all x £ [0, 7). By Claim 3, it then 
follows that f"{x) = — /(x)(l — u{x)) < 0 for all x e [0 ,T], that is, f is decreasing 
on [0, T] . But f is itself T -periodic, so it must be constant on [0. T], which implies 
in turn that / must be constant on [0, T], by T -periodicity. Thus, f" vanishes on 
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[0, T], and since f" + /( 1 — f 2 — g 2 ) = 0, we deduce that g is itself constant on 
[0, T]; that is, g' vanishes on [0, T], thus contradicting the hypothesis g'(0) =b> 0. 
We conclude that / must take on values of either sign on [0,7’]. 


(c) Choose a, b > 0 such that b 2 = a 2 ( 1 — a 2 ). Define f(x) = a cos ^ and g(x) = 
a sin^. It follows that T = 2na/b. In particular, we observe that T > 2n. 

(d) We shall prove the following more general result. 

Fix arbitrarily 8 > 0. Then there exist choices of a and b such that the resulting 
(f,g) is periodic, and min(/ 2 +g 2 ) < 8 max(/ 2 + g 2 ). 

Define 

Q := {( a,b ) e (0, 1] x [0, 1]; b 2 < a 2 ( 1 - a 1 )}. 

Let ( a,b ) G IntX2 and set v(x) := f(x) + ig(x). Since v(0) = a ^ 0, it follows that 
for small x, 

v{x) = r(x) = ^{x) + g 2 {x), 

where <p(0) = 0 and r > 0. Then r satisfies 


-r" = r(l-r 2 )-^ 
r(0) = a, ^(0) = 0, 


(9.20) 


while 9 is given by 

P' = J> 9(0) = 0. 

Hence, if the problem (9.20) has a global positive solution, it follows that v is global. 
Moreover, if r is periodic of period 7 q, then 

v(«7o +x) = e m<p ^e l(l> ^r(x), V0 <x < Tq, VnG N, 


so that (9.20) gives a periodic solution if and only if (p(To) e nQ. 

We prove in what follows the global existence. More precisely, if (a, b) G IntX2, 
then (9.20) has a global positive periodic solution. We first observe that the assump- 
tion made on ( a,b ) implies r"(0) < 0. So, multiplying in (9.20) by r', we obtain, for 
small x > 0, 


, , r 4 a 2 b 2 2 a 4 t2 

L = -r 2 + — +a z ~— + b- 

2 r l 2 


(9.21) 


and 


, / , r 4 a 2 b 2 , a 4 _ 

r' = -\/-r 2 + - - — +a 2 - - + b 2 . 


(9.22) 


Now, relation (9.21) implies that r and / are bounded if a solution exists and more- 
over, that 

inf{r(x); r exists} > 0. 


It follows that r is a global solution. 
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Set 

fo := sup{x >0; r' (y) < 0 for all 0 < y < x}. 

Note that (9.22) is valid if 0 < x < fo- 
Let 0 < c < a be the unique root of 


/ \ X 4 2 a2 b 2 2 ° 4 .2 

v(x) :=-=--** r + a 2 -— + b 2 = 0. 

2 x- 2 


Since yr(x) < 0 if x G (0,c) or if x> a, x close to a, it follows from relation (9.21) that 


c < r(x) < a for all x6l. 


(9.23) 


Claim 4. We have hm x / to r(x) = c. 

Proof of Claim 4. If to < it follows that /(fo) = 0. Now, relation (9.21) in con- 
junction with the definitions of to and c shows that r(fo) = c. If fo = +°°, then we 
have litrr^oo r(x) > c. If lim*-^ r(x) > c, then there exists a constant M > 0 such 
that r'(x) < — M for each x > 0. The last inequality contradicts (9.23) for large x. 
For any 0 < x < fo, relation (9.22) yields 


Therefore 


c= r dt_ 

■M*) \/-t 2 + $ - ^f+a 2 - <£+b 2 


to = 


i:- 


/- t 2 + S_!M +a 2_<£ + b 2 


It follows by a reflection argument that r(2fo) = r(0) = a, /(2fo) = /(0) = 0, so 
that r is (2fo)-periodic. This concludes the proof of Claim 4. 

Define r(x) := 2 x 2 i/f(x) = x 6 - 2x 4 - 2 a 2 b 2 + (2a 1 - a 4 + 2b 2 ) x 1 . Taking into 
account Claim 4 and observing that l F(0) < 0, it follows that it is enough to show 
that l f'(e) > 0, for some e > 0 and for a convenient choice of (a,b) G IntX2. But 


'F(e) > £ 2 [e 4 -2£ 2 + a 2 (2—a 2 )] — 2a 2 b 2 . 


For a = 2 l ! 2 we obtain 


•/(e) >e 2 [£ 4 -2e 2 + 3-4“ 1 ] -b 2 > 



provided that e > 0 is sufficiently small and b = e/2. It is obvious that this choice 
of a and b guarantees (a,b) G IntX2. 

9.6.9. Let a be a positive real number. Assume that f is a twice differentiable 
function from K into R such that /( 0) = a and satisfying the differential equation 
f" = — /( 1 — f 2 ). Moreover, we suppose that f is periodic with principal period 
T = T (a) and that f 2 achieves its maximum at the origin. 
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(a) Prove that a < 1 and deduce that f is well defined on the real axis. 

(h) Prove that T >2n. 

(c) Define to(a) := sup{t >0; / > 0 in (0,f)}. Show that f is decreasing on 
(O.fo(a)) and express T in terms ofto(a). 

(d) Prove that a 2 + (2n/T) 2 > 1. 

(e) Show that the mapping to : (0, 1) — > K is increasing and compute lim a ^o*o( a ) 
and limay i t 0 (o). 

(f) Deduce that for any T >2n, there exists a unique periodic function f : R — + R 
with principal period T such that f" = — /( 1 — f 2 ) and f 2 achieves its maxi- 
mum at the origin. 


Vicenpu Radulescu, Amer. Math. Monthly, Problem 11104 


Solution, (a) Arguing by contradiction, let us assume that a > 1. Using the 
differential equation satisfied by /, it follows that /"( 0) > 0, which contradicts 
our hypothesis that / 2 achieves its maximum at the origin. If a = 1, we get only 
the trivial solution / = 1. That is why we shall assume in what follows that a G 
(0, 1). Multiplying by f in the differential equation satisfied by / and integrating, 
we obtain 



(9.24) 


It follows that if a function / with the required properties exists, we have | f(x) \ < a 
and | f'(x) | < (a 2 — a 4 /2) 1 ^ 2 , for all x G I. Hence / is globally defined. 

(b) We first observe that / cannot be positive (resp, negative) on an infinite interval, 
if / is periodic. Indeed, in that case, / would be a periodic concave (resp., 
convex) function, that is, a constant function. But this is impossible, due to our 
choice of a. 

Let x\, X 2 be two consecutive zeros of /. We may suppose that fix) > 0 if x\ < 
x < X 2 , so that f'(x i) > 0 and /'(a^) < 0. If *3 denotes the smallest x > X 2 such that 
f(x 3) = 0, it follows that f(x) < 0, for any x G (x 2 ,x^). If we prove thatX2 — x\ > n, 
it will also follow that *3 — x\ > 2n and that there is noxG (x] ,*3) such that fix) = 0 
and f'(x) > 0. This means that the principal period of / must be greater than 2n. 
This will be done in the following auxiliary result. □ 

Lemma 1. Let W : M — > [0, 1] be such that the set {x; T'(x) = 0 or f'(x) = 1} 
contains only isolated points. Let f be a real function such that f{x\ ) = f(x 2 ) = 0, 
andf> 0 in (x\ ,X 2 ). Assume that—f" = f'P in [x\ .X2]. Then X 2 — X] > n. 

Proof of Lemma. We may assume thatxi = 0. Multiplying by tp(x) := sin nx/x 2 
in the differential equation —f" = fP and integrating by parts, we obtain 



that is, X 2 > it. 
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(c) Since /'( 0) = 0 and f" (0) < 0, it follows that / decreases for small x > 0. 
Moreover, f'(x) < 0 for 0 < x < to(a). Indeed, suppose the contrary. Then, 
taking into account relation (9.24), we obtain the existence of some T > 0 with 
T < to(a) and such that /( t) = a. If we consider the smallest T > 0 such that the 
above equality holds, then f(x) < a for any 0 < x < T. Since /( 0) = /( t) = a, 
it follows that there exists some 0 < ti < % such that f {t \ ) = 0, which is the 
desired contradiction. Hence 


f' = ~\l a 2 ~Y~f 2+ Y <0 in (°. f o(«))- 


It follows that for any 0 < x < fo(a), 




4f 4 -f 2 + a 2 -±a 4 


which yields 

t 0 (a) = f dt = f - 

70 ./l f 4_?2 + a 2_ l fl 4 JO 


d?; 


(i-^)[i-f {1+^)] 


(9.25) 


(9.26) 


Taking into account the differential equation satisfied by /, we first deduce that 

/(f 0 (a) +*) = -/(?o (a) ~x) . (9.27) 

Indeed, both functions g(x) = /(to (a) +x) and h(x) = —f(to(a)—x) are solutions 
of the Sturm-Liouville problem 

z" = -z(l-z 2 ), in (0,t 0 (a)), 

^(O) — 0, z 7 (0) = /'(t 0 (a)) . 


Using now the uniqueness of the solution to the above boundary value problem, 
we deduce relation (9.27). Next, similar arguments imply f(2to(a) —x) = —f(x) 
and f(4to(a)+x) = f(x). It follows that / is periodic and its principal period is 
T(a) = 4t 0 (a). 

We observe that (b) easily follows from the above results. Indeed, relation (9.26) 
yields 

<b(a)>jf 1 (l-§ 2 )- 1/2 ^ = |. 

So, by T(a) = 4f 0 (a), we obtain (b). 

We may give the following alternative proof in order to justify that / decreases 
on the interval (0,fo(a)). Using the differential equation f" = — /( 1 — f 2 ) in con- 
junction with / > 0 on (0 , fo (a) ) and f 2 < a 2 < 1 , it follows that f" < 0 on (0 , to (a) ) . 
Hence f is decreasing on (0,fo(a)), that is, f'(x) < f'( 0) = 0 for any x e (0,fo(a)). 
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(d) Since T(d) = 4fo(a), it is enough to show that \J 1 —a 2 to(a) < Relation 
(9.26) yields 



Jo 


Vl — a 2 

A /(i-$2)[i-<£(i + £2) ] 



■n/i^T 




re 
2 ' 


(e) Relation (9.26) implies that the mapping a i — > to (a) is increasing and lim a ^o ? o 
(a) = §, lim fl/ i t 0 (a) = + °°. 

(f) Since t' 0 (a) > 0, it follows that the mapping r(a) i — > a := a(T) is analytic. 

Taking into account relation (9.25), we conclude the proof. Moreover, we have 
lim 7 ’^ 2 7C tf(T) = 0 and y +aa a{T) = 1. □ 

9.6. 1 0. Let F and G be twice differentiable functions from R 2 into R, and satis- 
fying the partial differential equations 

AF = -F(l-F 2 -G 2 ), AG=-G(1-F 2 -G 2 ). 

Assume that there exist ft)| , ft >2 € K 2 that are with respect to the standard basis and 
such that F and G are periodic, with periods (Oi and ( 02 . 

(a) Show that F 2 + G 2 < 1. 

(b) Prove thatif\coi \ and \ (O 2 \ are sufficiently small, then F and G are constant. 

Solution, (a) Set 

P={ldh +po> 2 -, 0<A,/t < 1} Cl 2 ; P + = {x € P; F 2 {x) + G 2 (x) >1}cR 2 . 

Let ^SC” (R 2 ) be a nonnegative function with compact support such that £ = 0 
in a neighborhood of the origin. For any n > 1, set £„(*) = n 2 C,{x/n). Multi- 
plying the equality satisfied by F (resp., by G) by F(F 2 + G 2 — 1 ) + £„ (resp., by 
G(F 2 + G 2 — 1) + C«) and integrating by parts, we obtain, by addition and passing to 
the limit as 


J p+ [(I VF| 2 + | VG| 2 )(F 2 + G 2 1) + 1 V(F 2 + G 2 )| 2 ] 

<-/ (F 2 + G 2 )(F 2 + G 2 -1) 2 . 

Jp+ 

This inequality implies (a). □ 

Alternative proof of (a). Define « : ! 2 -» I by u{x) = F 2 (x) + G 2 (x) - 1. 
Clearly, u is an ( 011 , 0 ) 2 ) -periodic function of class C 2 (R 2 ). Thus, its values are 
determined by the values it takes on on the fundamental cell 

P = {Aoii + vo> 2 : 0 < A,v < 1}. 
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In particular, 

sup{u(*) : x G M 2 } = sup{w(x) :r€P}. 

But the fundamental cell is clearly compact, so there exists xq GP such that 

u(x o) = sup{w(x) :xGP}, 


by continuity of u; whence 


u(x 0 ) = sup{«(x) :igl 2 }, 

by the preceding remark. Suppose now by way of contradiction that u takes a 
(strictly) positive value at some point. Then u(x o) > 0, so u(x) > 0 for all x G 
B(x o, r), some r > 0, by continuity. Here and here in after, B(xq. r) denotes the open 
r-ball centered at xq, that is, the set of all points x in the plane whose distance from 
xo is (strictly) less than r. It should be clear that 

u(x o) = sup{w(x) : x G B(xo,r)}\ (9.28) 

that is, u assumes an interior maximum value on B(xo,r). Now a straightforward 
calculation yields 

Au = 2((VF) 2 + (VG) 2 ) +2m(m+ 1) > 2 u{u + 1). 

(Use was made here of the condition AF + F(1 — F 2 — G 2 ) = AG+G( 1 — F 2 — 
G 2 ) = 0.) This shows that 


Au> 0 onB(xo,r). (9.29) 

Thus, u is a subharmonic function on B(x o , r) , assuming an interior maximum value, 
by (9.28). The strong maximum principle now applies to show that u must be con- 
stant on B(xo, r). But then clearly Au = 0 on B(xq. r), thus contradicting (9.29). We 
conclude that u(x) < 0, i.e., (F(x)) 2 + (G(x)) 2 < 1, for all x G M 2 . 

(b) Consider the Hilbert space H of doubly periodic smooth functions u : P—>R of 
periods C 0 | and ah endowed with the norm 


\\ U \\H=(j p (u 2 (x) + \Vu(x)\ 2 ) dx 

Let (<p n ) n > o be an orthonormal basis of eigenfunctions of the Laplace operator (—A) 
in H and denote by (X n ) n >Q the corresponding eigenvalues. We can suppose that 
<Po 1 , so that X n > 0 for any n> 1. If P is “small,” so if |®i| and ©2 are suf- 
ficiently small, then A„ > 2, for any n > 1. If u = ( F,G ) : R 2 4R 2 is a doubly 
periodic mapping that solves the above system, then we obtain the Fourier devel- 
opments 

m = X c n (p„ 

n> 0 



9.6 Qualitative Results 


365 


and 

u\u\ 2 = £ d n (p „ . 

n> 0 

Integrating the relations AF + F(1 —F 2 — G 1 ) = 0 andAG+G(l — F 2 — G 2 ) = 0 
over P, we obtain Co = do- Next, multiplying the same identities by <p n (for n >1), 
we obtain, after integration, \d n \ = (X n — l)|c„| > \c n \, provided that c n 0. On the 
other hand, since F 2 + G 2 < 1, it follows that 

J p {F 2 (x) + G 2 (x))dx > J p {F 2 (x) + G 2 (x)) 3 Jx , 

which can be rewritten, by Parseval’s identity, 

Ik«l 2 > II4I 2 . 

n > 0 n > 0 

This last inequality imphes c n = d„ = 0 for any n > 1, so u is a constant mapping. 
Alternative proof of (b). We shall prove that if the diameter 8 of the open 
fundamental cell 

£2 = {Xi(0i + X,20h : 0< Ai,A2 < 1} 

does not exceed 1/2 (e.g., if | <x>k \< 1/4, k £ 1,2), then F and G are both constant. 
To begin with, notice that Q is a relatively compact domain with a piecewise C 1 
boundary. Next, define u, v : Q — ► C by u{x) = F{x) + i'G(x) and v(x) = u(x) |n(x) | 2 , 
respectively. Clearly, u and v are both of class C 2 (Q ). But by (a), w(x) < 1 for all 
xGX2, so \\u\\ L 2 {q) > ||v|| l2(d) . 

Let us show that if ||n||#(£}) = 1 1 v l I ) , then F and G are both constant on Q, 

so throughout the plane. Indeed, if HmII/, 2 ^) = ||v||^ 2 (o), then 

/ |m| 2 (i-|m| 2 ) = o, 

Jq 

so, with reference again to (a) above, |m|( 1 — |n|) =0 on all of Q, by continuity. 
Since Q is connected and \u\ is continuous, it follows that either \u\ = 0 on all of Q 
or \u\ = 1 on all of FI. But 

A \ u \ 2 = 2((VF) 2 + (VG) 2 ) + 2|m| 2 (|m| 2 - 1), 

so VF = VG = 0 on all of £2, and F and G are indeed both constant throughout Q. 
Assume now once and for all that F and G are not constant. Then 

IMIl 2 (Q) > IMIz,2(fi) (5) 

by the preceding. Next, recall that there exists a sequence {<p n }nez+ of functions in 
C°°(£2) and an unbounded increasing sequence {A„} n6 g + of positive real numbers 
with the following properties: 

(a) —A(p„ = X„(p n on Q, for each index n\ 
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(b) the <p„ are orthonormal in the Hilbert space L 2 (Q), endowed with the standard 
scalar product 

and their C-linear span is dense in L 2 {£2)\ 

(c) the elements (p„/y/X/ are orthonormal in the Sobolev space H ( \ (£2), endowed 
with the alternative scalar product 

= f (yvWV), 

and their C-linear span is dense in Hq (£2). 

Recall the notation 8 for the diameter of £2. The Poincare inequality for (p m , 

II‘P»i|Iz, 2 (£2) < V25|| 

in conjunction with the orthonormality of the <p„ in Lr{£ 3) and of the <p n /\A« hi 
Hq (£2), yields 8\/2X m > 1 for all m. Thus, if 8 < 1/2, then X n > 2 for all n. Assume 
henceforth that 8 < 1/2, so A„ > 2 for all n, and consider the Fourier expansions of 
u and v in L 2 (£2) in terms of the <p„ : 

m = a n (p„, with a n = u(j) n , 
neZ+ J n 

and 

v= Y b n (p n , with b„= v(p„. 

ntz + J n 

Since u € C 2 (£2) c L 2 (£2), it follows that Au € C(£2) c L 2 (£2), so the Fourier 
expansion of Au in L 2 (£2), in terms of the (p„, is given by 

Au = — ^ a n Xn(p n \ 
n€ Z-|- 


of course, use was made here of condition (a) above. But Au + u = v in Q, so 
b n = (1 — X„)a„ for all n, by the preceding. Recalling that X n >2 for all n, it follows 
that \b n \ > |a n | for all n, whence 

I \K\ 2 > £ \a n \ 2 . 

n(E Z+ nGZ_|_ 


Finally, rewrite (5) in terms of Parseval’s identity to get 

I N 2 > I N 2 , 

wG Z+ nGZ-|- 
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and thus reach a blatant contradiction. Consequently, if the diameter of the open 
fundamental cell does not exceed 1/2, then both F and G must indeed be constant 
throughout the plane. 

Remark. This problem is related to the study of stationary periodic solutions of 
the coupled Allen-Cahn/Cahn-Hilliard system that describes various phase transi- 
tion phenomena. The framework corresponds to doubly periodic solutions in several 
dimensions, and the results formulated in this problem are related to those proved 
in the one-dimensional case. 


9.7 Independent Study Problems 


As the sun eclipses the stars by its 
brilliancy, so the man of knowledge 
will eclipse the fame of others in 
assemblies of the people if he proposes 
problems, and still more if he solves 
them. 

Brahmagupta (598-668) 


9.7.1. Prove that if n is a positive integer, then 


r K / 2 sin(2n+ l)x , n 

/ : dx = — 

'o sinx 2 


and 


f 71 ' 2 sin 2 nx 
Jo sinx 


1 + 


1 

7 


••• + 


2n — 1 ) ' 


L. Richardson, Amer. Math. Monthly, Problem 2758 


9.7.2. Let f be a real-valued continuous function on [a, b] that satisfies 0 < f(x) < 
M for all x 6 [a,b\. Prove that 

0< [j T/w*] 2 - \jr /w—]*- 

O. Dunkel, Amer. Math. Monthly, Problem 3104 


9.7.3. Letf : M— +M be a function that is locally integrable, that is, f is integrable 
on every interval [a,b\ c ffi. Assume that 

f(x+y)=f(x)+f(y), Vx,y 6 ffi. 

(a) Prove that 

rx ry rx+y 

/ f(t)dt+ / f(t)dt= / f(t)dt. 

Jo Jo Jo 
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(b) Prove that there exists cel such that f(x) = cx for all i6l. 

9.7.4. Letf : [0, 1]— >R be a monotone function and a e M. Prove that 

J\f{x)-a\dx>j^f{x)-f(^dx. 

9. 7.5. Let f : (0,°°) — be a differentiable function such that f (x) tends mono- 
tonically to 0 as x — > Prove that the following limit exists: 

n !i5L Q/( 1 )+/( 2 )+/( 3 ) + •••+/(»- 1 ) + ^/(") - / f{x)dx^j . 

Lets be the value of this limit. Prove that iff' (x) is increasing, then 

^/(«) < ^/(l) +/(2)+/(3) + ••• + /(« - l) + i/(n)-^ f{x)dx-s< 0. 

Particular cases: f(x) = l/x and f(x) = —lnx. 

9.7.6. Letf : [a,b\— be an integrable function. Define fan := f(a + kS„), where 
S„ = (b — a) /n. 

Prove that 


Hm ( 1 + f ln 8„) ( 1 + f 2n 8n) ■ ■ ■ (1 + fnnSn) = £ . 


9.7.7. Let f : [a,b\— (p : [a,b + c /]— d > 0, be integrable functions. 
Show that 

lim jf f(x)(p{x+8)dx = J f(x)(p(x)dx. 

9.7.8. Prove that 

where 


1 = 


/•2« 2 e"'/ 2 


=ds. 


a 2 sV s 2 — a 2 

9. 7.9. Let f : R— >R be an integrable function and a < b. Prove that 

ton / I/O + t ) - /O) \dx = 0. 

Deduce that lim ; — >0 /f /O + { )dx = /* f(x)dx. 
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9.7.10. Let I n = Jq 71 cos xcos2x ■■■ cos nxdx. Find all integers 1 < n < 10 such 
thatl„ ± 0. 

9.7.11. Compute 

r 4, 

9. 7. 12. Let a and b be positive numbers. Compute 

9.7.13. Compute 

max / */x 4 + (y — y 2 ) 2 dx. 

yep, l] Jo v 


9.7.14. Prove that 





dx 


is a rational number. 

9.7.15. Let 1 < p < q be integers. For all x= lim„— x k/ P k , x k G {0, 1, . . . , 
p— 1}, define the function f(x) = lim n ^ooX" = i X]</q k . Compute f 0 f(x)dx. 
Answer, (p— l)/2 (q— 1). 

9. 7. 1 6. Let a and b be relatively prime positive numbers. Prove that 




1 

12 ob' 


where {m} denotes the fractional part of the real number u. 

9.7.17. Prove that for any positive integer n there exists a unique polynomial 

B n (x) satisfying f* +l B n {t)dt = x n . Find B n (x). The numbers B n = B n (Q) are called 
Bernoulli numbers. Show that fiotfi > 0 and B 2 kB 2 k+i < 0, for all integers k > 0. 
Find an explicit formula for s„ ( m ) = l"+2" H b rtf'. 

Hint. Prove that B n ( 0) = B n ( 1). This yields B n (x) = X$L 0 and s n (m) = 

(B„ +l (m)-B„ +1 )/(n+l). 

9. 7. 1 8. Let a\,...,a n be real numbers. Prove that 


XT' 

L T 


< y y a k a i 

-ppk+j-f 


Hint. We have YIk=\ a k/k = Jq (£% = i a k xk V )dx. 
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9.7.19. Fix n real numbers a\,...,a n such that a^> — 1 for all k = 1 
Assume that 


at 

1 + aix 


#* 


«2 

l + ai* 


H b 


a n 

l+a n x 


< 1, 


VxG [0,1], 


Prove that (1 + ai) ■ ■ • (1 + a n ) < e. 

Hint. Integrate the inequality in the hypothesis. 

9.7.20. Let p > 1 and a > 0. Prove that 

2 f a P ( sinA 2 , 1 

iJ. (-) d,il ~a 

9.7.21. Compute 

r l dx 
7-1 (e*+ l)(x 2 + 1) ' 


Hint. Apply the identity (e* + 1) 1 + (e x + 1) 1 = 1. The value of the integral 
is 7t/4. 

9. 7.22. Let f : [0, k] — be a continuous function such that 

[ f(t)smtdt = [ f(t)costdt = 0. 

Jo Jo 

Prove that f has at least two zeros in (0, n) . 

Hint. By hypothesis, / has at least one zero c. If this were be the unique zero of /, 
then the function f(x) sin(x — c) would have constant sign. 

9.7.23. Let f : [a,b\— be a continuous function, p\, ...,p n > 0. Prove that for 
all X] , . . . ,x n G [a, b\ there exists x G [a, b] such that 

Pl L f^ dt + '" + Pn f x /( f )* = °- 


9.7.24. Letf,g : [0, 1]— +K, g > 0, be continuous functions. Prove that 

|jm fo 1 x n f(x)dx _ /( 1) 
n ^°° Jo x n g(x)dx g( 1)' 

9. 7.25. (The du Bois-Reymond lemma ) Let f, g : [0,1] be continuous func- 
tions such that for all (f> G C' 1 [0, 1] satisfying tp( 0) = <p( 1 ) = 0 we have 

[\f(x)(p'(x)+g(x)<p(x))dx= 0. 

Jo 


Prove that f G C 1 [0, 1] and f = g. 
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9.1.26. Let f,g : [0.°°)— >R be continuous functions that equal 1 identically on 
[0, 1], are differentiable in and satify 

xf{x) = -fix- 1), xg'ix) = g{x- 1), V* > 1. 

Prove that /q f{x — t)g{t)dt = x, for all x > 0. 

9.1.21. Compute lim„— J ( /" ( 1 -x 2 / n) n dx . 

9.1.28. Let A n and G n denote the arithmetic and the geometric means of the 
numbers C%, C\, ... ,C". Show that lim„— >«, A l J n = 2 and lim„— ><*, G l J n = ^Je. 

9.1.29. Let 0 <a<b. Compute 



Hint. U se the substitution u = bx + a(l—x). The limit is (b h /a a ) ] ^ h “)/e. 

9.1.30. (The d’Alembert equation) Find all continuous functions f : R— 
such that 


2 f{x)f(y) = fix + y) +f{x-y), \fx,y e R. 


Hint. Integrate / on [— t,t] and deduce a differential equation satisfied by this 
integral. We obtain the following situations: / = 0, / = 1, f(x) = cos kx, f(x) = 
coshfct, where k is a real number. 

9.7.31. Let f : [0,^]— >R be a continuous function such that 



Prove that f has at least two distinct zeros in [0. n] . 

The results stated in the following problem are special cases of the Fredholm 
alternative, a celebrated property in the theory of differential and integral equations. 

9. 1.32. Let a(x) and fix) be periodic continuous functions with period 2n. 

(a) Prove that the equation u" = f has a 2n -periodic solution if and only if J'q K f(x) 
dx = 0. 

(b) Prove that the equation u" + u = f has a 2n-periodic solution if and only if both 
Jq K f(x) sin xdx = 0 and Jq" f(x) cos xdx = 0. 

(c) Prove that the equation u" +au = f has a 2n-periodic solution if and only if 
r 2n rfvWvV/v = o for all 2n-periodic solutions of the differential equation 
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9.7.33. Let a be a real number, a ^ ±1. Prove that the Dini integral 

f (1 — 2acosx+a 2 )dx 

Jo 

equalsOif\a\ < 1 and2jzln\a\ if |a| > 1. 

9. 7.34. Show that Jq f(sinx) cos xdx = 0 for any continuous function f on [0, 1] . 

9.7.35. Find all continuous functions f on [0, 1] such that 

J f{t)dt= J f(t)dt for every x £ (0,1) . 

9.7.36. Letf be of class C 1 on [a,b\, with f(a) = f(b) = 0. 

(i) Prove that 

f a xf(x)f'(x)dx=- l - J^ [f(x)] 2 dx. 

(ii) Additionally, assume that /*[ f(x)] 2 dx= 1. Show that 


Chapter 10 

Applications of the Integral Calculus 


As are the crests on the heads of peacocks, as are the gems on 
the hoods of cobras, so is mathematics, at the top of all sciences. 
— The Yajurveda, circa 600 B.C. 

Abstract. The determination of areas and volumes has exercised the curiosity 
of mathematicians since Greek antiquity. Two of the greatest achievements of 
Archimedes (287-212 B.C.) were the computations of the areas of the parabola and 
of the circle. The early seventeenth century then saw the computation of areas under 
the curve y = xf with either integer or arbitrary values of a (Cavalieri, Fermat). In 
this chapter, we are concerned with various applications of the Riemann integral. 


10.1 Overview 


I always prefer to believe the best of 
everybody — it saves so much trouble. 

Rudyard Kipling (1865-1936) 


In what follows we consider certain integrals of the form /“ f{x)dx or f(x)dx, 
where / is not bounded on [ a,b \ . These integrals are no longer defined as Riemann 
integrals and involve an extra limiting process. 

Let / : [a, °°)— be integrable on [a,b\, for every b > a. We say that the improper 
integral /“ converges if 



exists, and we write /“ f(x)dx = I in this case. 

Let / : (a , b\ — be integrable on [c,b\, for every c€ (a,b). If 


/ :=» 



exists, we say that f{x)dx converges, and equals I. 


T.-L. Radulescu et al., Problems in Real Analysis: Advanced Calculus on the Real Axis, 
DOI: 10. 1007/978-0-387-77379-7_10, 

© Springer Science + Business Media, LLC 2009 
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Examples, (i) The integral fj x p dx exists for p > 0, since the mapping f(x) = x p 
is continuous on [0, 1], but fails to exist for p < 0, since / is unbounded. However, 
for p ± —1, 


ri 1-5P+ 1 

lim / x p dx= lim 

5— >0+75 8— >0+ p+ 1 



if p > — 1 , 
if p < — 1 . 


Thus, the improper integral f ( J x p dx converges for p > — 1 and diverges for p < - \ . 
We propose to the reader to check that this integral also diverges for p = — 1 . 

(ii) Similarly, the improper integral J ™ x p dx converges for p < — 1 and diverges for 
P>~ 1- 

An important application of improper integrals concerns the convergence of 
series. 

Integral Test for Series. Suppose that / : [1,°°)— >[0,°°) is nonincreasing. Then 
the improper integral /“ f(x)dx and the series X”=i /(”) are both convergent or 
both divergent. 


10.2 Integral Inequalities 


You may have to fight a battle more 
than once to win it. 


Margaret Thatcher 


The following result is due to H. Brezis and M. Willem [13]. 

10.2.1. Let a > 0, b > 0, L> 0 and f G C 1 [0, L] be such that /( 0) = 0 and, for 
0<x <L, 


f'(x) 2 <a 2 + 2b 2 [ X \f(s)f'(s)\ds. 
Jo 

Prove that for any 0 < x < L, 

\f{x)\<^{e bx -l) 

and 

\f'(x)\<ae b \ 


Solution. Define, on [0,L], F(x) = /q \f{s)\ds, so that F' = \ f'\ and |/| < F. By 
assumption, we have 

F'(x) 2 <a 2 + 2 b 2 [ X F(s)F'(s)ds = a 2 + b 2 F(x) 2 . 

Jo 


( 10 . 1 ) 
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Hence we obtain 

F'{x) <a+bF(x), 
or 

(e~ bx F(x) y < ae~ bx . 

We find after integration 

e~ bx F(x) < | (1 - e~ bx ) , 

or 

\m<F(x)<^ bx -i). 

Inserting this into (10.1) yields \f(x) \ < ae bx . □ 

10.2.2. Letf be a continuous function on [0, 1] such that 

ft 1—x 2 

/ f(t) dt > — - — , for every x G [0, 1] . 

Jx 2 

Show that /q f 2 (t)dt > 

Solution. From the inequality 

0< [ \f(x)-x) 2 dx= f 1 f{x)dx- 2 [ i xf(x)dx+ f^dx 
Jo Jo Jo Jo 

we deduce that 

[ f 2 (x)dx>2 [ xf(x) dx — I x 1 dx = 2 f xf(x)-\. 

Jo Jo Jo Jo j 

From the hypotheses we have 

that is, 

This completes the proof. □ 

10.2.3. Letf : [0, 1] — > M be a continuous function such that for any x, y G [0, 1], 

xfiy)+yf{x)< i. 

(i) Show that 

l! f (x)dx£ r 

(ii) Find a function satisfying the condition for which there is equality. 
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Solution, (i) We observe that 

[ f(x)dx= [ f(sinO)cosOdO = [ f(cos0)sin0 dO . 

Jo Jo Jo 

So, by hypothesis, 

2 £f{x)dx<j*\dd = j. 

(ii) Let f(x) = Vl — x 2 . If x = sin 0 and y = sin 0, then 

x f(y)+yfi x ) = sin 9 cos 0 + sin 0 cos 9 = sin(0 + <P) < 1. 

On the other hand, fj Vl —x 2 dx = n/ 4. □ 

10.2.4. Let f : [a, fc]— be a function of class C 1 such that f(t)dt = 0. 

(i) For any integer n > 1 define the function f n {t) = cos(2nnt). Prove that /„ 
satisfies the above hypotheses and compute 

s » p 4m)^. 

n> 1 So\m)\ 2 dt 


(ii) Show that 


f a f\t)dt<{b-o) 2 J\f{t)) 2 dt. 


(in) Let g : [a,b\— be a function of class C 1 such that g(a) = g(b) =0 (in this 
case, fg g(t)dt is not necessarily zero). Prove that 

J a 8 2 {t)dt< J a (g'(t)) 2 dt. 

Solution, (i) The required value is 4 iC l . 

(ii) Since / is continuous and f(t)dt=0, there exists c G (a. b) such that /(c) =0. 
Hence 

fit) = fi c ) + J c f'i u ) du = J c f'(u)du, Vf 6 [a,b\. 

By the Cauchy-Schwarz inequality we obtain for all t G [a, b\, 

1/(01 < I J c f'{u)du\ < Vk-c| (f'(u)) 2 duj . 

j a \f{t)\ 2 dt< (j* (f(u)) 2 duj \t-c\dt. 


Therefore 
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To evaluate the second term, we observe that \t — c\ < b — a, so \t — c\dt< ( b—a ) 2 , 

and the proof is concluded. An alternative proof is based on the remark that 

pb ^2 _j_ jy2 

J \t — c\dt = c 2 — c(a + b) H — . 

This is a quadratic function in c, whose minimum is achieved at c = (a + b)/2. 
The maximum is attained either at a or at b, and this value equals ( b — a) 2 / 2. We 
conclude that 

J a \f(t)\ 2 dt< ^ ^ ( f(u)) 2 duj . 

(iii) We intend to apply the above result for / = g' . In this case, we would find 
f(t)dt = g(b) — g(a ) = 0. However, this in not a good idea, since it does 
not yield our conclusion. We remark that the points a and b play the same role 
as c. This implies that it is better to restart the proof, but considering the differ- 
ent cases t < (b + a)/2 and t > ( b + a ) /2. 

If t < (b + a) /2 we have 

/(*) = J a f(u)du, 

SO 

ft r(b-\-a)/2 

\f(t )\ 2 <(t-a) J {f'{u)) 2 du< {t-a)J (f'(u)) 2 du. 

By integration we obtain 

r (b+a)/2 (b-a) 2 /-(*+«)/ 2 

J a \m\ 2 dt< { -^-J a (f(t)) 2 dt. 

If t> (b + a) /2, we obtain 



Adding the above two inequalities, we obtain 

f a \m\ 2 dt<^^ j\f\t)) 2 dt, 

which concludes the proof. □ 

We give in what follows an elementary proof of the Young inequality in a partic- 
ular case. 

10.2.5. Let f : [0, +°°)— be a strictly increasing function with a continuous 
derivative such that /( 0) = 0. Let f~ x denote the inverse of f. Prove that for all 
positive numbers a and b, with b < f(o), 

ab< [ a f(x)dx+ [ b f~ 1 (y)dy. 

Jo Jo 
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Solution. We first observe that if / is a strictly increasing function with a 
continuous derivative, then integration by parts yields 

J f(x) dx = bf(b) - af(a) - J xf'(x)dx. 

Let y = f(x) , x = f ~ 1 (y) . We obtain 

rb r m . 

/ f(x) dx = bf(b) - a fa) - f ~ 1 (y) dy. (10.2) 

Ja Jf( a ) 

Now if u = f(a), v = f(b), relation (10.2) becomes 

/*/ _1 ( v ) f v 

f{x) dx = V/- 1 (v) - uf- ] (u) - / f~ l (y) dy. 

Jf 1 («) Ju 

Thus, we can always express / / -1 (y) dy in terms of / f(x) dx. 

Returning to our problem, assume that 0 <r < a. Then 

(a-r)f(r)<Jr f(x)dx. 

Hence 

af(r) - r f(x)dx < rf(r) - f f(x) dx. 

Jo Jo 

Applying relation (10.2) to Jo f(x)dx, we obtain 

r a rf( r ) , 

af(r)~ f(x)dx< f\y)dy. 

Jo Jo 

Since 0 < b < f(a ) , we can take r = f ~ 1 (b) , and our conclusion follows. □ 
10.2.6. Letf : R — > [0,°°) be a continuously differentiable function. Prove that 

| J q f 3 (x)dx-f 2 (0)f^ f(x)dx\ < max i |/(x)| ^ f(x)dx^j . 

Solution. Let M = maxo<*<i | f (x) \ . We have 

-Mf(x) < f{x)f' (x) < Mf(x ) , for all x G [0, 1] . 

Therefore 

-M [ X fit) dt < l fix) - ] -f(0) < M f fit) dt. for all x e [0, 1] . 

Jo 2 2 Jo 

We deduce that 

-Mfx) J* f(t) dt < l fix) - \f 2 i0)fix) < Mfx) £ ft) dt . 
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Integrating the last inequality on [0, 1], it follows that 

-M ( jf 1 f(x) dxj < £ f (x) dx - f\ 0) jf 1 f{x) dx<M ^ f(x) dxj , 
which concludes the proof. □ 

10.2.7. (Poincare’s inequality, the smooth case). Letf : [0, 1]— be a function 
of class C 1 with /( 0) = 0. Show that 

/ ri \ V 2 

sup |/0)| < ( / if' (x)) 2 dx ) . 

o<^<i \J o ) 

Solution. Let x £ [0,1], Using /(0) = 0 and applying the Cauchy-Schwarz 
inequality, we obtain 


\f(x)\ = 

[f{t)dt\ 




1/2 

< 

(/„ I' M' 




1/2 

< 

(/„ W'V 




which concludes the proof. □ 

10.2.8. (Poincare’s inequality, the LP variant). Let p > 1 be a real number, a, b 
real numbers, and let f : (a, Z ?)— be an arbitrary function such that /( 0) = 0 and 
fa \f( x )\ P dx < Prove that there exists a positive constant C depending only on 
b — a such that 

f a \f{x)\Pdx<C f a \f'{x)\Pdx, 

for all f £ Wq ,p ( a,b ) . 

Solution. By the Cauchy-Schwarz inequality we obtain 

i/o)i = = \J*fm\ < [irmt, 

for any x £ (a, b) . So, by the Holder inequality, 

f*\f(x)\rdx< (l b m\d t ) p 

<{b — a) p l p ' ■ \f'{x)\ p dx 
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--(b-ay- 1 - [ b \f'(x)\ p dx. 
Ja 


The conclusion follows with C = (b — a) p 1 . □ 

10.2.9. Letf : [0, 1 ]— be a function of class C 1 such thatf(l ) = 0. Prove that 


J o f 2 (x)dx<2^jj o x^(x)dx-^jj o f*(x)dx. 

Solution. Integrating by parts and using /(l) = 0, we obtain 

[ f 2 (x)dx= f xf 2 (x)dx= - f 2 xf(x)f'(x)dx 
Jo Jo Jo 

Applying the Cauchy-Schwarz inequality, we have 


| j\f[x)f{x)dx\ < y jf‘ x^(x)dx^j £ f'\x)dx. □ 

[0,a]— >[0,°°) be a continuous function 

f(t)<K[ f(s)ds , for all t € [0, a] . 

Jo 


10.2.10. Let f : [0,a]— >[0,°°) be a continuous function and consider K > 0 
such that 


Prove that f = 0. 

Solution. The most direct argument is based on iteration. By hypothesis and a 
recurrence argument we obtain 

K n 

fit) < _ {t-s) n ~ l f(s)ds, Vf 6 [0,fl], Vn > 1. 

Let M = max (g [ 0 .a] f(t). Hence 


/(1) <^_ 

(n—l)\Jo n\ n\ 


♦ 0, Vt € [0, a] , 


which shows that f(t) = 0, for all t e [0, a) . 

The following alternative proof can be used in similar situations. Let 


F(t) = K f f{s)ds 
Jo 


By hypothesis, we have 


Hence 


F'(t)=Kf(t)<KF{t). 

(e“ fi f(0)'< 0 . 
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Thus, the mapping 1 1 — > e Kt F(t) is decreasing in [0,a], Since F{ 0) = 0, it follows 
that F(t) < 0. On the other hand, f(t) > 0, so F(t) > 0. Therefore F(t) = 0, that is, 
/ = 0. □ 

10.2.11. Fix a real number p > 1 and let f : M— >R be a continuous function. 
Prove that for any and X > 0 there exists a unique real y such that for all 
zeM, 

rX+X rx+X 

j x X \y-m\ p dt< j x i \z-m\ p dt. 

Ecole Normale Superieure, Paris, 2003 

Solution. For any fixed (x,X) gtx (0,+°°) we define the continuous function 
g(z ) = \z—f{t)\ p dt. Let us observe that for any z e ffi with |z| > max{|/(t)|; x— 

X < t < x+ X} =: M we have g(z) > 2A(|z| — M) p , which implies g(z)— > + 00 as 
|z|— 1 ► + °°. Since g is continuous, it follows that g achieves its minimum. 

On the other hand, by the strict convexity of the mapping [0,+°°) 9 u 1 — > u p 
we deduce that g is strictly convex, too. In particular, this implies that the minimum 
point of g is unique. 

The important inequality we prove in what follows does not belong to the the- 
ory of linear differential equations per se, but is very useful to establish the global 
existence of solutions of homogeneous differential linear systems. □ 

10.2.12. (Gronwall’s inequality, the differential form) (a) Consider the differ- 
entiable function f : [0, T]— >[0,<») satisfying 

fix) < a(x)f(x) + b(x) , Mx e [0, T] , 

where a, b : [0, T]— >[0,°°) are continuous functions. 

Prove that 

f(x) < e-To f ® dt |/(0) + jf*/(f)*] , Vx e [0, T) . 

(b) In particular, if f{x) < a(x)f(x) pe [0, T] and /( 0) = 0, prove that f = 0 in 

[0,7’1- 

Solution. (a) By hypothesis it follows that 

(f(x)e~J b x »(0*)' = e-^ a ^ dt (/(x)-ci{x)f(x)) < dt b{x), 

for any x G [0, T], Hence 

/(je)e _ Jo fl W* </(0)+ r t rJS^b(,)ds<m+ C ’ b(s)ds, 

Jo Jo 


which concludes the proof. □ 
(b) Follows from (a). 
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10.2.13. (Gronwall’s inequality, the integral form) (a) Consider the continuous 
function f : [0,7’]— >[0,°°) satisfying 

f(x)<C\ f X f(t)dt + C 2 , V*G[0 ,T], 

Jo 

where C\, C 2 > 0 are constants. 

Prove that 

fix) < C 2 ( 1 + C\xe ClX ) , \/0<x<T. 

(b) In particular, if 

f{x) <Ci [ X f(t)dt, Vxe[0,T], 

Jo 

prove that f = 0 in [0, 7] . 

Solution, (a) Let g(x) = f^fi^dt. Then g' < C\g + C 2 in [0,7], Applying the 
Gronwall inequality in differential form, we obtain 

g(x) < e c ' x (g(0)+C 2 x) = C 2 xe ClX . 

Using now the hypothesis, we obtain 

fix) < C lg ix) +C 2 < C 2 (l + C\xe ClX ) . □ 

Independent Study, (i) What can we say about a continuous function / : 

M— >[0,°°) if 


fix) < [ ff)dt for all x £ \a,bY! 

Jo 

(ii) Assume that for all t G [a, b ] , 

fix)<C l ix-a)+C 2 J X fit)dt + C 3 , 

where / is a nonnegative continuous function on [a.b], and C\ > 0, C 2 > 0, and 
C 3 > 0 are constants. Prove that for all x G [a,b\. 

The following inequality was proved by G.H. Hardy in 1920. He was looking 
for a nice proof of Hilbert’s double series inequality. Some six years later, Landau 
was able to supply the best constant in this inequality. The interest illustrated for 
this result is reflected by the fact that twenty papers giving new proofs or modify- 
ing slightly the inequality appeared before 1934. One of these modified inequalities 
is the Carleman inequality, which in some sense is a limiting version of Hardy’s 
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inequality. We also point out that special cases of the following result become 
Poincare’s inequality, Friedrich’s inequality, or the weighted Sobolev’s inequalities. 
All these inequalities have many applications in embedding theories and in differen- 
tial equations theory, both ordinary and partial. We state below the Hardy inequality 
in its simplest and original form. 

10.2.14. (Hardy’s inequality). Letp > 1 a ndletf: [0,°°)— dR be a differentiable 
increasing function such that /(0) = 0 and ( f(x)) p dx is Unite. Show that 

J~x-p \m\Pdx < p j\f\x)) p dx , 

and equality holds if and only iff vanishes identically. Moreover, the best constant 
is given by p p (p — l)~ p . 

Solution. If / vanishes identically, then equality holds. So, we will assume that 
/ ^ 0. For any integer n > 1, set g„ = min{/',n}, G n (x) = Jq g n (t)dt. Let A be 
sufficiently large that f ^ 0 on (0,X), for allX > A. It follows that the same property 
is satisfied by g n and G n . After integration by parts, we obtain 



We have used above the fact that G n (x) = o(x) for x— >0. So, by Holder’s inequality, 



Since the left-hand side is positive and finite, it follows from (10.3) that 



g p (x)dx. 


Passing to the limit as it follows that 



(10.4) 
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This is exactly the Hardy inequality in the weak form, that is, for < replaced 
by <. It remains to show that the inequality is strict, under the hypothesis that / ^ 0. 
Indeed, taking n — and X— >°° in (10.3), we obtain 

Using now (10.4) in the right-hand side of (10.5), we deduce that 



with equality if and only if x~ p f p (x) and (f'(x)) p are proportional. This situation 
is impossible, since it would imply that f is a certain power of x, so (f (x)) p dx 
diverges, contradiction. 

The fact that p p (p — l) -p is the best constant in Hardy’s inequality follows by 
choosing the family of functions 

f0, if 0 < jc < 1, 

MX) = { J^- e (x( p -'- p z)/ p - l) , if X > 1, 

for £ > 0 sufficiently small. 

The following inequality due to Hardy is closely related to the uncertainty prin- 
ciple. 

Let / : [a,b]— be a continuously differentiable function such that f(a ) = 
f(b) = 0. Prove that 


where d(x) = min{|x— a\, \x— b |}. 
It is sufficient to prove that 


f 


fix) 

4(x — a) 2 


dx< 


jy 


dx. 


where 2 c = a + b, and a similar inequality for the other half-interval. Without loss 
of generality, we consider only the case a = 0. We then have 


[f(x) 2 dx = £ {x ] l\x-'l 2 f(x))’ + 

> J‘ j^ 1/2 /w (x- 1/2 mr +^r} dx 
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A*) 

4x 2 


dx 


f{c) , [‘fix) 


- + 


■L 


* 'X 
/ 2 (*: 


4x 2 


x/x 


4x 2 


x/x, 


as required. □ 

Comments. The /V-dimensional version of the Hardy’s inequality can be stated 
as follows. For this purpose, if Q is a region in K. and u £ M. N such that \u\ = 1, we 
define 

d u (x) =min{|M|; x+tu^L 3}. 

This definition implies that 0 < d u (x) < and d u (x) = 0 if and only if x Q. 
Defining the vectors 

e\ = (1,0,..., 0), e 2 = (0,1,..., 0), . . . ,e 2 = (0,0, . . . , 1), 
we put dj(x) = d ej (x), for any 1 <i< n. 

Let Q be an arbitrary open set in R ,v and assume that / is a continuously differ- 
entiable real- valued function with compact support in Q. Then 

iLM^ dx -L mx)fdx ’ <ia7) 

where V/(x) = ( f Xl (x),..., f XN (x) ) . 

Indeed, applying Hardy’s inequality (10.6), we deduce that for any 1 <i<n, 

L£w dx -i lUx)fdx ' 

By summation from i = 1 to N we deduce (10.7). 

Remark. Opic and Kufner [87] were looking at higher-dimensional versional of 
Hardy’s inequality. If Q is a bounded set in R ,v , they established the inequality 

(/ n l/(,)|M^)‘ ,, <c(|/J|w 

Here the constant C is proved to exist if and only if (sample result for N = 1 and 

Q = {a,b)) 

sup (^J b v[t)d?j k y*wttf-P’d?J ^ <oo, 
where p' denotes the conjugate exponent of p. 
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10.2.15. Let f be a C 1 function on [a,b\ and let g be a C 1 convex function on 
[a,b\ such that f (a) = g(a), f(b) = g(b), and f(x) < g(x) for all x € [a.b\. Prove 
that 

V 1 +f 2 {x)dx > J* yjl + g*(x)dx. 

International Mathematics Competition for University Students, 2004 

Solution. Consider the function h(t) := Vl+t 2 , (el. Since h is convex, then 
for all t,s € ffi. 


h(t) > h(s) + ( t-s)h'(s ) . 

Thus, for all jc G [a,b\, 

h(f'(x)) > h(g'(x)) + 1 f(x) - g'{x}] h'(g'(x)) . 

Therefore 

f a yfl+f' 2 (x)dx > J" y/l +g' 2 (x)dx+ f a [f{x) - g'(*)] h'(g'(x))dx. 

So, it is enough to prove that 

J\f'{x)-g'{x)\ h'(g'(x))dx> 0. 

This follows by the second mean value theorem for Riemann integrals. Indeed, since 
g and h are convex and of class C 1 , the function h' o g' is nondecreasing and contin- 
uous. It follows that there exists c € [a,b\ such that 

J a [f\x)-g\x)\h!(g'{x))dx=h!(g'{a)) {/(x) -g'{x))dx 

+ h'(g'(b))Jc {f'{x)-g'{x))dx. 


But f(a) = g(a) and f(b) = g(b). Hence 

J* [/'(*) - gf(x)] h'(g'(x))dx = [/(c) - g(c) ] [ti(g'(a)) - h'(g\b))] , 

and the conclusion follows after using the hypothesis f < g and the fact that h! o g' 
is nondecreasing. □ 

The above proof also shows that equality occurs if and only if f = g. 

10.2.16. Prove that there is no positive continuously differentiable function f on 
[0,°°) such that f (x) > f 2 (x), for all x> 0. 

Walter Rudin, Amer. Math. Monthly, Problem E 3331 
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Solution. If / is such a function, we obtain the contradiction 

1 [ l,m / f 1/m /(*) 1 1 1 

m~Jo x -Jo m m W/7m < m ' 

The following result is related to the previous one, and it yields a nonexistence 
result in a framework involving the second derivative. □ 

10.2.17. Let a e I, a > 0, and C > 0 be constants. Prove that there is no 

twice-differentiable function f : >(0,°°) that satisfies f"{x) > /' l+ “(x) and 

f'(x) > C. 

Richard Stong 

Solution. Suppose that such a function exists. Since f (x) >C> 0, f(x) increases 
without bound. Integrating the first inequality in the form 

f'(x)f"(x)>f 1+a (x)f'(x) 

gives 

for some constant C\ . Since / increases without bound, there exists some b>a such 
that for x > b we have 

(/«)’> ^/ 2+ “w, 

which can be rewritten as 

/(*) > 

fl+a/ 2 ( x ) ~ 

Integrating again gives the inequality 

- > 

a/“/ 2 (x) 

This is a contradiction, because the left-hand side is always negative, but the right- 
hand side will be positive for x large enough. □ 

10.2.18. Prove that 

[* e™ x dx>ne 2 l % . 

Jo 

Solution. We have e SII1J: = X“ =0 sin"x/«!. On the other hand, an integration by 
parts yields ( n + 2)/„+2 = (n+ 1 ) /„, where /„ := J^sin".^.*. Since /o = tt and/i = 2, 
an elementary argument by induction yields /„ > n (2 /n) n , for all n> 0, with strict 
inequahty if n > 2. We conclude that J'q e smx dx > 7t^ =0 (2/7t) n = ne 2 l K . □ 
Exercise. Using Stirling’s formula, find a sharper lower bound for Jq e SIDX dx. 
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10.2.19. Lyapunov’s Inequality. Let p be a real-valued continuous function 
on [ a,b \ (p ^ 0) and let f be a nontrivial function of class C 2 such that f"{x) + 
p(x)f(x) = 0 for all x G [a, b) and f{a) = f(b) = 0. Prove that 


/"to I 

/to I 


dx > 


4 

b — a 


Solution. Set M := sup a<JC<fe \f(x) \ < °°. We have 


I fix) 

I- 

ic f n (x)dxj 

\ /to 

\ax > to 

M 

M 


\Ad)-f(c)\ 

M 


(10.8) 


for arbitrary a <c < d <b. Take xo G (a,b) such that f(x o) = M. Then, by Rolle’s 
theorem, there exist q\ G (a,x o) and §2 € (xo,fe) such that M = (x 0 — a)/'^i ) = 
— {b — Xo)f'(^ 2 ) ■ Combining this with (10.8), we obtain 


[ b \ f{x) \dx> 1 [ 1 ? 4 

'a | /(x) | xq — a b —xq b — a' 


the last inequality following by the minimization of the mapping ( a,b ) 3 x 1 — > 
(x — Cl) - Hh (b — x) — 1 . □ 

Exercise. Assume that q : [a, b] —> (0, °°) is a continuous function. Prove that under 
the same assumptions as in the statement of the above exercise. 


q(x) p + (x)dx > a (b — a), 


where a = inf xe ^ a ^(x — a) 1 (b — x) 1 q(x) and p+(x) = max{p(x),0}. This 
inequahty generalizes Lyapunov’s inequality, provided that q(x) = 1, for all x G 

[a,b]- 

10.2.20. Let a be a positive real number and let f : [0,°°) — *• [0,«] be a func- 
tion that has the intermediate value property on [0,°°) and is continuous on (0,°°). 
Assume that f( 0) = 0 and 

x/(x) > f X f{t)dt , for all xG (0,-) . 

Jo 


Prove that f has antiderivatives on [0,°°). 

D. Andrica and M. Piticari, Romanian Mathematical Olympiad, 2007 


Solution. Since / is continuous on (0, °») and bounded, it follows that / is inte- 
grable on [0,x], for every x > 0. The function F : [0, °°)— >M, defined by 

F(x) = [ X f(t)dt , 

Jo 
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is therefore differentiable on (0,°°), and F'(x) = f(x) for all x > 0. Define a map 
g : (0, °°)— by letting g(x) = F(x) lx for x > 0. Since 


tw= *’; f(,| > o. 


for all x > 0, g is nondecreasing, so lim*— >og(x) exists. Let £ denote this limit. 

Since / has the intermediate value property, there exists a sequence ( a „ ) of pos- 
itive real numbers such that a n — >0 and /(«„)— »/(0) = 0. By hypothesis, f{a„) > 
g(a n ) > 0, whence lim = 0, so £ = 0. Since F(0) = 0 and g(x) = F(x) / x , 
we get 


F'(0) = lim 


F{x)-F{ 0) 
x 


= lim g(x) =£ = 0, 

x—H) 


so F' (0) = /( 0) and F is an antiderivative of / on [0, °°) . □ 

10.2.21. Let be the class of all differentiable functions f : [0, 1]— >R with a con- 

tinuous derivative f on [0,1], and /( 0) = 0 and /(l) = 1 . Determine the minimum 
value that the integral Jq (1 + x 2 ) 1 / 2 (f 1 (x)) 2 dx can assume as f runs through all of 
, and find all functions in if that achieve this minimum value. 

D. Andrica and M. Piticari, Romanian Mathematical Olympiad, 2008 


Solution. Apply the Cauchy-Schwarz inequality to get 


l=/(l)-/(0)= f f(x)dx 
Jo 

= [\l+x 1 )- l / 4 [(l+x 1 ) 1 / 4 f l (x))dx 
Jo 

<(f\iwr^dx ) l/2 ^{i+j?fi\f{x)fd^j 12 

= (M1 + ^)) 1/2 ^ 1 (1+X 2 ) 1 /2(/ W )2^ 7 . 


Consequently, 


Al +f) l/2 (f(x)) 2 dx> 

Jo 


1 

ln(l + V^)’ 


for all / e if. Equality holds if and only if /' (x) = k( 1 +x 2 ) ’/ 2 ; that is, 


f(x) = /tin ( x+ 


The conditions /( 0) = 0 and /(l) = 1 yield 
1 


/(*) = 


ln(l + y/2) 


ln[x-\ 


0<x< 1, 


a function that clearly belongs to if. □ 
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10.3 Improper Integrals 


We know what we are, but know not 
what we may be. 


William Shakespeare (1564-1616) 


For any t > 0 we define Euler’s gamma function by 


r(t)= f f-'&- x dx. 


10.3.1. Prove that jf x* 1 e X dx converges for any t > 0. 

Solution. To show that this integral is convergent, there are two difficulties: the 
integrated function is unbounded in a neighborhood of the origin, and the integration 
interval is infinite. Therefore we split the integral into 



Using the estimate 


x t - l e~ x <x , ~ 1 


and 



(1 - a) 1 ifa<l 


if a> 1 


[+< 


we deduce that / 0 ' f 1 e X dx converges for t > 0. Next, we use the estimate 

= x'-'e^/V*/ 2 < Me - */ 2 , 

provided x is sufficiently large. Thus, /“ xl~ l e~ x dx converges for any t > 0. A direct 
computation also shows that 

r(f + l)=fT(f) foranyf>0. □ 

10.3.2. Prove that 


sinx 

/ dx 

J l x 


converges, but 



diverges. 


Solution. Set /(x) = sinx/x, for any x > 1. Integrating by parts, we have 


f R sinx , 

/ dx 

J l x 


= cos 1 — 


cos R 
R 
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Since cos*/* 2 < 1/x 2 and /“ \ /x 2 dx converges, we deduce that /“ sinx/x dx 
converges. 

To show that /“ | sinx/x| dx diverges, we observe that 


&^\j^ dx= £ r 

J n X i_\Jk\ 


(k+l)n | s j nx | 
“l J kK 


dx 

{k+l)n 


n 1 r{k+l)K n 

> Z 77— jw / |sinx|dx=]T 


(*+ 1)« ’ 


which diverges to +°o as □ 

10.3.3. Using the fact that 


J e ** dx= y/n, 


compute f {t), where 

f(t) = J e~ t3 ^dx, Vf > 0. 

Solution. By the change of variables y = xyft we obtain, for all t > 0, 

f^jy^fyyyfy^y 


It follows that 


/to— Y* 


V^,-3/2_ n 


10.3.4. Let f : [0,°°)— >[0,°°) be a decreasing function such that the integral 
fo f{ x )dx is convergent. Prove thatlim*— >«,x/(x)dx = 0. 

Solution. We argue by contradiction. Assume that there exist £ > 0 and x n — >°° 
such that x n f(x„) > e. Since / is decreasing, it follows that there exists A > 0 such 
that fix) > e/x, Vx > A. This implies lim ( — /q f(x)dx = +°°, a contradiction. □ 

10.3.5. Let f :K— >[0,°°) be a continuous function such that the integral /J° f(x)dx 
is convergent. Prove that 


lim - f" xf(x)dx = 0 . 
n^°°n Jo 

Solution. Fix e € (0, 1). From / 0 °°/(x)dx := lim f _ >~/o/(x)dx < °°, it follows 
that there exists N G N such that 


f(x)dx <E, Vn> N. 
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Thus, for all n e N such that n > [f ] , we have 

[ n -f(x)dx= [ ne -f(x)dx+ [ n -f(x)dx 
Jo n Jo n Jne n 

<E H f{x)dx+ [ n f(x)dx 
Jo Jne 

<e£ e f(x)dx+£ < £ (jT f(x)dx+ 1 


Since the above inequality holds for any e > 0 and for all n sufficiently large, we 
obtain 


lim - [ xf(x)dx = 0. □ 
Jo 


10.3.6. Find all positive numbers a, b such that the integral 




dx 


is convergent. 

Solution. We use the Landau notation and denote by 0(x 2 ) a quantity obtained 
by multiplication of a bounded function and x 2 . Thus, we can write 

(l+x 2 ) 1 / 2 =l + j + 0(x 2 ), for |x| < 1. 

Hence 


x+a— V* = x 1/2 



= x 1/2 {l + ^ x + °( x 


It follows that 


and similarly, 



So, our integral becomes 

P /4 (^ +o ^)K 

The term x^ 4 0{x~ 2 ) is bounded by the product of a constant and x 7 - /4 , whose 
integral converges. 
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So, we have only to decide whether 

Em \\-V><L±,u 

A >°°Jb 4 

exists and is finite. 

The function x -3 / 4 yields a divergent integral, so the above integral converges if 
and only if a = b. □ 

10.3.7. Let (O : [0,a]— >[0,°°) be a continuous increasing function such that 
oi(0) = 0, to(t ) > 0, for all t > 0 and 

lim [ —J—ds = +°°. 

S\o Js ffl(s) 

Let f : [0,a]— >[0,°o) be a continuous function such that 

/(f) < f co(f(s))ds, Vfe(0,a]. 

Jo 

Prove that f = 0. 

Solution. Let g(t) = maxo< s < ; f(s) and assume that g(t) > 0 for all 0 < t < a. 
Then /(f) < g(t), and for all t, there exists t\ < t such that f(t\) = g{t). Therefore 

g(t) = f(h)< [ co(f(s))ds< [ to(g(s))ds< ( co(g(s))ds. 

Jo Jo Jo 

It follows that g satisfies the same inequality as /. Let 

G(t)= f co(g(s))ds. 

Jo 

Hence G(0) = 0, g{t ) < G(f), G'(t) = co ( g{t )). It follows that G'(t) < co (G(f)). So, 
on the one hand, 

/■« G^) 

Js co(G(t )) 

and on the other hand, 

f a G'(t ) ± _ r A du 
Js a(G(t)) Ja co(u) ’ 

where G(a ) = A and G(8) = A . But by our hypotheses, the last integral tends to +°° 
as 8 \ 0. This contradiction shows that g cannot be positive, that is, / = 0. □ 

10.3.8. Let f : [0, °°) — > [0, °°) be a continuous function with the property that 

lim /( x) [ X f(t)dt = l > 0 , i Gnite. 

Jo 

Prove that\im x — > 00 /(x) A /x exists and is Gnite, and evaluate it in terms off. 
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Solution. Define F(x ) = J'q f(t)dt, for any x > 0. Since / takes on nonnegative 
values, F is increasing, and by our hypothesis, 


lint F(x) = sup{F(x) :x > 0} > 0. 

We first prove that 

fim F(x) = +°°. 

Assuming that this limit is some finite L > 0, it follows that 
lim /(x) =l/L. 


Hence f(x) > f/{2L) for x > xo, for some xo > 0, so 

F(x)=F(x 0 )+/ f(t)dt>£(x-x 0 )/(2L), x>x 0 , 

JXQ 


which would contradict the assumption that F(x) is finite. This establishes 

that lim x _,„oF(x) = +°°. Therefore, l’Hopital’s rule yields 


lim 


F 2 (x) 


= 2 lim /(x)F(x) = 2£. 


It follows that 


Finally, writing 




~7T 


for x large enough, we conclude that lim*— ^f(x)y/x exists, is finite, and equal to 

Vm- □ 


10.3.9. (Barbalat’s lemma, [5]). Letf : [0,°°)— be uniformly continuous and 
Riemann integrable. Prove that f(x)— >0 asx — >°°. 

Solution. Arguing by contradiction, there exist e > 0 and a sequence (x„)„>o C 
[0,°o) such that x „— >°° as n— >°° and \f(x„)\ > e for all integers n > 0. By the 
uniform continuity of /, there exists 8 > 0 such that for any n £ N and for all 

|x„ — x|<S^|/(x„)-/(x)|<|. 

Therefore, for all xS [x„,x„ + 5] and for any n £ N, /(x) > |/(x„)| — \f(x„) — f(x)\ > 
e/2. This yields, for all b6N, 



f [x)dx— f f(x)dx I 

Jo 



\f(x)\dx > — > 0. 
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By hypothesis, the improper Riemann integral f(x)dx exists. Thus, the 
left-hand side of the inequality converges to 0 as n— This contradicts the above 
relation, and the proof is concluded. □ 

10.3.10. Let f : [0,°°)— be a decreasing function such that lim x — >™f{x) = 0. 
Prove that f(x)dx converges. 

Solution. We first observe that our assumptions imply that / > 0 on (0, °») and 
/ is integrable on [0, T] for any T > 0. Fix T and choose n £ N such that nn<T < 
(i n + l)n. Then 

rT n—1 ,(*+ 1)tc rT 

/ fix) sinx dx='^_ t / f(x') sinx dx+ / fix) sinx dx 

JO k—0 JnK 

'L, 1 . r{k+ rT 

= Y,(~ l ) k \f(x)sinx\dx+ f(x)sinxdx. 

l . = 0 Jkn JnK 


We consider the limit as T — ><», directly for last term and by Leibniz’s alternating 
series test for the first term. First, 


I rT I r{n+\)K r{n+\)n 

/ f[x)sinxdx < / \f(x)\\sxnx\dx< f{nn) / \sinx\dx = 2f{nn), 

\Jnn | JnK JnK 


and the f{x)—> 0 hypothesis shows that the last term above has limit 0 as n— that 
is, as T— >°o. 

Next, the limit of the first term exists if and only if Xr=o ( — ^) k °k converges, 
where a k = f£ +l)n f(x) \ sin x\dx. But 


r(k+ 1 )k r(k+2)n 

ak= f{x)\sinx\dx> / f(x)\smx\dx = a k+i , 

Jkn J{k+l)n 


because / is decreasing, and for the same reason, 

r(k+l)n 

a k < f(kn) I I sinx\dx = 2f(kn)— >0 as k — >°°. 

Jkn 

The alternating series thus converges, and the proof is complete. □ 

This exercise may be used to deduce the convergence of many improper integrals. 
For instance, Jq (sinx) jx dx converges (we observe that 0 is not a “bad” point, since 
sinx/x— >1 as x— >0. An alternative proof of this result follows from the following 
exercise: 

Exercise. Prove that if0<a<R<°°, then 
r R sinx , 

l — dx 
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Next, we are concerned with the Gaussian integral (or probability integral) 
f-tt e ^dx. 

10.3.11. Prove that 


Solution. We define 




ri e -*(i+< 2 ) 

/(*)=/ -rr ~p~ dt - 

Jo 1 + 1 - 


Since / is differentiable for all x £ 1, we have 


/( 0) = arctan 1 = ^ , /(») := Jim /(x) = 0 , 

the latter because when x > 0, 

r i s -xt 2 s -x- 

Applying the Newton-Leibniz rule, we obtain x > 0, 

f(x) = -fe^^dt = -e- x f\- x{1 dt 

where 


(10.9) 


( 10 . 10 ) 


= / e " du. 

Jo 


Integrating (10.10) from 0 to then making the substitution z. = \fx, we deduce 
that 

/(oo) - /( o) = - f ?-=g(Vx)dx = -2 l e~ zl g{z)dz 
Jo \fx Jo 

= -2 r g'(z)g(z)dz= [g(0)] 2 - [g(oo)] 2 . (10.11) 

Jo 

Because of (10.9), we read relation (10.11) as —(it/ 4) = —(ffe^dx) 2 . We con- 
clude that J 0 “ e~ x ~dx = \fn /2. □ 

Exercise 10.3.11. shows that fff e~ x ~dx = 2 jf^ eT xl dx = fn. After a change 
of variable we obtain 
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This shows why the factorial of a half-integer is a rational multiple of \fn. More 
generally, for any a,b> 0, 


fV»W'/*r ( 0 + I). 

In the following exercise we give a simple method to evaluate the Fresnel inte- 
grals (named after the French mathematician Augustin-Jean Fresnel (1788-1827), 
who applied them in diffraction phenomena) Jq sin x 2 dx and Jq cos x 2 dx. 

10.3.11. Prove that 


Solution. Define 


[ sin x 2 dx = [ cos x 2 dx = . 

Jo Jo 4 

G = sin xJdx. 

Jo 


F= cos xJdx, 

Jo 

We introduce the auxiliary functions 

cosxt 2 r 1 sinxf 2 

a(x) = / -dt, P{x)= / T dt. 

K J Jo 1 -t 2 Jo 14 # 


( 10 . 12 ) 


We observe that a and /3 are continuously differentiable functions satisfying 

a( 0) = ^, J3(0) = 0. (10.13) 

We will also show that 

a(oo) ;= jhn a(x) = 0, Jhn j3(x) = 0. (10.14) 

Applying the Newton-Leibniz formula to both integrals in (10.12), we deduce that 
«'(*)- J3 (x) = -q(x), p ’(x) + a(x)=p(x), (10.15) 


where for x > 0, 


( p(x) = [ cosxt 2 dt=—= [ cos y 2 dv = —=u(y/x), 
I Jo vx Jo \/x 

I /■! 1 ryS j 

^(x) = / sin xt 2 dt=—j= / sxny 2 dy = —=v(\fx) , 

( Jo yX Jo yX 


and 


u (z) := [ cos y 2 dy, v(z) = / siny 2 dy. 

Jo Jo 


(10.16) 


(10.17) 
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We treat the system of differential equations (10.15) as follows: (i) we multiply 
the first equation by — cosx, the second one by sinx, then add the products; (ii) we 
multiply the first equation by sinx, the second one by cosx, then add. The two results 
can be written, respectively, 

(i) (x) sinx — a(x) cosx} = p(x) sinx+ q(x) cosx, 

(ii) -^-{j3(x)cosx + oc(x)sinx} = p(x) cosx— q(x) sinx. (10.18) 

Integrating the above relations from 0 to we obtain, by means of relations (10.13) 
and (10.14), 

/ \p(x) sinx+ q(x) cosx ] dx =—, / \p(x) cosx — q(x) sinx ] dx = 0. (10. 19) 

Jo 4 Jo 


Now, using (10.16) and (10.17), the substitution z = \[x, and relation (10.17), we 
rewrite (10.19) as 


v = 2 [ \u(z) sinz 2 + v(z) cosz 2 ] dz 
4 Jo 

= 2 [°° [u(z)V (z) + v(z)u' (z)]dz 
Jo 

= 2 Jo ^[u(z)v(z)]dz = 2FG 


( 10 . 20 ) 


and 


0 = 2 [ [ u(z ) cosz 2 - v(z) sinz 2 ]rfz = 2 f [u(z)u'(z) - v(z)v'(z)\dz 
Jo Jo 

= J~^- z {[u(z)] 2 -[v(z)] 2 }dz = F 2 -G 2 . (10.21) 

To show that G is positive (and with it F, by (10.20)), we write 

1 f°° sinx 1 r n ( k + 1 ) sinx 

G=- -rdx=-^ —=dx. 

2 Jo \/X 2 j~ n Jnk \fx 


This is an alternating series of diminishing terms whose kXh term approaches 0 as 
k — ► °° and whose k = 0 term is positive. It follows that G > 0. From (10.20) and 
(10.21), therefore, F = G = (1 /2) 0r/2. 

To prove the second assertion in (10.14), we substitute y = xt 2 in (10.12) and we 
deduce that 


^ 2 y/ih 


sin y 


2sfxJo y/y[i + (y/x)\ 


dy. 


( 10 . 22 ) 
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We partition [0,x] into the subintervals [0, n \ , [n,2n\ [nn,x] for the appropriate 
positive integer n, and write (10.22) as a sum of integrals over the subintervals. 
We obtain a sum of diminishing alternating-sign terms, the first one being positive. 
Thus, for x > Jl, 


0 < p w < _L /’ <_!_/' 

2^/xJo s/y[l + (y/x)\ y 2^/xJo yjy 


hence J3 («) = 0. 

It is almost as obvious that a like partition of the interval [0,x] for evaluation of 


a(x) 


1 I" x cosy 

2\fx Jo y/y[i + {y/x)\ y ' 


Thus, for any x > n, 

1 f n cosy 

<0l{X)< 2^Jo y/W+tyx)]** 

1 f n / 2 cosy j ^ 1 [ K ! 2 cosy t 

< 2^Jo y/y[ l + (y/x)f y < 2^Jo 

which implies that a(°°) = 0. This completes the proof of (10.14). □ 

In Exercise 10.2.2 we have argued that JJ° (sinjt ) /x dx converges. In what follows 
we show that the exact value of this integral is n/2. As in the previous exercises, 
this computation is difficult, since the antiderivative of f(x) = (sinx) jx cannot be 
expressed as a finite combination of elementary functions. 

10.3.12. Prove that 


sinx , n 

/ dx=~. 

Jo x 2 


Solution. Integrating on [0,7r] the identity 


1 sin (n + A)x 

- + cosx+cos2xH bcosrcx = 


2 sin i 


we obtain 


Define the function 


° sin (n + ^)x n 

2 sin 4 2 


(10.23) 


if x e (0, n \ , 


f(x) = 


0 


if x = 0 . 
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Then / is continuously differentiable. Thus, by the Riemann-Lebesgue lemma 
(Exercise 9.2.2.), 

G“^) s K ,,+ {)‘ fc=o ' 

Taking into account relation (10.23), we deduce that 
f K sin (n + A 


hm r 
0 




Using the substitution t = {n+\)x, we obtain 

r(n+ 1/2)71 s j n? 


r(n+l/2.)K s j n? K 

hm / dt = — . 


(10.24) 


Since 



is convergent, relation (10.24) yields /J° (sinjt) /x dx = n/2. 

A more direct approach uses the Laplace transform F of (sinx) /x: 

, . r°° sinx 

F(x) = / e dx. 

Jo x 

As 5 becomes large, the kernel e~ sx converges to 0 as s-t^, for any x > 0. Since 
| sinx/x| < 1 for x > 0, we have | F(s) < 1 /s, which gives lim s ^ M F(s') = 0. 

Assuming that differentiation with respect to 5 may be performed either before 
or after the integration, we have 

F '{s) = ~ J o (sin x)eT sx dx = - . 

Hence F(s) = — arctan s + C, where C is a constant. But lim s — F(s) = 0, so C must 
be n/2. Thus, since C = F{ 0), 


i: 


sinx 

x 


n 
2 ' 


A generalized version of the Riemann-Lebesgue lemma is the following: 
Assume that / : [«,&]— is a continuous function (where 0 < a < b) and let 
g : [0,°°)— be continuous and periodic of period T. Then 

hm J* f(x)g{nx)dx = j J* g(x)dx- £ f(x)dx. 
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Some direct consequences of the generalized Riemann-Lebesgue lemma are 

, r 2n I sinnxl , 2 In 2 

lrm / dx = . 

n^°°J K x n 

r 4n sinru , 3 

ss. n L — dx= ^ 


lim f -j- 
0 1- 


-dx=V2. 


The following generalization of the Riemann-Lebesgue lemma to aperiodic 
functions is due to D. Andrica and M. Piticari. □ 

10.3.13. Let 0 < a < b be real numbers and let f : [a,b\ — > M be a func- 
tion of class C 1 . Assume that g : [0,°°) — > K is a continuous function such that 
lim*— i /q g(t)dt = L exists and is Unite. Prove that 

jf* Mg{nx)dx = Lj\(x)dx. 


Solution. Set G(x) = fg g(t)dt and define oo(x) = G(x) —Lx, for any x > 0. Then 
co is differentiable and lim^co ■ = 0. We have 

J a f{x)g{nx)dx = X -\G{nb)f{b) - f{a)G{na)\ - f'(x)G{nx)dx 

= ~[G(nb)f(b) — f(a)G(na)]-- J f'(x)[Lnx+co(nx)]dx 

= X - [G{nb)f(b)-f{a)G(na)\ -L J b a f(x)xdx- i J a{nx)f , (x}dx 

= ^[G(nb)f{b) - f(a)G(na)} -L[bf(b) - af(a )] 

+Lj\(x)dx-^J*co{nx)f’(x)dx. 

We show that 

1 f b 

lim - / co(nx)f'(x)dx= 0. (10.25) 

n ~‘ y °° n Ja 

Indeed, we first observe that 

I hj 0 )(nx)f(x)dx\ < ] ~ J a \(o{nx)\\f\x)\dx= ^ \f(x)\dx, 


where na < c„ < nb. So, by Exercise 4.6.15, lim, 
relation (10.25). 


_ o, which implies 
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Next, we observe that 



= L[bf(b)-af(a)\. 


(10.26) 


Using relations (10.25) and (10.26), we conclude the proof. □ 
10.3.14. Evaluate 

°° sinx 2 

— — sin(xy) ax. 



sinx' 


N.I. Alexandrova 


Solution. Define the auxiliary function 


/M 



x 


ifxG (0,1), 
ifxe [i,°°). 


Since — jc 3 / 6 < (sinx 2 ) /x 3 — \/x < 0 for x € (0, 1), we deduce that JJ° f(x)dx exists. 
Hence, we may write 

f S ' n ,’ ( sin(xy ) dx = [ f(x) sin(xy) dx+ [ sin(xy)— . 

Jo x J Jo Jo x 

The first term on the right tends to zero as y— >°° by the Riemann-Lebesgue lemma, 
while the second term equals 



which tends to n/ 2 as y— >°o. We conclude that the value of the limit is 7t/2. □ 


10.4 Integrals and Series 


The mathematics of the 20th century 
mostly followed the road shown by 


Poincare, the main difficulty being — as 


A. Weil once told me — the fact that 
too many good mathematicians have 
appeared, whereas all valuable 


mathematicians personally knew each 
other at Poincare’s time. 


10.4.1. Establish the nature of the series 



Vladimir I. Arnold 
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Solution. Trying to apply the comparison tests for series, we have 


^ — < - for all n > 3. 
nr nlnn n 


However, the series X“ =3 l/” 2 converges and the series X“ =3 1 /n diverges; hence 
neither the first nor the second comparison test for series can be applied. 

Using the integral test for series, we observe that the function /(«) = 1/ (xlnx) 
is decreasing on [2,°°) and 

fR dx rtnR Jy 

/ — — = / — m lnflnf?) — ln(ln2)— > + °° asfl^ + °°. 

Ji xlnx J in 2 y 

Thus, the series £“ = 2 1 / (nlnn) diverges. □ 

A more general result is established in the following exercise. 

10.4.2. Prove that the series 

~ 1 


“ 2 n(lnn) a 

converges if and only if a > 1 . 

Solution. Let /(x) = 1 /[x{\nx) a \. Then 


K-t+l)l 1 - a -(ln2) 1 - a 

1 -a 

lnln(x + 1) — lnln2 


if a ^ 1 , 
if a = 1 . 


rx /-InU+l) l 

/ f(t)dt = / — ds 

J 1 J ln2 

Letting x— we see that 

f t if0>1 

and /“ f(t)dt is divergent if < 1. Thus, by the integral test for series, 


^ 2 n(lnn) a 

is convergent if a > 1 and it diverges if p < 1 . Moreover, if a > 1, then 

1 y 1 ^ 1 T 1 1 

(a - l)(ln2)“- 1 “ " 2 n(lnn) a ~ (ln2)«- 1 [ 2 In 2 + a- 1 


10.4.3. Compute 

L 


( X 3 X 5 X 1 

\ A x 2 x 4 \ 

[ X 2 + 2.4 2 • 4 • 6 ^ 

)( 1 + ^+^2+---j 


dx. 
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Solution. We use the classical development 


e' = 1 + - + — + 


1 1-2 1-2-3 


Vt el 


This shows that the sum in the first set of parantheses under the integral sign equals 
xe -Jc2 / 2 . On the other hand, after integration by parts, we obtain 

[°°x ln+l e- xl ' 2 dx=2n [° r?*-' eT* I 2 dx. 

Jo Jo 

An induction argument leads to 

[°°x ln+1 e-^ /2 dx = (2n)n. 

Jo 

It follows that the value of the integral is 


t o 2n] 


A particular case of the following general abstract result is 

1 , -1 r x 1 

x I sir 

;c\0 


rX 1 rx 1 

limx -1 / sin-c/t = limit -1 / cos-rft = 0. □ 

x\0 Jo t x\0 Jo t 

1 0.4.4. Let a i , . . . , a n be real numbers. Prove the inequality 


y ^i>o. 


Solution. Consider the function / : M— defined by f(x) 
conclusion follows after observing that 


±^.= f f{x)dx. 
ifcl l +J J-~ 


XL t a k e kx . The 


This identity also shows that equality holds in our inequahty if and only if a\ = 

••• = «„ = (). 

We point out that the above inequality is in conjunction with the celebrated 
Hilbert inequahty 


for any real numbers a k , k > 1 . 


10.4.5. Prove that there does not exist a subset of natural numbers A such that 
the function f(x) = XneA has the property that x 2 e^ x f(x) tends to 1 as x tends to 
infinity. 
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Solution. We first observe that A cannot be finite. Indeed, in this case, we have 
lim*— >'*x 2 e~ x f(x) = 0, which contradicts our hypothesis. Next, we suppose that A 
is infinite. Our argument is based on the fact that for any ngN, 


L 


xTe~ x 

n\ 


dx = 


1. 


Let B an arbitrary finite subset of A. By hypothesis, there exists a positive constant 
C such that for all x > 1 , 


I 


x n e~ x 

n\ 



Then 


CardB 


= r^dx< 

Jo Jo 

< [ l ^d X+ rc dx =K, 

Jo n\ J i x 2 


where K is a universal constant. We have obtained that if A is infinite, then the 
cardinality of any finite subset of A is bounded by the same constant, contradiction. 

In what follows we use the second mean value theorem for integrals and the 
Dirichlet kernel 

i n (2n+l)x 

W i Y-i sin ~ 

= - + > COSO = : — 7 

2 *ti sinf 

to deduce the value of £(2) = £“ =1 1/n 2 . □ 

10.4.6. (i) Prove that 


(10.27) 


2«— 1 rn n i 

I / xcoskxdx=-2j j —— 
fcl Jo *=1 


(ii) Deduce that 


-l ) 2 


1 K i 1 K 


Solution, (i) For any integer 1 < k < n we have 


f n \ [ K 1 f n (“l)* 

/ xcos kxdx=- / x(sin kx)'dx=—- / sin kxdx= pr 

Jo k Jo k Jo k 2 


(-!)*-! 


0 

2 


This concludes the proof of (i). 


if k is even, 
if k is odd. 
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(ii) By (i), we have 

On the other hand, by (10.27), 

n 2n~i \ fn X (4rt_l)r 

/ x -+ > cos kx\dx = r sin dx 

Jo \2 " J Jo sin | 2 

(4n— 1)^1 1 


= 2|i:+|--ij c °s 2 


4« — 1 


= o hr » 


as n— In the above representation we have applied the second mean value formula 
for integrals for 


f(x) = sin ^ 2 and g(x) 



ifxe (0, 7r] , 
if jc = 0. 


We conclude that X^=i l/(2k— l) 2 = The value of , 
after observing that 



S (2*- l) 2 



□ 


l/k 2 is immediate 


10.5 Applications to Geometry 


I will not define time, space, place, and 
motion, as being well known to all. 

Sir Isaac Newton (1642-1727) 

Let / : [«,(?]— be a differentiable function and assume that its derivative is 
continuous. Then the length of the curve y = f(x) between a and b is given by 

j*y/l+f(x) 2 dx. 

Assuming that / : [a,b\— >[0,°°) is continuous, the volume of the solid obtained 
by revolving the curve y = f(x) around the x-axis is 

rb 

n J f{x) 2 dx. 

Assuming now that / : [a, b] — > [0, °°) is a differentiable function with continuous 
derivative, the area of the surface of revolution of the graph of / around the x-axis is 
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2U L f( x )\l l+ f'( x ^ 2dx - 

An important example in mathematical physics is played by the following 
sequence of functions. For any positive integer n, define the Dirac sequence 1 
(fn)n> 1 by 

f n {x) = a n { 1-x 2 )", 

where 

(2n+ 1)!! 

an = ^2ny. V 

Then J_ l f n (x)dx = 1. Moreover, these functions concentrate (see Figure 10.1), for 
increasing n, more and more of their “mass” at the origin, in the following sense: 
for any e > 0 there exist 5 G (0, 1) and an integer N such that for all n>N, 

1 — £<J f„(x)dx< 1 and J f„(x)dx+ J f n (x)dx < e . 

10.5.1. Let f. g : [a,b\ — > [0,°°) be continuous and nondecreasing functions such 
that for each x G [a.b], 

J \fW)dt< J y / g(f)df and J T/f(ijdt = J y/g{f)dt. 

Prove that f* y/l+f(t)dt > jf y/1 +g(t)dt. 

Solution. Let F(x) = f* \/ f{t) dt and G(x) = f* \fg{t) dt. The functions F and 
G are convex, F(a) = 0 = G(a), and F(b) = G(b), by the hypothesis. We have to 
prove that , b 

j a V^l + {F'{t)) 2 dt> J a J \ + {0{t)fdt . □ 



Fig. 10.1 Mass concentration of the Dirac sequence (n = 1 , 2, 3). 


1 Introduced by the British scientist Paul Adrien Maurice Dirac (1902-1984), Nobel Prize in 

Physics 1933, “for the discovery of new productive forms of atomic theory.” 
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This is equivalent to showing that the arc length of the graph of F is greater than 
or equal to the arc length of the graph of G. This is clear, since both functions are 
convex, their graphs have common endpoints, and the graph of F is below the graph 
of G. 

10.5.2. Let f be a real-valued function with continuous nonnegative derivative. 
Assume that f{ 0) = 0, /(l) = 1, and let l be the length off on the interval [0, 1], 
Prove that 

V2<£<2. 


Solution. We apply the elementary inequalities 


%a + t 


< V a 2 + b 2 < a + b , 


for any a,b> 0. 

We have 

1= £ y/l + {f (xtfdx. 

Therefore, since f (x) > 0, 

V2=^ [\l+f(x))dx<t< [\l + f(x))dx = 2. 

I Jo Jo 

Thus, y/2 < i < 2. If i = 2, then necessarily, 

+ { f(x)) 2 =l+f(x), for all xG [0,1], 

This imphes f (x) = 0, for any x G [0,1]; hence / is constant. The latter contradicts 
the conditions /( 0) = 0, /(l) = 1 . □ 

10.5.3. Let f : [0, 1]— >[0, 1] be a concave function of class C 1 such that /( 0) = 
/( 1 ) = 0. Prove that the length of the graph off does not exceed 3. 

Solution. By Rolle’s theorem, there exists c G (0, 1) such that f(c) = 0. Since / 
is concave, it follows that f is decreasing, so / increases in (0, c) and is decreasing 
in (c, 1) . The length of the graph on / in [0, c] is given by 

L [o,c] = [ Jl+f(x) 2 dx= Urn - X t/l+/'(^) 2 , 

J o n k=Q 

where ^ G (kc/n. (k + \)c/n). By the Lagrange mean value theorem, we can 
assume that 


/((&+ l)c/n) — f {kc/n) 


10.6 Independent Study Problems 
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Hence 

L [o,c] = I™ X \l (c/«) 2 + (/((&+ 1 )c/n)-f{kc/n)) 2 
" °°k = o 

< Um '£[(c/n) + (f((k+l)c/n)-f(kc/n))] = c + f(c), 

” °°jfc=0 

since / is increasing. A similar argument shows that L[ C) j] < 1 — c + /(c) . Therefore 
L[o,i]<c+f{c) + l-c + f(c)<3. □ 

10.6 Independent Study Problems 


Be not afraid of going slowly; be 
afraid only of standing still. 

Chinese Proverb 

10.6.1. For any ordered pair of real numbers (x.y), define the sequence 
{a„(x,y))„> o by 

«(*,*>=*, Vh > 0. 

Find the area of the region defined by 

{ (jc, 3 ;) G R 2 ; the sequence (a„(x,y )) n > 0 is convergent}. 


10.6.2. Let I C 1 be an open interval and p : I— +(0,°°) a function of class C 1 . 
Fix a, b Gl and define 

& a ,b = {/ : [ 0 , 1] — »•/; / e c l [ 0, 1], /(0) = fl, /(l) = b}. 

For any C 1 function f : [0, 1 ] — >/ set 

Mf)= ff{t) 2 dt 

Jo 

and 

Ep(f) = f o f'(t) 2 p(f(t))dt. 

(i) Prove that if g : [0, 1 ]— is a continuous function, then 

f a fm> (/„'««<*) 

and establish when equality holds. 
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(ii) Find 


min | y/Ei{g)\ g € & a . b } 

and show that there exists f G & a such that the minimum is achieved. 

(iii) Prove that there exists an increasing function x j! : !—>R of class C 2 such that for 

a UfS&ajb, 

E P (f) = j\(V°f)'{t)] 2 dt. 

(iv) Fix such a function Xj/. Prove that for any a,b£l, we have 

111111 {\/ £ p(/); / e ^a,bj = I v(a) - y(b) I ■ 

Show that the minimum is achieved by a unique function f a b and find this function. 

(v) Prove that f ab is of class C 2 and satisfies 

2/&(*)p CM*)) + CC(*)) 2 p'CM*)) = 0, vx g [0, 1] . 

1 0.6.3. Compute lim f — Jq xf sin xdx. 

10.6.4. Find a function f of the form fix) = (x + b) /{ex + d) such that the 
expression /J 1 ' 2 | tanx — f(x) \dx achieves its maximum. 

Answer. b= n{n-2)/2{4 — n),c = n/(n — 4),d = -n 2 /2{n-4). 

10.6.5. Letf : [0, 1]— >(0,°°) be a decreasing function. Show that 

f 0 1 xf 2 (x)dx < J,1 f 2 (x)dx 
Jo xf(x)dx - fof(x)dx 


Hint. Consider the function 


f f{t)dt ■ [ tf{t)dt- [ tf 2 (t)dt ■ [ f(t)dt. 

Jo Jo Jo Jo 

10.6.6. (Generalized Gronwall Inequality.) Consider the continuous functions 

ci,b,c,f : [ 0 ,«>)— >[ 0 ,°°) such that 

/(*)</ [a(t)f(t) + b(t)\dt + c{x), Vx > 0. 

Jo 

Prove that 

fix ) < [ f X b{t)dt+ max c(f)l e s * a[f)dt , Vx> 0. 

|_./0 0 <t<x J 


10.6 Independent Study Problems 
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10.6.7. (Nagumo’s theorem) Letf : [0, 1]— >[0,°°) be a continuous function such 
that /(0) = 0, lim f ^ 0 /(OA = 0 an d tf[t ) < fof(s)s~ 1 ds, for all t > 0. Show that 

f= o. 

10.6.8. Find all values of the real parameter a such that the function 

f{x)= f \t\ a sm{\/tf^dt 
Jo 

is differentiable at the origin. 

10.6.9. Letf : [0, 1]— >K be a continuous function. Prove that 

< X -J\ 2 f 2 (x)dx. 

10.6.10. Let f : [a,b]— be a function of class C 1 such that f(o) = 0 and 0 < 
/'( x) < 1. Prove that 

f a f(x)dx< ■ 

Hint. We have 

([mdx^J -j*f(x)dx=2j* ^ jj(y)f(v)[\ -f'(v)]d\^j dy. 

10.6.11. Let f : [0, 1]— »R. be a function of class C 1 such that /( 0) = /(l) = 0. 
Prove that 

and find for what functions the equality holds. 

10.6.12. Let f : be a differentiable function such that f(a) = 

fib ) = 0. Prove that there exists c € [a,b\ such that 

l/(c)ls ( bhf[ mdx ‘ 

10.6.13. Letf : [0, 1 ]— be a continuous function such that J ( ] x k f(x)dx = 0 for 
k = 0,l,...,n—l and Jq 1 x"f(x)dx = 1 . Show that there exists xq e [0, 1] such that 
\f(x 0 )\>2 n (n+l). 

Hint Observe that /J (x- 1 /2) n f(x)dx = 1. 
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10.6.14. Let a < 0, b > 2 and let f : [a,b \— >K be a function of class C 2 . Prove 
that 

j\f"(x)) 2 dx > 1 (/(0) -2/(1) +/(2)) 2 
and that the equality holds if and only if 

f{x) = A + Bx + C(4 - 2(x - 1) 3 + + (x - 2) 3 + ) , 
where t + = max (0, t ) . 

Hint. Integrate by parts in f gf", where g{x) =x + — 2(x — 1)+ + {x— 2) + . 

10.6.15. LetK : [0,a]— >(0,°°) be a continuous function and let f : [0,a]— >[0,°°) 
be a continuous function satisfying 

fit) < f Kis)Hs)ds , Mt e [0, a] . 

Jo 

Prove thatf= 0. 

Hint. Apply the same ideas as in the proof of the solved problem No. 10.1.10. 

10.6.16. Letf : [0,a]— >[0,°°) be a continuous function such that 

fit)<e* #/«* -l, \/t G [0, a) . 

Prove that f = 0. 

10.6.17. Letf : [O.a]— >[0,°o) be a continuous function such that 



Can we assert that f = 0? The same question if the exponent 2 is replaced by 1 /2. 

10.6.18. Letf : [0, 1 ] — be a continuous function. 

(a) Show that lirn^,*, f ( j fix) sm{Xx)dx = 0. 

(b) Prove the following generalization of the above result. Ifg : R — is continuous 
with period T > 0, show that 

lim [ fix)giXx)dx = g [ fix)dx, 

X— >™Jo Jo 

where g := T~ l / 0 r g(x)dx signifies the average ofg over one period. 

10.6.19. Let <p : (0, 1]— »[0,°°) be a twice differentiable decreasing function such 
that tp' is increasing on (0, 1], lirn^o <P( X ) = and lim A; ^o^ < P , W = — 00 . Let g : 
[0,°o)— >R be a continuous bounded function that admits a bounded antiderivative 
G(x) = Jq f(t)dt on [0,o°) and such that lim x ^oog(x) does not exist. 


10.6 Independent Study Problems 
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Prove that 


\imx~ 1 [ X f(t)dt = 0. 

A,o Jo 


T.G. Feeman and O. Marrero 


10.6.20. Let f : [0, °°)— be a differentiable function satisfying 
f'(x) = —3f(x)+6f(2x), for all x > 0. 

Assume that \f(x)\ < e for all x > 0. For any n > 0 we define the nth-order 
momentum off by 

Fn = r^f(x)dx. 

Jo 

(a) Express p n in terms of po- 

(b) Prove that the sequence (p n 3 n /n) n >\ is convergent and moreover, its limit is 0 
if and only if po = 0. 


10.6.21. Let f : [a,b\— be a continuous function that is twice differentiable in 
(a, b ) and such that f (a) = f(b) = 0. Prove that 

f\m dx<^£ sup i/"mi . 

Jo rx a <x<b 

If, in addition, f((a + b)/ 2) = 0, show that in the above inequality we can replace 
1/12 by 1/24. 

Hint. Apply Rolle’s theorem twice to the function (t — a)(t — b)f(x) — (x — a) 
(x — b)f(t) for some fixed a<x<b. We obtain \f(x) \ < M(x — a)(b — x) /2. 

10.6.22. Let a be a fixed real number and define 

& = { f £ c 2 [ 0, 1]; /(0) = 0, /( 0) = a, /(l) = 0} . 

Find min^gj? /q 1 [f"(x)] 2 dx and the function that realizes the minimum. 

10.6.23. Using the ideas developed in the proof of Exercise 10.2.13, show that 

lim [ x~ ( 1 +r ) sin sin (xy ) dx = ^ 
o 2 

for any fixed positive number r. 

Klaus Schiirger 

10.6.24. Let a G (0, 7r) and assume that n is a positive integer. Prove that 

f n cosnx — cosna , sin na 

/ dx=n — . 

Jo cosx — cos a sina 
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10.6.25. Consider the functions /, g : [0, 1)— defined by 

(i) Prove that fix) > 0 and g(x) < 0 for all x £ (0,1). 

(ii) Deduce that for x £ [0,1) we have 

1 14** x 3 

0 < - In x < — . 

~2 1 — x ~ 3(1 —x 2 ) 

(Hi) Show that for any positive integer n. 


0 < ( n+ ^ ) In 


(iv) Define 


« ± 1_1< 1 /1_J_ 

n ~ 12 \n n+1 


and b n = a„e l ^ Un \ 


Prove thata n+ \ > a n and b n+ \ < b„. 

(v) Deduce Stirling’s formula 

n\=c- l n n+ h- n e e 'W 


for some 9 £ (0, 1), where c is the unique real number such that a n < c < b„ 
for all n. 

10.6.26. A function 8 : K— +R is a Dirac delta function if it is nonnegative and 

J^8(x)f(x)dx = m, 

for all continuous functions f : R— > [0,°°). Show that there is no such function. 

10.6.27. (i) Using the recurrence formulas for the integrals of powers of the sine, 
prove that 


I 


■*/2 . 2 „ 2n — 1 2n — 3 

sin xdx = 


1 x dx = - 


(ii) Deduce that 


Jq /2 sin 2 " 1 xdx 


1 < 


1 it 


2 n 2n-2 2 2' 

2 n 2n-2 2 


2n+ 1 2n — 1 


1 xdx 


<1 + ^-- 


sin 2n+1 ■» 

(iii) Taking the ratio of the integrals of sin 2 "x and sin 2 " +1 x between 0 and n/2, 
deduce Wallis’s formula 

2 n 1 


j-umfi-i 


13 2n-l V2n+T 


Appendix A 

Basic Elements of Set Theory 


General statements are simpler than their particular cases. 

A mathematical idea should not be petrified in a formalized, 
axiomatic setting, but should be considered instead as flowing 
as a river. 

— James Joseph Sylvester (1814-1897) 


This appendix provides a short introduction to those concepts from elementary set 
theory that we have used in this volume. 


A.l Direct and Inverse Image of a Set 

Let A and B be two sets and let / be a mapping of A into B. If C C A, the direct 
image of C under / is defined by 


/(C) ={/(*); xeC}. 


The set f(A ) (see Figure A.l) is called the range of /. Then f(A) C B. If f(A) = 
B, we say that / maps A onto B, that is, / is a surjective function. 

If D C B, the inverse image of D under / is defined by 


r\D) = {aeA-, f(x) £ D} . 


The inverse image of the set B is depicted in Figure A.2. 


f 



Fig. A.l The direct image of the set A under the function /. 
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f 



Fig. A.2 The inverse image of the set B under the function /. 


In particular, if y £ B, then f~ 1 (y) is the set of all x £ A such that f(x) = y. If 
for each y £ B, f~ l (y) consists of at most one element of A, then / is said to be a 
one-to-one mapping of A into B. This may be also expressed as follows: / is a one- 
to-one mapping of A into B provided that f(x \ ) ± f(x 2 ) whenever x\ ^ X 2 , x\ G A, 
X 2 G A. 

A function that is one-to-one and surjective is said to be bijective. 


A.2 Finite, Countable, and Uncountable Sets 


An arbitrary set A is finite if there is a bijective map between A and { 1 , . . . ,«}, for 
some positive integer n (the empty set is also considered to be finite). 

The set A is infinite if it is not finite. 

The set A is said to be countable if there is a bijective function between A and N. 
The set A is at most countable if it is either finite or countable. 

The set A is said to be uncountable if it is neither finite or countable. 


Examples, (i) The set Z of integers is 
defined by 



is bijective. 


countable, since the function / : N— 

if n is even, 
if n is odd, 


(ii) The set of all rational numbers Q is countable. 

(in) Both the set of real numbers R and the set of irrational numbers R \ Q are 
uncountable sets. 

(iv) The set of all sequences whose elements are the digits 0 or 1 is uncountable. 


Appendix B 

Topology of the Real Line 


Mathematicians are bom, not made. 

—Henri Poincare (1854-1912) 

We recall in what follows the main topological definitions and properties that we 
have used in this volume. 

B.l Open and Closed Sets 

An open interval in R (see Figure B. 1) is any set of the form 
(a,l)) = {xSl; a < x < b} . 




Fig. B.l An open interval on the real axis. 


A closed interval in R (see Figure B.2) is any set of the form 
[a, b\ = {jc G R; a < x < b} . 


E 

a 

Fig. B.2 A closed interval on the real axis. 


The intersection of two open intervals is either empty or is another open interval. 
The union of two open intervals is either another open interval or is just two disjoint 
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open intervals. If I is an open interval and x el, then there exists e > 0 such that 
(a — e,a + e) C I. 

A subset U of M is called open if whenever x eU, there exists £ > 0 such that 
(x-£,x+e) C U. 

In M, any open set U is the countable union of disjoint open intervals. 

The union of any number (finite or infinite) of open sets is open. The intersection 
of finitely many open sets is open. This property is no longer valid for an arbitrary 
intersection of open sets. 

If a is real number, then a neighborhood of a is a set V that contains an open set 
U such that aeU. 

A subset F of M is called closed if its complement M \ F is open. 

The intersection of any number (finite or infinite) of closed sets is closed. The 
union of finitely many (but in general, not of infinitely many) closed sets is closed. 

A set S of real numbers is closed if and only if the limit of any convergent seq- 
uence (a n ) n > i c S is also an element of S. 

Let S be a subset of K. A real number a is called a boundary point of S if every 
nontrivial neighborhood (a — £,a + e) of a contains both points of S and points of 
R\S. 

A boundary point of S might he either in S or in the complement of S. 


B.2 Some Distinguished Points 

Let S be a set of real numbers. 

A point a of S is called an interior point of S if there exists £ > 0 such that the 
interval (a — £, a + £) lies in S. A point b e Sis called an isolated point of S if there 
exists £ > 0 such that the intersection of the interval (b— £,b + £) with S is just 
the singleton {b}. A set consisting only of isolated points is called discrete. A point 
c e R is called an accumulation point of S (see Figure B.3) if every neighborhood 
of c contains infinitely many distinct elements of S. 


— 1 i m i n i 

Fig. B.3 Accumulation points of a set of real numbers. 


► 


A real number c is an accumulation point of the set S if it is the limit of a 
nonconstant sequence in S. In such a case c is either a boundary point of S or an 
interior point of S, but it cannot be an isolated point of S. 

An important result in classical analysis (which is a reformulation of the 
Bolzano- Weierstrass theorem) asserts that every bounded, infinite subset of M has 
an accumulation point. 


Glossary 


Abel’s Summation Formula. The relation 

n n—l 

X a k b k = A nb„ - X A k(Pk+i - b k ) , 

k=\ k= 1 

for n> 2, where A* = X?=i «;■ 

Abel’s Test. Let £“ =1 fl n be a convergent series of real numbers. Then for any 
bounded monotone sequence {b n ) n > i, the series £“=i is also convergent. 

Accumulation Point. Let 5 be a subset of K. A point x is called an accumulation 
point of S if every neighborhood of x contains infinitely many distinct elements 
of S. 

Arithmetic-Geometric Means Inequality (AM-GM Inequality). If n is a posi- 
tive integer and a\ , a 2 , ■ ■ ■ ■ a n are nonnegative real numbers, then 

- r > </aia 2 ---a n , 

n k= l 

with equality if and only if a\ = a 2 = • • • = a„. 

Arithmetic-Harmonic Means Inequality. If n is a positive integer and a\ , a 2 , . ■ ■ , 
a„ are positive numbers, then 


n k= 1 n^k= \T k 


with equality if and only if a\ = a 2 = ■ ■ ■ = a n . 

Banach Fixed-Point Theorem (Contraction Principle). Let D c I be a closed 
set. Then any contraction / : D—+D has a unique fixed point. 
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Glossary 


Barbalat’s Lemma. Let / : [0,°°)— be uniformly continuous and Riemann 
integrable. Then f(x)—* 0 as x— 

Bernoulli’s Inequality. Given any r > 0, we have 

{\+x) r > 1 +rx foranyx> — 1. 

Bertrand Series. Let a and j3 be real numbers. Then the Bertrand series 

y 1 

~2 n a (lnn)P 

converges if and only if either a > 1 or a = 1 and J3 > 1. 

Bolzano- Weierstrass Theorem. Every bounded sequence in R has a convergent 
subsequence with limit in R. 

Boundary Point. A real number a is called a boundary point of a set of real num- 
bers S if every nontrivial neighborhood (a — e, a + e) of a contains both points of S 
and points of R \ S. 

Brouwer Fixed-Point Theorem. Any continuous function f : [a,b]-^>[a,b\ has at 
least one fixed point. 

Carleman’s Inequality. If a \ , a 2 , • • • , a n , ■ ■ ■ are positive real numbers, then 
^(aia 2 ---a n ) l/n < e^a„, 

n= 1 n= 1 

where e denotes the base of the natural logarithm 2.71828 

Cauchy’s Condensation Criterion for Series. Suppose that a\ > a 2 > • • • > 0. 
Then the series X“=i a n is convergent if and only if the series 

^ l n a 2 n =a\ + la 2 + 4a 4 + 8ag -| 

n = o 


is convergent. 

Cauchy’s Criterion for Infinite Products. Let {a„)„> i be a sequence of real 
numbers such that a n > — 1 for all n. Assume that lim n ^ooX”=i a k exists. Then 
lim n _K»n|=i(l + ak) exists, too. Moreover, this limit is zero if and only if the 
series a n diverges. 

Cauchy’s Criterion for Sequences. A sequence of real numbers is convergent if 
and only if it is a Cauchy sequence. 

Cauchy’s Criterion for Series. A series X~=i a « is convergent if and only if for 
each e > 0, there is a positive integer N such that 


YjO-k 


<£ for all m > n > N. 
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Cauchy Sequence. A sequence (a n ) n > i of real numbers is called a Cauchy 
sequence if for every e > 0 there is a natural number N e such that \a m — a„\ < £, 
for all m,n> N e . 

Cauchy’s Mean Value Theorem. Let /, g : [a,b \— >R be two functions that are 
continuous on [a, b\ and differentiable on (a, b) . Then there exists a point t, £ ( a , b) 
such that 

C f(b)-f(a))g'^) = (g(b)-g(a))f ($). 

Cauchy-Schwarz Inequality (discrete version). For any real numbers a\,a 2 , ■ . . , 
a„ and bi,b2,---, b n , 

(af + U2 “b ' ' ' T" #«) (^1 + by, ” 1 ” ' ' ' “h ^n) — (®1^1 T" U2^2 + • • • + a n b n , 


with equahty if and only if a*, and are proportional, k = 1,2, . . . , n. 

Cauchy-Schwarz Inequality (integral version). Let /, g : I — be two nonnega- 
tive and integrable functions defined in a possible unbounded interval I. Then 

If / and g are continuous, then equality holds if and only if / and g are proportional. 

Cesaro’s Lemma. Let (a n )n> 1 be a sequence of positive numbers. Then the series 
X„>I a„diverges if and only if for any sequence of real numbers (b n ) n >\ that admits 
a limi t £ in R, the sequence j ^ tends to i, too. 

Change of Variables in the Riemann Integral. Let <p be of class C 1 on the interval 
[a,j3], with a = <p(a) and h = 9 Q3). If /is continuous on <p([a,j3]) and g = f°q>, 
then 

J a f(x) dx = J a g(t)<p'(t)dt . 

Closed Set. A subset F of M is called closed if its complement R \ F is open. 

Continuous Function. A function / defined on an interval ( a,b ) is continuous 
at some point c £ ( a,b ) if for each e > 0, there exists 5 > 0 depending on both 
e and c such that | f(x) — /(c) | < £ whenever |x— c| < 8 . 

Contraction. This is a mapping f :D c R— »R for which there exists a £ (0, 1) 
such that | f{x) — f(y) \<a\x — y\ for all x,y£D. 

Convexity. A function / is convex (resp., concave) on (a,b) Cl if the graph of 
/ lies under (resp., over) the line connecting ( a\,f(a \ )) and (b\ ,f(b\ )) for all a < 
a\ <b\< b. 

Coriolis Test. If {a n ) n > 1 is a sequence of real numbers such that X~=i a « ar| d 
5)“= 1 a n are convergent, then 11^=1 (1 + ««) converges. 
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Countable and Uncountable Sets. A set S is countable if it can be put into 
one-to-one correspondence with the set of natural numbers. Otherwise, S is uncount- 
able. Examples: the sets N, Z, and Q are countable, while the sets R\Q, R, and C 
are uncountable. 

Croft Lemma. Let / : R— >R be a continuous function such that lim„— find) = 0 
for all 8 > 0. Then lim ^/(x) = 0. 

Darboux Sums. We define the lower and upper Darboux sums associated to the 
function / : [a,b\— >R and to a partition A = {xo,xi, X 2 , ■ ■ ■ ,x n } of [a,b\ as 

S-(f-A) = f^mtixi-Xi-r) , S+(f-,A ) = j^M^-x^) , 

J5| #sf 

where 

m,- = inf f(x) , Mj = sup fix) . 

Xi- l<X<X t xt-! <X<Xi 

Darboux’s Criterion. A function / : [a, b] — >R is Riemann integrable if and only if 
for any e > 0 there exists 5 > 0 such that for every partition A = {xo, x\, X 2 , ■ ■ ■ ,x„} 
of [a , b\ with max; (x,- — x,_ i ) < 5 , we have S + (J';A ) —S- (J'\A) < e (here, S + (f;A) 
and S-(f\A ) denote the associated upper and lower Darboux sums). 

Darboux’s Theorem. Let / : /— + R be a differentiable function, where I is an open 
interval. Then f has the intermediate value property. 

Denjoy’s Theorem. Let / : I — >R be a function that admits one-sided derivatives at 
any point of I \ A, where I is an interval and A is at most countable. Then / admits 
a derivative at any point of I, excepting a set that is at most countable. 

Denjoy-Bourbaki Theorem. Let £ be a normed vector space and consider the 
continuous function / : [a, &]—>£. Let (p : [a,b\— >R be a continuous nondecreas- 
ing function. Assume that both / and (p admit a right derivative at every point of 
[. a,b ) \A, where the set A is at most countable, and moreover, for all x £ [ a,b ) \A, 
we have ||/'(x+)|| < <jff'(x+). Then \\f(b) - f(a)\\ < (p(b) - <p(a). 

Differentiation Inverse Functions Theorem. Suppose / is a bijective differen- 
tiable function on the interval [a,b] such that /' (x) ^ 0 for all x £ [a,b\. Then f~ l 
exists and is differentiable on the range of /, and moreover, (/~ 1 ) , [/(x)] = l/f'(x) 
for all x £ [a, b\ . 

Dirac Sequence. This is the sequence of functions (/«)„> i that is defined by 
/„(x) = a„(l —x 2 )" for all n> 1, where a„ = \Yj c=l {2k+ l)/(2 k). These functions 
concentrate their “mass” at the origin, in the following sense: for any e > 0 there 
exists 5 £ (0, 1) and an integer N such that for all n>N, 

1 — £< f f n (x)dx < 1 and / f n (x)dx+ I f n {x)dx<£. 
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Dirichlet’s Test. Let £“ =1 a„ be a series of real numbers whose partial sums 
s„ = Ylk=\ o-k form a bounded sequence. If (b n ) n > i is a decreasing sequence of 
nonnegative numbers converging to 0, then the series £«=i a„b n converges. 

Discontinuity Points. Let / be a function with domain I. Let a £ I and assume 
that / is discontinuous at a. Then there are two ways in which this discontinuity can 
occur: 

(i) If lim x— > a -/(x) and \\m x —, a+ f(x) exist, but either do not equal each other or 
do not equal f(a), then we say that / has a discontinuity of the first kind at the 
point a. 

(ii) If either lim*— > a _ f(x) does not exist or lim*— > a+ f(x) does not exist, then we 
say that / has a discontinuity of the second kind at the point a. 

Euler’s Formula. If £ denotes Riemann’s zeta function, then 


c(*)=n foraiu>i > 


where {p n ) n > t is the sequence of prime numbers {p\ = 2, p 2 = 3, = 5, . . .). 

Euler’s Gamma Function. This is the function defined by 



for all t > 0 . 


Fermat’s Theorem. Let / : I — >R be a function and let xq be an interior point of I 
that is a relative maximum point or a relative minimum point for /. If / is differen- 
tiable atxo, then f(x o) = 0. 

Fibonacci Sequence. This sequence is defined by Fq = 1, F\ = 1, and F n+ l=F n + 
F n _ i for every positive integer n. 

First Comparison Test for Series. Let X“ = ] a„ and £“ = , b n be two series of 
nonnegative numbers and suppose that a n < b n , for all n £ N. Then the following 
properties are true: 

(i) If Xn=i b n is convergent, then £“=i a n is convergent, too. 

(ii) If £“ = i a n is divergent, then £“ =1 b„ is divergent, too. 

First Mean Value Theorem for Integrals. Let / : [a,b ]— be a continuous func- 
tion. Then there exists E, £ [ a,b ] such that 



Froda’s Theorem. The set of discontinuity points of the first kind of any function 
/ : R— is at most countable. 


426 


Glossary 


Fundamental Theorems of Calculus. Let / : I—*R, where / is an interval, and 
suppose that / is integrable over any compact interval contained in 7. Let a £ I and 
define F(x) = f{t)dt, for any xGl. Then F is continuous on 7. Moreover, if / is 
continuous at xo e 7, then F is differentiable at xo and F' (xo) = f(x o) . 

Gauss’s Test for Series. Let K)„>t be a sequence of positive numbers such that 
for some constants rgl and p > 1, we have 


a n + 1 




Then the series £“ =1 a„ converges if r > 1 and diverges if r< 1. 

Generalized Arithmetic-Geometric Means Inequality. For any x \ , X 2 , . . . , x n > 0 

and all A; > 0 (1 < i < n) with X" =1 A, I . 


A|X| A „x n > xf 1 • • • x%" . 

Green-Tao Theorem. The set of prime numbers contains arbitrarily long arith- 
metic progressions. 

Gronwall’s Inequality (differential form). Let / be a nonnegative differentiable 
function on [0,7’] that satisfies the differential inequality 

f(x)<a(x)f(x) + b(x), 

where a and b are nonnegative continuous functions on [0,7’]. Then 

f(x) < eJo |/(0) + j*b(t)dt\^ for all 0 < x < T. 

Gronwall’s Inequality (integral form). Let / be a nonnegative continuous func- 
tion on [0, T] that satisfies the integral inequality 

fix) < C, [ X f(t)dt + C 2 
Jo 

for constants C \ , C 2 > 0. Then 

fix) < C 2 ( 1 + Cixe ClX ) for all 0<x< T. 

Hardy’s Inequality (discrete version). Assume that p > 1 and let (a n ) n > i be a 
sequence of nonnegative numbers. Then 



with equality if and only if a n = 0 for every n > 1. Moreover, the constant 
p p {p — \)~ p is the best possible. 
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Hardy’s Inequality (integral version). Assume that p > 1 and let / : [0, °°)— >[0, °°) 
be a continuous function such that /J° f p (x) dx := lim*— f p (t)dt exists and is 
finite. Then 


with equality if and only if / = 0. Moreover, the constant p p (p — \)~ p is the best 
possible. 

Heine’s Criterion. Let / : /— > R be a function defined on an interval I and let xq be 
an accumulation point of I. Then f{x)—*£ as x — >xo if and only if f(x n )^>£ as n— 
for any sequence (x„)„>i C / converging to xq. 

Heine-Borel Theorem. A set of real numbers is compact if and only if it is closed 
and bounded. 

Hilbert’s Double Series Theorem. Assume p > 1, p' = p/(p— 1) and consider 
A := X~=i a p , B := X/ =i b p , where (a n ) n > i and (b n ) n >\ are sequences of nonnega- 
tive numbers. Then 




a n b k 

n + k 


< 


sm {n/p) 


with equality if and only if either A = 0 or B = 0. 

Holder’s Inequality (discrete version). Let a\,a 2 ,---,a n and b n be 

positive numbers. If p and q are positive numbers such that p~ l + q~ x = 1, then 

(a% + a % H 1- a p ) l ^ p {b\ + b\-\ f- b%) > aibi + ^2 H 1- a n b n , 

with equality if and only if a k and b k are proportional, k = 1 , 2 , . . . , n. 

Holder’s Inequality (integral version). Let / and g be nonnegative and integrable 
functions on [a.b] C H. If p and q are positive numbers such that p~ l + q~ l = 1, 
then 

r b f r b \ 1 /p / r b \ V? 

] a f(x)g(x)dx < [j a f p (x)dxj (jf g\x)dx j . 

L’Hopital’s Rule. Let/, g : (a,b)—>R andxo G [a.b] be such that 

(i) / and g are differentiable in ( a,b)\ {xo} ; 

(ii) g'(x) ^ 0 in (a,b) \ {x 0 }; 

(iii) / and g both tend either to 0 or to ±°° as x— s-xo; 

(iv) f{x)/^{x)-ti e M, as 


lim T"Y 

x->xo g(x) 


Then 
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Horizontal Chord Theorem. Let / : [0, 1] — > R be a continuous function that has 
a horizontal chord of length A. Then / has horizontal chords of lengths A/n, for 
every integer n> 2, but horizontal chords of any other length cannot exist. 

Increasing Function Theorem. If / is differentiable on an open interval /, then / 
is increasing on I if and only if f (x) > 0 for all x e /. If f (x) > 0 for all x € I, then 
/ is strictly increasing in I. 

Inlimum. The infimum (or greatest lower bound) of a set A C R is an element 
KglU{-“} that is a lower bound of A and such that no Oq > a is a lower bound 
of A. Notation: a = inf A. 

Integral Test for Series. Suppose that / : [1,°°)— >[0,°°) is nonincreasing. Then the 
improper integral f™f(x)dx and the series £“ =1 /(«) are both convergent or both 
divergent. 

Integration by Parts. Let / and g be integrable on [a, b] . If F and G are antideriva- 
tives of / and g, respectively, then 

f a F(x)g(g)dx = F(b)G(b)-F(a)G(a)~ f(x)G(x)dx. 

Interior Point. Let S be a subset of R. A point x is called an interior point of S if 
there exists e > 0 such that the interval (x — e, x + e) is contained in S. 

Intermediate Value Property. Let I C R be an arbitrary interval. A function / : 
I — >R is said to have the intermediate value property if for any a, b £ I the function 
/ takes on all the values between f(a) and f(b). 

Isolated Point. Let S be a subset of R. A point x is called an isolated point of S if 
there exists e > 0 such that the intersection of the interval (x — e,x + e) with S is 
just the singleton {x}. 

Jensen’s Inequality. Let / : (a,b)— »R be a convex function and assume that 
Ai. A 2 ,..., A„ are nonnegative numbers with sum equal to 1 . Then 

Xif(xi) + A 2 f(x 2 ) H f A n f{x n ) > /(Aixi + A 2 x 2 H b A „x„) 

for any x \ , x 2 , . . . , x n in the interval (a.b). If the function / is concave, then inequal- 
ity is reversed. 

Knaster Fixed Point Theorem. Any nondecreasing function / : [a,b\—*[a,b] has 
at least a fixed point. 

Kolmogorov’s Inequality. Let / : R— >R be a function of class C 3 . Assume that 
both / and f" are bounded and set 

M 0 = sup | f{x) | , M 3 = sup | f (x) | . 
xeR xeR 
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Then f is bounded and 


sup|/W| < \ (9M0M3) 1/3 . 

JC6K 1 


Kronecker Theorem. Let a be an irrational real number. Then the set 


A = {m + na\ m,n £ Z} 


is dense in R. 

Rummer’s Test for Series. Let (a n ) n > 1 and (b n ) n > 1 be two sequences of positive 
numbers. Suppose that the series X“ =1 1 /b n diverges and letx n =b„— (a n+ i/a n ) b n +\. 
Then the series £“ =1 converges if there is some h > 0 such that x„>h for all n 
(equivalently, if lim inf„— >c<. x n > 0) and diverges if x n < 0 for all n (which is the case 
if, e.g., hmsup^^^Xn > 0). 

Lagrange’s Mean Value Theorem. Let / : [a,b \— >R be a function that is contin- 
uous on [a,b] and differentiable on (a,b). Then there exists a point G (a,b) such 
that 

f{b)-f{d) _ , 
b-a J{q> ' 

Geometrically, this theorem states that there exists a suitable point (£; ,/(^)) on the 
graph of / : [a, b \— such that the tangent to the curve y = f(x) is parallel to the 
straight line through the points ( a,f(a )) and (b,f(b)). 

Landau’s Inequality. Let / : M— be a function of class C 2 . Assume that both / 
and f" are bounded and set 

M 0 = sup | f{x) ] , M 2 = sup \f"{x) | . 
a:€M ^6R 

Then f is bounded and 

sup|/'(x)| < 2y/M Q M 2 . 

xeM. 

Landau-Kolmogorov Generalized Inequality. Let / : R— >R be a nonconstant 
function of class C n such that both / and /M are bounded. Then all the derivatives 
/W are bounded, 1 < k < n — 1. 

For any integer 0 < k < n, set M k = sup^gjj | /W (x) | . Then, for all 0 < k < n, 

M k < 2 k ^- k )/ 2 Ml~ k,n M k n /n . 

Lebesgue’s Theorem. A function / : [a,b \— >R is Riemann integrable if and only 
if / is bounded and the set of discontinuity points of / has null measure. 

Leibniz’s Test for Series. Let («„)„> 1 be a decreasing sequence of positive num- 
bers. Then the alternating series X«= i ( — 1 )"«« is convergent. 
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Liminf of a sequence. Let (a n ) n > i be a sequence of real numbers. The limit 
infimum of this sequence (denoted by liminf„— »„a„) is the least limit of all sub- 
sequences of the given sequence. More rigorously, for each n let 


A n = inf{a„ ,a n +\ , a n+2 ,...}. 


Then (A„)„> i is a monotone increasing sequence, so it has a limit. We define 


liminfa„ := hm A„eRU {±°°} ■ 


Limsup of a sequence. Let (a n ) n > i be a sequence of real numbers. The limit supre- 
mum of this sequence (denoted by Hm sup n _ too a n ) is the greatest limit of all subse- 
quences of the given sequence. More rigorously, for each n let 


B n = sup{a„,a„ + i,fl„ +2 , . . .} . 


Then (B n ) n > i is a monotone decreasing sequence, so it has a limit. We define 


limsupa„ := hm B„ eKU{±°°}. 


Limit Comparison Test for Series. Let {a n ) n > t and (b n ) n >\ be two sequences of 
positive numbers such that t := lim„— ^(a„/b n ) exists. 

(i) If £ > 0, then £“ =1 a„ converges if and only if £“ =1 b„ converges. 

(ii) If £ = 0 and S«=i b n converges, then £“ =1 a n converges. 

Limit of a Function. Let / : I — and assume that xq el is an accumulation 
point of I. We say that / has limit f 6 1 as x— >xo if f° r every neighborhood V of l 
there exists a neighborhood U of xq such that for every xq G U fl/, x ^ xq, we have 


/(x)GV. 


Lipschitz Function. Let / C I be an interval. A function / : /— is Lipschitz (or 
satisfies a Lipschitz condition) if there is a constant L > 0 such that for any x,y £ I, 


\f(x)-f(y)\<L\x-y\. 


The constant L is then called a Lipschitz constant for /. 

Lower Bound. Let A be a set of real numbers. If there exists mgl such that x > m 
for every x € A, we say that A is bounded below, and call m a lower bound of A. 

Lyapunov’s Inequality. Let p be a real- valued continuous function on [a, b\ (p ^ 0) 
and let / be a nontrivial function of class C 2 such that f" (x) + p(x)f(x) = 0 for all 
x £ [ a,b\ and f(a) = f(b) = 0. Then 
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Minkowski’s Inequality (for numbers). Let a \ , 02, ■ ■ ■ , a n and b \ , b^, ■ ■ ■ , b n be 
positive numbers. If p > 1, then 


Minkowski’s Inequality (for functions). Let / and g be nonnegative and inte- 
grate functions on [a,b] C M. If p > 1, then 

a b \ x /p / r b \ 1 /p / t b \ 1 /p 

(f+ 8 y(x)dx J < f p (x)dxj + g p (x)dxj . 

Monotone Convergence Theorem. Let («„)„>! be a bounded sequence that 
is monotone. Then («„)„> 1 is a convergent sequence. If increasing, then 
lim„— = sup n a n , and if decreasing, then lim„_ = inf n a„. 

Monotone Function. Let / be a real function on ( a,b ). Then / is said to be 
nondecreasing (resp., increasing) on (a. b) if a < x < y < b imphes f(x) < f(y) 
(resp., f(x) < /(>>)). If — / is nondecreasing (resp., increasing), then / is said to 
be nonincreasing (resp., decreasing ) on ( a,b ). The class of monotone functions on 
{a,b) consists of all functions that are either nondecreasing or nonincreasing on 
(a,b). 

Neighborhood. If a is real number, then a neighborhood of a is a set V that contains 
an open set U such that a GU. 

Nested Intervals Theorem. Suppose that I n = [a n , b„\ are closed intervals such that 
/„+ 1 C I n , for all n> 1. If lim„— — a n ) = 0, then there is a unique real number 
that belongs to every 

Newton’s Binomial. For all a,iiel and for all n G N we have 

(«+*)”= 

*=o W 

It seems that this formula was found by the French mathematician Blaise Pascal 
(1623-1662) in 1654. One of Newton’s brilliant ideas in his anni mirabiles} ins- 
pired by the work of Wallis was to try to interpolate by the polynomials (1 +x) n 
(n > 1), in order to obtain a series for (1 +x) a , where a is a real number. Thus, 
Newton found the following generalized binomial theorem: for any ogl and all 
jc G R with \x\ < 1, 


(i+4" = 


k=0 k - 


1 All this was in the two plague years 1665 and 1666, for in those days I was in the prime of 
my age for invention, and minded mathematics and philosophy more than at any other time since. 
(Newton, quoted from Kline [58] 1972, p. 357.) 
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where s„(x )— >0 as n — >°°. This is the formula that was engraved on Newton’s 
gravestone at Westminster Abbey. 


Newton-Leibniz Formula. Let / be integrable on [a.b\. If F is an antiderivative 
of /, then 


f(x)dx = F(b)-F(a). 


Newton’s Method. Given a function / on [a, b\ and a point xo € [a,b], the iterative 
sequence (x„)„>o given by 


x„ + i = x„ 


f(*n) 

/'(*«)’ 


n> 0, 


determines Newton’s method (or Newton’s iteration) with initial value xq. 


Nonexpansive Function. This is a function f:Dc R— >R such that |/(x) — f(y) \ < 
\x — y\ for all x, y e D. 

Open Set. A subset U of R is called open if whenever x G U, there exists e > 0 
such that (x — e,x+e) C U. 

Osgood Property. Let (U n ) n > i be a sequence of open and dense subsets in R. Then 
their intersection fl“ =1 l/„ is also dense in R. 

Pell Equation. This is the Diophantine equation x 2 — Dy 1 = m, where D is a 
nonsquare positive integer and m is an integer. 

Picard Convergence Theorem. Let / : [a, b\-^>[a, b\ be a continuous function that 
is differentiable on (a. b), with \f'(x)\ < 1 for all x £ ( a,b ). Then any Picard seq- 
uence for / is convergent and converges to the unique fixed point of /. 


Pigeonhole Principle (Dirichlet’s Principle). If n + 1 pigeons are placed in n 
pigeonholes, then some pigeonhole contains at least two of the pigeons. 

Pinching Principle. Let ( a n ) n >\ , (£>„)„> j , and (c„)„> i be sequences of real num- 
bers satisfying 

a n <b n < c n 


for every n. If 


lim a n 


lim c n = t 


for some real number £, then 


hm b n = £■ 


Poincare’s Inequality. Let / : [0, 1]— >R be a function of class C 1 with /( 0) = 0. 
Then 


sup |/(x)|< 
0<x<l 
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Power Mean Inequality. Let a\, a 2 , ■ ■ ■ , a„ be any positive numbers for which 
a i + 02 H H a„ = 1 . For positive numbers x\ , X 2 , ■ ■ ■ , x n we define 

M-ce = min-fjti , X 2 , ■ ■ ■ , x n } : 

Moc = max{xi, X2, . . . , x n }, 

M 0 =x a l 1 x‘?---x a r ?, 

M t = (aiXj + F F a B ^) ^ , 

where t is a nonzero real number. Then 

M_«, < M s < M, < AL, 

for 5 < f. The arithmetic-geometric means inequality and the arithmetic-harmonic 
means inequality are particular cases of the power mean inequality. 

Raabe’s Test for Series. Let (a„)„> 1 be a sequence of positive numbers. Then the 
series £“ =1 «n converges if a n +i/a n < 1 — r/n for all n, where r > 1 (equivalently, if 
liminf„— ^n{\ — a n+ \/a n ) > 1 ) and diverges if a n+ \/a n > 1 — 1 /« for all n (which 
is the case if, e.g., limsup„_ >M n(l — a„ + i/a„) < 1). 

Racetrack Principle. Let /, g : [a,b\— dR. be differentiable functions. If f(x) < 
g ' (x) on [a, b) , then f(x) — f(a ) < g(x) — g(a) for all xG[a,b\. 

Rademacher Theorem. Let / : /— be a convex function, where I is an interval. 
Then / is locally Lipschitz. Furthermore, if / : 7— is locally Lipschitz, then / is 
differentiable almost everywhere. 

Ratio Test for Series. Let £«=i a„ be a series such that a n 7b 0 for all n. Then the 
following properties are true: 

(i) The series S«=i a n converges if lim sup^^^ \a n+ \/a n \ < 1. 

(ii) The series X«=i «n diverges if there exists m £ N such that \a n+ \/a n \ > 1 for 
all n>m. 

(iii) If Uminf„-^ M \a n +\/a n \ < 1 < lim sup„_^ M \a n +\ /a«|, then the test is 
inconclusive. 

Relative Extremum Point. Assume that 7 C R is an interval and let / : 7— +K be 
a function. A point xq £ I is said to be a relative or local maximum point (resp., 
relative or local minimum point) if there exists 5 > 0 such that f(x) < f(x 0) (resp., 
fix) > f(x 0)) whenever x G 7 and |x — xo| < 8. 

Riemann-Lebesgue Lemma. Let 0 < a < b and assume that / : [0,6]— is a 
continuous function and g : [0 ,°°)— is continuous and periodic of period T. Then 

}^SLj a f( x )s( nx ) dx = y J 0 g ( x ' )dx ' j a f( x ) dx - 
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Riemann’s £ Function. The Riemann zeta function is defined by 




for any x > 1 . 


Rolle’s Theorem. Let / : [a,b \— be a function that is continuous on [a,b\ and 
differentiable on ( a,b ). If f(a) = f(b), then there exists a point B, G (a. b) such that 

/(£) = o. 

Rolle’s Theorem (Polar Form). Let / : [ 0 i, 02 ]— be a continuous real-valued 
function, nowhere vanishing in [6 \ , 62], differentiable in (61,62), and such that 
f(6 \ ) = f(6 2 ). Then there exists do G (61,62) such that the tangent line to the graph 
r = f(6) at 6 = 60 is perpendicular to the radius vector at that point. 

Root Test for Series. Given a series X«= 1 a n , define i = limsup n _^ 00 y/\a„\ G 
[ 0 , +00] . Then the following properties are true: 

(i) If t < 1 then the series £“ =1 a n is convergent. 

(ii) If i > 1 then the series £“ =1 a n is divergent. 

(iii) If t = 1 then the test is inconclusive. 

Schwartzian Derivative. Let / : 7 — and assume that f"'(x) exists and f'(x) ^ 0 
for all x G I. The Schwartzian derivative of / at x is defined by 


®f(x) := 


rw 

/'« 


3 rrw i 2 

2 [f(x)\ 


Second Comparison Test for Series. Let £~=i a„ and X«=i b n be two series of 
positive numbers such that £“=i a„ is convergent and S “ =1 b„ is divergent. Given a 
series £“=i x n of positive numbers, we have: 

(i) If the inequality x n+ \/x n < a n+ \/a n is true for all n > 1 , then X^=l x n i s 
convergent. 

(ii) If the inequahty x n+ i/x n > b n+ \/b n is true for all n > 1 , then £“ = j x n is diver- 
gent. 

Second Mean Value Theorem for Integrals. Let /, g : [a, b] — +IR be such that / is 
continuous and g is monotone. Then there exists t, G [a,b\ such that 

J a f(x)g(x)dx = g(a) f(x)dx+ g(b) f(x)dx. 

Sierpiiiski’s Theorem. Let I be an interval of real numbers. Then any function 
/ : 7 — can be written as / = f\ + /2, where f\ and /2 have the intermediate value 
property. 

Squeezing and Comparison Test. Let /, g, h be three functions defined on the 
interval 7 and let xo be an accumulation point of 7 . Assume that 

g(x) < f(x) < h(x) for all x G 7 . 
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Stirling’s Formula. The limit 


lim 


” «"e n s/2jzn 

exists and equals 1. In particular, the value of n! is asymptotically equal to 
n n e~ n V2nn 


as n becomes large. More precisely, 

, \/2 lmn n fit 1 1 _ 8 .\ 

” ! = -i^'“ P (,TS-36S5 + T26S?-T68S? + 0( '' >J 

Stolz-Cesaro Lemma. Let {a n ) n > \ and (b n ) n >\ two sequences of real numbers. 

(i) Assume that a n — >0 and £>„— > 0 as n— >°°. Suppose, moreover, that {b n ) n >\ is dec- 
reasing for all sufficiently large n and 


lim 


a n +i~a n 


=:lGl 


exists. Then lim„_ *,a n /b n exists, and moreover, a n /b n = i. 

(ii) Assume that b„— > +» as n— and that {b n )„>\ is increasing for all sufficiently 
large n. Suppose that 


lim 


a n + 1 — a„ 


=:<et 


exists. Then lim„_ ^a n /b n exists, and moreover, lim„— ^ a n /b„ = l. 

Strong Maximum Principle. Let / : [«,&]— be a twice differentiable convex 
function such that f(a) = f(b) = 0. Then the following alternative holds: either 

(i) / = 0 in [a, b] 


or 

(ii) / < 0 in (a,b), and moreover, f(a) < 0 and f (b) > 0. 

Supremum. The supremum (or least upper bound) of a set A C K is an element 
P G M U {+°°} that is an upper bound of A and such that no fio <fi is an upper 
bound of A. Notation: J3 = sup A. 

Taylor’s Formula. Let n be a nonnegative integer and suppose that / is an (n + 1 )- 
times continuously differentiable function on an open interval I = (a — e,a + e). 
Then, for xG I, 


/« = !/%) 

k = 0 


(x- a y 


b l*fw 

Ja 


(0 


(x-ay 
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Glossary 


Uniformly Continuous Function. A function / is uniformly continuous on a set 
D if for any e > 0, there exists 8 > 0 such that | f(x) — f(y) \ < e whenever x, y £ D 
and \x — y\ < 8. 

Upper Bound. Let A be a set of real numbers. If there exists MeM such thatx< M 
for every x £ A, we say that A is bounded above, and call M an upper bound of A. 

Young’s Inequality (for numbers). If a, b, p, and q are positive numbers such that 
p~ l + q~ l = 1, then 



Young’s Inequality (for functions). Let / : [0,+°°)— >R be a strictly increasing 
function with a continuous derivative such that /( 0) = 0. Then for all a,b> 0, 



Yolterra’s Theorem. If two real continuous functions defined on the real axis are 
continuous on dense subsets of M, then the set of their common continuity points is 
dense in R, too. 

Wallis’ Formula. As n— 



Weak Maximum Principle. Let / : [a,b \— be a continuous convex function. 
Then / attains its maximum on [a, b] either in a or in b. In particular, if f(a) < 0 
and f{b) < 0, then / < 0 in [a,b\. 

Weierstrass’s Nowhere Differentiable Function. The continuous function 


f [x) = ^ b n cos(a n x) (0 < b < 1) 


n= t 


is nowhere differentiable, provided ah > 1 + 3k/ 2. 

Weierstrass’s Theorem. Every real-valued continuous function on a closed and 
bounded interval attains its maximum and its minimum. 
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